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PREFACE 


From a subject once presented in more detail, analytic geom- 
etry has come to be regarded almost entirely as a preparation 
for the calculus. It is in recognition of this fact that the authors 
have fixed the aim of this book: to present, in a single volume, the 
essentials of both those subjects, in a manner adequate to the 
needs of the courses as offered in American colleges and technical 
schools. 

The word “essentials” is used deliberately. The authors feel 
that some topics generally treated in current textbooks — topics 
such as poles and polars related to conies, diameters of a conic, 
oblique asymptotes, singular points of a curve — can be much more 
effectively treated in a second course on these subjects, and much 
more appropriately. 

On the other hand, greater than usual care has been devoted 
to certain matters where ideas of first importance are involved — 
among them solid analytic geometry, the notion of a limit, con- 
tinuity of functions, partial differentiation, and approximate 
integration. The treatment of the last named subject — to 
quote an instance — is strengthened by the presentation of the 
Gauss method and of the Euler-Maelaurin formula, an addition 
that imposes no severe strain on the student but puts vithin his 
hands a powerful aid in numerical approximation. 

The chief problem that confronts an author of a first course 
such as this, however, is not the scope of its contents — that, after 
all, is, within certain limits, well-nigh prescribed — but rather 
the spirit in wdrieh he chooses to wuite. 

The authors hesitate to use the word “rigor” in connection 
with an elementary course, but certainly the matter of care 
which Ls to be given to precision in one’s definitions and proofs 
is something that cannot be lightly dismissed. A book may be 
made more pleasant to read by the device of skirting the edges 
of any proof that may become difficult, or 1)y scant concern for 
exceptional cases that so often be.set a statt'inent. This is not 
the way, the authors believe, to introduce a student to the sub- 
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ject of analysis. A proof, here and there, is apt to involve diffi-^ 
culty, but no service is done the student by sidestepping such 
occasional difficulties. Habits of care and precision in one’s 
mathematics must be instilled early if they are to take root. 
This belief has set the tone for the pages of this book, with the 
hope that it shall not be just a collection of topics but shall serve 
as a genuine introduction to analysis. 

Every teacher has had the experience of confronting a tendency, 
on the part of the student, to glance at just enough of the text 
to pick out the formulas he needs in the solution of his problems 
and to slight the rest of the text. An effective way to cheek 
this tendency is to make the student responsible for the exposi- 
tion in the text, by requiring him to contribute to that exposition, 
extending it here, drawing a corollary there, and generally taking 
his own part in supplying details and rounding out the argument 
of the text. To this end, the book is dotted with exercises, as 
distinct from problems, appearing wherever appropriate within 
the text. In general all these exercises should be worked. In so 
doing, the student becomes an active participant in the develop- 
ment of the text, a task that he will find interesting and profitable. 

A book such as this must of necessity be also a drill book, and 
that function can be served only by including problems. The 
lists of problems throughout the book vill be found to be numer- 
ous without stint, to be graded to a wide degree of difficulty, and 
to exploit in every possible way the ideas encountered in the text 
The authors wish to acknowledge the interest of their colleagues 
at Case School of Applied Science, especially that of Professor 
C. F. Thomas and Dr. C. C. Torrance, who have read with care 
and helpfully criticized several portions of this book. 

Max Morris. 

Orlby E. Brown. 


Case School of Applied Science, 
April, 1937 . 
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CHAPTER I 


INTRODUCTION 

1. Coordinates on a Line. Let a line of indefinite extent be 
graduated with a scale showing the distance, in either direction, 
from a fixed point 0 of the line. We shall call 0 the origin, and 
the number representing the distance from 0 to any point P of the 
line, the coordinate of P. This coordinate will be reckoned as 


-12 -11 
-H4- 


-10 


•8 -8 -7 -6 



Fig. 1. 


positive or negative according as the corresponding distance is 
measured to the right or to the left of the origin. Thus, the 
coordinates of the points P and Q are 9 and —4, respectively. 
The coordinate of the origin is obviously 0. 

This arrangement establishes a correspondence between the 
real numbers and the points of our line, such that to each point of 
the line corresponds a unique real number (its coordinate) and 
to each real number x a point R on the line, viz., the point of which 
X is the coordinate. Such a correspondence betw'-een real numbers 
and the points of a line is called a (one-dimensional) system of 
coordinates. 

It will be convenient to designate a point of the line by stating 
its coordinate in parentheses. Thus, (m) shall represent the point 
having the real number u for its coordinate, and the notation iS 
{u) will serve to indicate that the point is labeled S and has tlu' 
coordinate u. 

Let us note that in treating distances between points on a line, 
it is frequently desirable to consider directed distances, i.c., 
.distances considered as to numerical value and sign. We shall 
define the directed distance from Pi (a-i) to P 2 (x->) by the equality 

P 1 P 2 = Xi - Xi. 

This will, evidently, represent the directed distance P 1 P 2 by a 
positive number if P^ is to the right of Pi (f.e., if P 1 P 2 is headed to 

3 
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the right), and by a negative number if P2 is to the left of Pi 
(i.e,, if P1P2 is headed to the left). Likewise, the directed distance 
from P2 to P] will then be given by 


P2P1 ^ Xi — X2. 


Reversing the direction of a directed distance, thus, results in 
reversing its sign, /.e., 


Exercise 1. Prove that the point P (x) which divides the segment from 
Pi (xi) to F 2 (xa) in the ratio ri:r 2 (f.e., so that PiPiPP^ == ri:r 2 , where the 
distances are directed), is located by the formula 


riX2 + r2Xi ^ 
Ti + r2 


ri 9^ —Ti, 


( 1 ) 


Hint: PiP == x — Xij PP2 = X 2 — x. 

Exercise 2. As a corollary to Exercise 1 prove that the point P (:r) 
midway between Pi {x\) and P 2 (xa) is located by the formula 

^ _Xi + Xi 
2 

Problems 

1. Find the directed distance from Pi (2) to Pj (7); also from Qi ( -3) to 
Q 2 (2); also from Ri (4) to R 2 (-2); also from Si ( ~2) to S 2 ( “-8). 

Am. P 1 P 2 = 5; R 1 R 2 = ~6. 

2, For the points Pi (xi)^ P 2 (xa), P 3 (xz) on a line, prove that if the 
distances in question are directed, then P 1 P 2 + P 2 P 3 = P 1 P 3 . Consider 
the case where P> is between Pi and P 3 ; also where P 2 is on P 1 P 3 produced, 

3. Find the coordinates of the two points whose distances from P (5) 
are 6; also of the point whose directed distance from P (5) is 4; also of the 
point whose directed distance from P (5) is ~8. 

4, Find the point dividing the segment from Pi ( — 2) to P 2 (7) in the 

ratio 1:4. Ans. P(--l/5). 

6. Find the two points of triseetion of the line segment joining P (~5) 
and Q (11). 

6 . What interpretation may be placed upon fonmila (I ) of the text if 
/'i : ^2 is negative? 

7. Find the point dividing the segment from P (0) to Q (5) in the ratio 

Atis. (-10). 

8. Find the point dividing the segment from R (6) to S (-2) in the 
ratio -2. 

9. Find x if the line segment from Pi (x) to P 2 (6) is divided in the ratio 

3:5 by the point P (-4). ^ 

10. Find the midpoint of the line segment joining Pi (7) to P. ( -5), 
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2. Cartesian Coordinates in a Plane. To establish a system 
of coordinates for points of a plane, we shall set up two lines in the 
plane, at any convenient angle to each other, each graduated as in 
Section 1 with their point of intersection used as a common origin. 
We shall call these lines the coordinate axes and designate one of 
them as the x-axis, and the other as the y-axis, with a definite 
direction on each line chosen as positive. The common origin for 
the two lines shall be known as the origin of the system. When 
the axes are at right angles (in which case the system is called 
rectangular), the positive direction on the a;-axis is chosen to the 
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right of the origin, and on the j/-axis, upward from the origin. 
Let, now, P be any point in the plane. Draw lines through P 
parallel to the axes, meeting the x-axis in the point Px and the 
2 /-axis in Py. If x is the coordinate of Px (on OX) and y the coor- 
dinate of Py (on OY), we shall say that the coordinates of the point 
P in the plane are x and y, and shall represent the point P by the 
notation {x,y). Thus, in Figs. 2 and 3 the point P is (5,2). An 
equivalent way of defining the coordinates of P is to say that they 
are the numbers representing the directed di.stances OPx and OPy. 
This system provides, then, a correspondence between the points 
of the plane and pairs of real numbers such that to each point of 
the plane corresjionds a unique jiair of real numbers, and to each 
such jiair a unique point of the plane. 

We have already seen how to obtain the two coordinate's of a 
given point. To locate a point wlu'n its coordiuati's x anti y 
are given, we lo(*ate Px on OX by its coordinate .r, and Py on OY 
by its coordinate y, draw a line through Px paralh'l to OY and a 
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line through Py parallel to OX. Their intersection uniquely 
determines the point P {x,y). This two-dimensional system of 
coordinates is called the Cartesimi system.* 

The first coordinate, x, of a point is called its abscissa, and the 
second coordinate, y, its ordinate. The four parts into which the 
axes divide the plane are called quadrants and are numbered as. 
shown in Fig, 3. 

Unless otherwise stated, the use of Cartesian coordinates 
throughout this book will imply a rectangular system. 

Problems 

1. Plot the points (3,7), (-7,3), (0,5), (6,-2), (-"1,-8), (0,0) (K,-9), 

(- 2 , 0 ). 

2 . Draw the triangles having the following sets of points as vertices : (a) 

(1,2), (6,-5), (-3,-4). (6) (2,0), (5,8), (-6,3). (c) (0,-5), (-1,-8), 

(-3,6). 

3. (a) If the abscissa of a point is 3, what can be said about its position? 

(b) If the ordinate of a point is —5, what can be said about its position? 

4 . What is true of the coordinates x and y for every point, (a) on the 
^-axis? {h) on the o^-axis? (c) on the line bisecting the angle between the 
axes and lying in quadrants I and III? {d) on the line bisecting the angle 
between the axes and lying in quadrants II and IV? 

5. Two distinct points on a line each have the abscissa —6. What is 
known concerning the coordinates of all other points on the line ? about the 

position of the line? 

6. {a) The end points of the base of an 
isosceles triangle are (1,2) and (5,2). The 
length of its altitude is 3. Find the eoordi- 
nates of its vertex. 

(6) Two opposite vertices of a square 
are (—4,3) ancl (—4,9). Find the other 
two vertices. 

(c) One vertex of a square is the ori- 
gin, and its center is (—3,3). Find all the 
other vertices. 

3. Length of a Line Segment. Since the locations of two 
points Pi and are determined by their coordinat('s (a-!,?yi) and 
these coordinates must also determine the di.stance 
between the points. To find this di.stance, draw a line through P i 
parallel to OY and a lino through Po parallel to OX as in Fig. 4. 

* After Rene Deseartes (1596-1650), a distinguished French niathoniati- 
cian and philosopher, who is credited with the invention of analytic 
geometry. 


y 
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(A line through Pi parallel to OX and a line through Pa parallel 
to OY would do as well.) The distance sought is seen to be the 
hypotenuse of a right triangle in which the perpendicular sides 
are of lengths \x2 — Xij and — yi\* Hence, by the Pythago- 
rean theorem, 

P1P2 = V[\x2 - + [\y2 - yi\]\ 

or 

P1P2 = V(a:2 - XiY -f- (2/2 - 2/i)l 

Problems 

1 . Find the lengths of the lines joining the pairs of points: 

(a) (2,1), (-3,5). (c) (5,11), (-1,0). 

ih) (0,4), (-6,2). id) (3,-6), (-17,15). 

A 71 S. (a) -v/ii* 

2. Show that the triangles with the following vertices are isosceles: 

(a) (-6,5), (-2,4), (-5,1). 

[h) (2,3), (-3,0), (5,8). 

(c) (3,-2), (4,6), (-4,2). 

3. Show that the triangles with the following vertices are right triangles 

and find their areas: (a) (3,-6), (8,-2), (-1,-1). (6) (3,1), (4,3), (6,2). 

4. A circle with center at (—4,2) passes through (4,3). Find which of 
the following points lie on the circle: ( — 11,6), (—4,10), (0,9). 

6. Show that the points (13,10), (21,-5), (6,-13) and ( — 2,2) are the 
vertices of a square. Find the length of a diagonal. 

6. Show that the points (—3,2), (1,-2) and (9,-10) lie on a line. 

7. Find w^hether or not the points (14,7), (2,2), and ( —4, — Jd lie on a line. 

8. Find the value of z if the points (z,4) and ( — 4,^) are 2\/58 units apart. 

A 71 S. z = ±10^ 

9. The abscissa of a point is (—6) and its distance from (1,3) is v^74. 

Find its ordinate. Ans, 8 or —2. 

10. Find the point on the a:-axis which is equidistant from (0,-2) and 
(6,4). 

11. Find the center of the circle passing through the points (2,6), (5,2), 
and (0,3). 

12. If two vertices of an equilateral triangle are ( — 4,3) and (0,0), find 
the third vertex. 

13. Show that if 6 is the angle from OX to OF, the distance between 

{Xi,yi) and is given by 

d == V(^’2 “ + iv'i ~ ~ yA t‘os e. 

* The symbol \vi\ (h^signatos the absolute value of 7n, which is defined by 

|/p| = m if 7/1 is positive, or 5:ero, 

|///1 = — }/i if 7 u is negative. 

Thus |w| is always positive or zero, and [1///|1“ — //d'- hor exanq)le i7| = 7; 
1-2/31 = 2/3, and [1-311*-^ = 9. 
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14. If the angle between the axes is 120°, find the distance betweenjhe 
points (8,1) and (3,6). Ans. 5\/3. 

16. If the angle between the axes is 60°, find the distance between ( — 2,6) 
and (4,-5). 

16. If the distance from (2,3) to the origin is -v/ 19 and the axes are oblique, 

find the angle between the axes. Ans. 60°. 

17. Prove, by analytic geometry, that the diagonals of a square are equal. 
Hint: Assume two adjacent sides of the square for coordinate axes, and an 
arbitrary \ alue, say a, for the length of the side. 

18. Prove analytically that the diagonals of a rectangle are equal. 

4. Point of Division of a Segment. Given two points, Pi (xi, yi) 
and P2 (2^2, 1/2), suppose we wish to find the coordinates (x,y) of the 
point P which divides the segment P1P2 in the ratio ri:r2 {i.e., so 
that PiP-.PPz = ri:r2). Let us project Pi, P, and P2 upon the 
x-axis by lines parallel to the y-axis meeting the x-axis in the points 
Qi, Q, and Q2, respectively, as shown in Figs. 5 A and 5 B. It is 



clear, by geometry, that the ratios PiP-.PP^ and QiQiQQi are 
equal numerically. If the segments are consickn-ed as directed, 
these ratios also agree in sign. It folloivs that the point Q divides 
the segment Q1Q2 in the ratio ri:r2 and that, using the result of 
formula (1), page 4, 


riX2 + TjXi 
ri + r-i 


( 2 .) 


Similarly, by projecting the points Pi, P, and Pi upon the y-axis, 
the student may obtain tlie formula 


?’i + rz 


(22) 
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Problems 

1. Find the coordinates of the point P which divides the segment PiPo 
in the ratio ri:r 2 for each of the cases below: 

(а) Pi (0,0), Pa (4, -12), n-.n = 1:3. dws. (1,-3). 

(б) Pi (2,-1), Pa (8, 14), ri:r.2 =3:2. 

(c) Pi (-6,3), Pa (1, -11), n:, -a = 4:3. 

id) Pi (2,6), Pa (3,10), ri.rt = -5:4. d/ts. (7,26). 

(e) Pi (-2,-6), Pa (-5,-2), ri:ra = -2:3. 

2. Obtain, as a corollary to formulas (2i) and ( 22 ), the coordinates of the 
midpoint of the segment joining Pi {xi,yi) and Pa (x 2 , 2 / 2 ) as 

21 + xt _y\ + 

x y 

3. Find the coordinates of the midpoints of the sides of the triangle 
that has its vertices at (2,5), (8,— 7), and (—2,1), 

4. In the triangle of Exercise 3, find the coordinates of the point on each 
median which is % of the way from the vertex to the midpoint of the side 
opposite. What theorem concerning the medians of a triangle is verified? 

6. Find the coordinates of the four midpoints of the sides of the quadri- 
lateral that has its vertices at (0,10), (—6,2), (—2, —8), and (12, -2). 

6. Join the consecutive midpoints found in Exercise 5 and determine the 
lengths of the four sides of the quadrilateral formed. What special form of 
quadrilateral is it? 

7. Prove analytically that the three medians of a triangle have a point in 
common, which is % of the distance, on each, from the vertex to the mid- 
point of the side opposite. 

Hint: Assume the origin at one of the vertices, the :r-axis as coinciding 
with one of the sides through that vertex [hence a second vertex, say, as 
(a,0)] and the third vertex, say, as (?),c), where a, 6, and c are arbitrary 
numbers. 

8 . Prove the proposition of Exercise 7 by using oblique axes and taking 
the points (0,0), (a,0), and (0,5) as the vertices. 

9. Prove analytically that the four midpoints of the sides of any quad- 
rilateral arc the vertices of a parallelogram. 

10. Prove that the points ( — 7,11), ( — 10,5), (—2,1) and (1,7) are the 
vertices of a rectangle. By finding the midpoints of the diagonals, verify 
that they bisect each other. 

11. Prove analytically that the diagonals of any rectangle ])isect eacli 
other. 

12. Given a parallelogram with an acute angle of 60° and its sides 10 and 
1() units long, verify analytically that its diagonals bisect each other. 

Hint: Assume one vertex at (0,0), one at (16,0), and one at (0,10) on a 
system of oblique axes. 

13. Prove, using oblique axes, that the diagonals of any parallelogram bisect 
each other. 

14. In what ratio does the a:-axis divide the line segment from (—5,8) to 

(1,-4)? Alls. 2:1. 
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16 . In what ratio does the point {, — 1,1) divide the segment drawn from 
(-7,-2) to (9,6)? Find by two distinct methods. 

16. The point (3,-5) bisects a line segment. If one end is at (4,3), find 
the other end. 

17 . Find the area of the isosceles triangle with vertices at (4,2), ( — 6, — 1), 

and (1,-8). Ans. 

18 . The segment P 1 P 2 is divided by the point P in the ratio 2:3. If Pi 
is (—8,9) and P is (0,6), find the coordinates of P 2 . Do it as a problem in 
internal division and also as a problem in external division. 

19 . The line segment joining the points ( — 6,0) and (0,-5) is produced 
past the latter point a distance twice its own length. Find the coordinates 
of the new end point. Do it by two methods as in Exercise 18. 

Ans. (12,-15). 

20 . A parallelogram has vertices at (3,2) and (4,-3) and its center at 
( — 1,0). Find the other twm vertices. 

21 . Show that if P 1 P/P 1 P 2 = r, the formulas for the coordinates of the 
point of division, P, become 

X xi + r{x 2 - xi), 2/ = 2/1 + r (?/2 - tji). 

22 . In the formulas (2i) and ( 22 ), x and y become undefined for the case 
= —1. What happens to the point of division, P, when Pi and PiOxe 

fixed and the ratio Ti/r 2 is given a series of values approaching —1; say, a 
series like — Ko, • • • , and also the series — -^^Mooj • • * 

(z.e., in formal notation, as —1)? 

23 . What happens to the point P of division as fi/r 2 is given a series of 
positive values that increase beyond bound (ie. as ri/r 2 -^ 00 )? 

24 . What happens to the point of division, P, as Ti/t^ - co [is., 
ri/r 2 is given a series of negative values that increase numerically beyond 
bound) ? 

26 . Study the behavior of the point P, as Pi and P 2 remain fixed, while the 
value of r in the formulas of Exercise 21 varies from 0 to 1 and on to co ; 
also from 0 to —1 and on to — 00 . 

6. Inclination and Slope. By the inclination of a line, in the 
plane of a rectangular coordinate system, is meant the least angle, 
positive or zero, measured from the positive .r-axis to the line. 
The tangent of that angle is called the slope of the line. It will 
be noted that the inclination of a line is unicinely determined by its 
slope, in view of the fact that the angle is always in tlu' first or 
second quadrant. Note also that when a line is parallel to OY, its 
slope is undefined (tan 90° = oo). 

Inasmuch a.s the position of a line in the irlane is d(“t('rmined by 
any two of its points, our first inquiry is about the value of the 
slope in terms of the coordinates (.ri,;/i) and {x 2 ,y.) of two points 
known to be on the line. A formula is readily obtained if we 
draw lines through Pi and P 2 parallel to the axes, as in Figs. 6A 
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and QB. For each inclination angle A in the figure we have 
OP 

tan A = {PiQ and QP2 directed lines) 

andsincePiQ = Xi — XiandQPi = 2/2 — t/i, we obtain, designat- 
ing the slope of the line P1P2 hy m = tan A) 

TO = (3) 

X2 — Xi ^ 

The student will easily see that if the labeling of the two points on 


1 

r 

\ 



1 \ 

1 

1 

1 




0 

A 





/ 1 


the line be interchanged, the above argument leads to 

TO = ML T _^g, 

- X2 

a value equal to that in formula (3), as it should be. The fraction 
in (3) ceas('s, of course, to define a number when Xi = a-2, which 
occurs in the exceptional ease, noted above, of a line parallel to 
OY. 

Exercise 1. Pr()\’o: if Zi and L* are two lines whose slopes are nii and //lo, 

then (a) the lines /i and h are parallel if, and only if, nii = fn^>; (6) the lines 
1 1 and I 2 are perpendicular if, and only if, nii — —l/z/cj. 

Problems 

1 . Find the slopes of the lines through the following pairs of points: 

(а) (2,0), (6,S). .4m. 2. (d) (0,0), {h,k), 

(б) (-1,5), (4.5), (e) (3,-6), (-6,3i, 

(c) (-3,-4), (-8,2), (f) (5,2), (o.rv 
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2. For each of the lines of Exercise 1, find the slope of a line perpendicular 
to it. 


3 . The inclination of a line in 135°. State the slope of any line parallel 
to it; also of any line perpendicular to it. 

4. Prove, using slopes, that the points (5, —2), (8,8), and (—5,1) are the 
vertices of a right triangle. 

6. Prove, by means of slopes, that the three points (8, —1), (12,6), and 
(4, —8) are on the same straight line. 

6. Prove, by means of slopes, that the four points (4,-5), (10,-3), 
(9,0), and (3, —2) are the vertices of a rectangle. 

7 . Prove, by means of slopes alone, that the four points (-3,1), (0,3), 
( —2,6), and ( — 5,4) are the vertices of a square. 

8. Given that the point (1,3) lies on a line whose slope is %, write down 
the coordinates of three other points on the line. 

9 . A line of inclination 60° passes through the point (5,3) and (a:, —2). 




Find :r. Ans. 5 

10 . Given that the point, D, divides AB and E divides CB, both in the 
ratio fi :r 2 , prove that DE is parallel to AO, and that DE:AO = r 2 : (ri + r 2 ). 

11 . Prove analytically that the line joining the midpoints of the nonpar- 
allel sides of a trapezoid is parallel to the bases and equal, in length, to half 
of their sum. 

12 . Prove, by means of slopes, that the midpoints of the sides of any 
quadrilateral are the vertices of a parallelogram. 

13 . Three consecutive vertices of a parallelogram are (2,-1), (5,-7), and 
(3,4). Find the fourth vertex, in two different ways. Ans, (0,10). 

14 . Verify, by means of slopes, that the points (xi,iji), and 

Cl// 2^ r2^/l^ 




lie on a line. 


Ti -j- Ti n + r2 

15 . Prove analytically that the diagonals of a rhombus are perpendicular. 


6. Angles between Lines. Let the inclinations of two lines be 
given as ai and 0 : 2 , and let the angle, measured in the counter- 
clockwise direction /rom the first line to the second, be the positive 
angle 6. Then, 0:2 = ai -f- 0 as in Fig. 7Aora2 = a:-\-6 — 180® 
as ill Fig. 7B. From these, either 


or 


6 — — ai 


e = a., - ai + 180°. 


Hence, in either case, since tan (A -f 180°) = tan A for any angle 
A, we have 


tan 6 = tan (a^ — ai) 


tan 0: 2 — tan ai 
1 + tan oi 2 tan ai 
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If we call the slopes of the two lines mi and W 2 , respectively, we 
now have 


tan 6 = 


m2 — mi 
1 + m2mi 


( 4 ) 


Exercise 1 of the preceding section can now be argued as a 
corollary to (4). Let the student do it as an exercise. 



A 


Fig. 7, 


B 



Problems 

1. Find the angle from the first line designated, to the second, in each of 
the following cases: 

(а) The line through ( —3,2) and (1,6) ; a line of inclination 45°. 

(б) A line of slope 3; a line of slope —2. Ans. 6 — 45°. 

(c) The line through (0,0) and (3,5); a line of slope 

(d) The line through (1,1) and (4, —2); a line of inclination 90°. 

(e) A line of slope 4; a line parallel to OX. 

2. Show that the triangle with vertices at (4,2), (—6,-1) and (1,-8) is 
isosceles, by proving two of its angles equal. 

3 . Find the area of the triangle with vertices at (3,1), (4,9), and (7, —2), 

by using the formula, area = \ah sin C, where a and b are two sides and C 
is their included angle. A/is. 

4. Show that the quadrilateral with vertices at (4,5), ( — 1,2), (2, —2), 
and (7,1) is a parallelognirn and find its area, 

6. The angle from a line of slope 2 to a line joining the point (x,//) to the 
point (1,3) is 45°. Show that x and y are related by the equality 3:r + y = 6. 

6. Show' that if lines are drawn from the point (1,3) to each of the points 

(0,1 (4,0), then the se(‘ond line bisects one of the angles 

l)etween the first and third. 

7, Show tliat the angle ip measured in the positive dire(*tion from the line 

, .. . , , • • 1 . mi — ai-2 

with slope to the line with slope Wj is given by tan ip = ^ 

^ 1 -j" tn yTii 
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7. Polar Coordinates. In addition to Cartesian coordinates 
dealt with up to this point, we now introduce another system — 
that of polar coordinates. From a fixed point 0, called the pole, a 
line is drawn in a definite direction OX, this line to be called the 
polar axis. If, with OX as the initial side, we construct an angle d 
and then lay off on the terminal side OR a distance OP = r, 
we define r and d as the polar coordinates of P and designate P by 
{r,d). The coordinate r is called the radius vector of P, and 9 its 
polar angle. The polar angle (and the number, 6, representing it) 

is considered positive if measured 
in the counterclockwise direc- 
tion from OX, otherwise negative. 
The radius vector is considered 
as a directed line segment from 
the pole to the point P. When 
that direction is the same as that 
of the terminal side of 9, r is posi- 
tive. If the direction of the 
radius vector is that of the terminal side of 9 produced through 
the pole, r is negative. Thus, in Fig. 8, Q has coordinates (7,9) 
and *S is (— 3,^). 

Note that in this system any real number r and any real angle 9 
still determine a unique point in the plane; but to a given point in 
the plane correspond more than one set of coordinates. Thus, if 
the angle 9 in Fig. 8 is, say, 30°, then point ;S can be de.signated in 
anyone of the ways: (—3,30°), (3,210°), (3,-150°), (-3,-330°), 
(-3,390°), (3,570°), etc. 

Let, now, a system of both rectangular and polar coordinates be 
set up, where the polar axis is identical with the x-axis, and the 
pole with the origin. Then if a point P, in the plane, is (x,y) in 
the rectangular system and {r,6) in the other, the relations. 



and 


X = r cos 9 
y = r sin 9 

r'^ = x^ 
tan 9 = -, 

X 


(5) 

( 6 ) 


are immediately seen to hold (.see Fig. 9). Sinc(‘ the polar coor- 
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dinates of a point can always be written with r positive or zero, 

we may safely replace (6i) by the 

equation f 


r = -s/x^ y^. 

We may use as an expression for 9 
either one of 



6 = tan~^ 



= C0S“ 


+ J/V 


Fig. 9. 


or any equivalent inverse trigonometric function, but two are 
needed in order to determine the quadrant of 9 uniquely. 


Problems 

1 . Plot the points whose polar coordinates are: 

(a) (5,60°), id) (-2,27r/3),* (g) (6,37r/2),* 

ih) (V),* ie) (-1,-150°), ih) (-1,2),=^ 

(c) (4,240°), if) (0,40°), (.') (x,w/2).* 

2. Give three more sets of coordinates for each of the points in 1(a), (c), 
id), and (c). 

3. Give several sets of polar coordinates of the pole. 

4. What is the locus of all points for which (a) r = 5? (6) r = — 5? 

6. What is the locus of all points for which (a) 6 = 60°? (6) 6 = 240°? 

(c) 6 = -60°? 

6. What can you state about the polar coordinates of every point (a) on 
the polar axis? (b) on the 90° line ii.e., the line through the pole making 90° 
with the polar axis)? (c) on the circle with center at the pole and radius 2? 
id) on the line parallel to the polar axis and 4 units above it? 

7. Find the rectangular coordinates of the points whose polar coordinates 
are given below (the arrangement between the two systems of coordinates 
is understood to be as in Fig. 9) : 

ia) (3,300°), ' (c) (-4,7r), (e) (2,-37r/2), 

ih) (2,37r/4), id) (-5,77r/4), if) (-1,-120°). 

8 . Find the polar coordinates of the points which are given below by 
their rectangular coordinates : 

(a) (3,3^2), (c) (-l,v/3), (e) (2,-3), 

(h) (-4,0), (rf) (0,2), (/) (3,7r). 

9. Find the dislance between the pair of points whose polar coordinates 
are 

(a) (5,0), (3,-x/2). ih) (4,x/3), (3,2x/3). (c) (3,135°), (-2,x). 

Ana. ih) 0 / 13 . 

10. Prove that the distance between the two points whose polar coordi- 
nates are and ir^^B^) is given by the formula 


* If no units are designated for the polar angle of a point, the radian is 
understood. 
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d = \/r ■A' — 2r\r% cos (02 — 6\). 

11 . Find the area of the triangle whose vertices are the pole and the points 

(6,2r/4) and (5,0). Ans. 15\/2/2. 

12. Show that the area of the triangle whose vertices are the pole and the 
points (ri,0i) and (r2,02) is one-half of the expression |rir 2 sin (02 — 0 i)|. 

13 . Find the length of the perpendicular drawn from the pole to the line 
joining (5,45°) and (5,76°). 


8. Translation and Rotation of Axes. Let P have the coordi- 
nates (x,y) with respect to a given pair of axes, OX and OY. If 
we now replace the given axes by another pair, O'X' and O'Y' 
parallel to OX and OY, respectively, the coordinates of P with 
respect to the new axes will evidently be a different pair of num- 
^ bers than x and y. This method 

of replacing one set of axes by 
X’ another is called translation of axes. 
Let us call the new coordinates of P 
x' and i/ and let the new origin. O', 
be {h,k) with respect to OX and OY. 
^ [It is obviously (0,0) with respect to 
O'X' and O'Y'.] To obtain the rela- 
tion between the two pairs of coordi- 
nates, project P upon both sets of axes as in Fig. 10. If these 
projections are 8, Q, T, and R, then 


A 

L J. 

i 0'(h,k),M 



/ T . 

Q 

— 

1 

I 

1 

1p(x,3'),( 

1 ^ ■ 

0 


S ' - 


Fig. 10 . 


X = QP = QR + RP = h + x', 
y = SP = ST - PT = ST + TP ^ k + y'. 

The relation sought is embodied, then, in formula.s 


X — ^ 

y = y' + k. 

Another change of axes frequently employed in analytic geom- 
etry is the rotation of OX and OY through the same angle about 0. 
If we call, again, the coordinates of P with respect to OX and OY, 
X and y, and its coordinates with respect to OX' and OY', x' and y'\ 
we obtain the relation between the two pairs of coordinate, s of P 
as follows. Let the polar coordinates of P with respc'ct to OX' 
as the polar axis and 0 as the pole be r and a. Then, if d is th(> 
angle through which the axes have been rotated, the polar coor- 
dinates of the same point, with respect to OX as the polar axis and 
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x = r cos (a + 6), 
y = r sin (a + 6), 
x' = r cos a, 
y' = r sin a. 


Using a well-known trigonometric relation, we write the first two 
equations as 

X = r(cos a cos 0 — sin a sin 0) = 

{r cos a) cos 9 — {r sin a) sin 6, 
y = r(sin a cos 0 -}- cos a sin 9) = 

(r sin a) cos 9 -|- (r cos a) sin 6. 

Using the last two of the above set of 
four equations, we obtain finally 



X — x' cos 9 — y' sin 9, 
2/ = a:' sin S -h y' cos 9, 


(8) 


which is the relation sought. 


Problems 

1 . The axes are translated, with the new origin at (3,2). Find, in each 
case below, the old coordinates of the point whose new coordinates are given: 
(fx) (5,2); ib) (»1,4); (c) (3,-1); (d) (-6,-7); (e) (0,-4); (/) (0,0). 

A71S. (a) (8,4). 

2. The axes are translated, with the new origin at. ( — 1,3). Find, in each 
case below, the new coordinates of the point whose old coordinates are given: 
(a) (-1,6); (h) (-3,9); (c) (4,-5); (d) (7,-1); (c) (5,3); (/) (0,0). 

A ns. (a) (0,3). 

3. By translation of axes, the point (4,1) becomes (6,-2). What are 
the new coordinates of the point ( — 3,7)? What point becomes (5, —3)? 

4. Verify, by Eqs. (7) of the text that the distance between two points and 
the slope of the line joining them is unchanged by a translation of axes. 

6 . The axes are rotated counterclockwise through an angle of 60“^. Find, 
in each (*ase below, the coordinates of the point whose new coordinates are 
given: (o) (5,1); (6) (3,0); (c) (0,-2); id) (-4V3,4); (e) (0,0). 

Am. (b) (3/2,3V3/2). 

6. Solve K(|s. (8) of the text explicitly for .i*' and y', thus expressing the 
new coordinates in terms of the old coordinates and the angle of rotation. 

A'ns. x' X eos (9 + // sin i/ ~ —x sin 6 + V cos 6. 

7 . The axes are rotated through an angle of 45°. Find, in each case 
below, the new coordinates of the point whose old coordinates are given: 
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(o) (-3,0); (6) (2, -2^3); (c) (0,1); (d) (-2,-2). 


8 . Through what angle have the axes been rotated if the point: (a) 

(2,-1) becomes (-1,-2)? (b) (8,-6) becomes (10,0)? (c) (-2,4) 

becomes (3\/2, — -v/S)? (^) 135°. 

9. Show that the origin is the only point whose coordinates remain 
unchanged when the axes are rotated through a positive angle less than 27r. 

10. A certain line has a slope equal to 1. What is its slope after the axes 
have been rotated through a 15° angle? 

11. The axes are rotated through an angle 9 — tan"^ S. If the slope of a 
line is mi in the old system of axes, express wa, its slope in the new system, in 
terms of rui and S. 

12. Pind the new coordinates of the point (6, —2) 

(a) after the axes have been translated, with new origin at (3,1), 
and then rotated, about the new origin, through an angle 60°. 

(3a-v/l),-3(l + V3)), 


(5) after the axes have been rotated through an angle of 60° and 
then translated, with new origin at the 
point which is (3,1) in the rotated system 

P(3.yi) 

9. Area of a Triaagle. Let it be 
our problem to find the area of a 
triangle in terms of the coordinates 
of its vertices. To solve the problem, 
project the vertices upon OX, and the 
area sought is seen, in Fig. 12, to equal 
the area of the trapezoid P'PBB' less 
the areas of the trapezoids P'PQQ' and Q'QRR'. In other words. 



■X 


XPQR = + R'R)P'R' _ {P'P + Q'Q)P'Q' _ 

2 2 

{Q'Q + R'R)Q'R' 

2 

_ (yi H~ y3){x3 — gi) ^ (j/i + y^{xi — a;i) 

2 “ ~2 

{y-i + 2/3) (rs — X2) 

2 

— 2(^i2/2 — X\yi + xiyz x^yi -f- x^yi — Xzyt). 


This expression for the area may be thrown into a form easier to 
memorize, viz., 



Sec. 9] INTRODUCTION 19 

Area APQR = ^[xi(y 2 — j/ 3 ) + x^iys — y\) 4- xz{yi — y^)]. (9) 

Note that the order of the subscripts in the first term, in the 

brackets above, is the natural order, 1, 2 , 3 , and that, to pass to the 
next term, the subscripts are advanced cyclically each time.* 

The student who is familiar with third-order determinants vill 
best remember the expression for the area in the form 

Xi yi 1 

Area APQR = )-^jx 2 yi 1 (10) 

xz yz 1 

Exercise 1. Prove that if the vertices of the triangle are relabeled in such 
a way that the order (rri,2/i), {x-A,y^) is still counterclockwise, the 

expression (9) still gives the area. 

Exercise 2. Prove that if the coordinates of the vertices of the triangle 
are so designated that the order (xi, 2 /i), ( 0 : 2 , 2 / 2 ), (x^.yz) is clockwise the 
expression in (9) is the negative of the area. 

Exercise 3» Derive formula (9) from a figure in which the area of the 
triangle is bounded above by two sides and below by one, again keeping all 
points in the first quadrant and the order of the vertices counterclockwise. 

Exercise 4. Discard the assumption that the vertices of the triangle are 
all in the first quadrant and derive formula (9). Do this in three steps as 
follows: 

■ (a) Show that the right-hand member of (9) is unchanged if a constant n 
is added to each of x\^ and xz. 

(h) Show that the right-hand member of (9) is unchanged if a constant k 
is added to each of y-i, 1 / 2 , and yz. 

(c) By translating the axes so that the new coordinates of the vertices are 
all positive and using the results of (a) and (6), show that e.xpression (9) 
holds regardless of the location of the vertices, provided P, Q, R form a 
counterclockwise order. 


Problems 

1 . Find the areas of the triangles whose .Trtiees have the following 


(‘oordinates: 

(a) (5,1), (1,3), (-1,-^2). .4m. 12. 

{h) (3,4), (2,0), (0,1). dm. 

(c) (2,3), (-5,-2), (8,-2). 

(d) (7,1), (5,5), (-6,7). 

2. Find tlie distance: 

(a) Between the point (5,4) and the line joining (0,2) and (3,-1). 

7\/'2/2. 


(c) (3,3), (3,-2), (12,4). 

(/) (1,1), (10,8), (4,6). 
ig) (0,0), (-2,4), (-5,-1). 
{h) (6,8), (9,-1), (1,3). 


* Three or more things are said to advance (or permute ,) cyclically when the 
first is replaced by the second, the second by the third, etc., while the last is 
replaced by the first. 
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{b) Between the point ( —3,2) and the line of slope 2 passing through 

3. By dividing them into triangles, find the areas of the quadrilaterals 
whose vertices are 

(a) (2,6), (0,3), (-2,4), (0,8). (o) (-7,3), (-10,11), (0,8), (0,3). 

ih) (2,-3), (5,4), (3,6), (-4,2). (d) (-4,-2), (3,-3), (8,0), (2,2). 

Ans. (b) 39>2 

4 . Find whether or not the points lie on a straight line: 

(а) (11,0), (8,-1), (-1,-4). (c) (-3,10), (7,-10), (5,-6). 

( б ) (0,0). (12,9), (4,4). 

6 . Prove analytically that the lines joining the midpoints of the sides of 
a triangle divide the triangle into four equal parts. 

6 . Prove analytically that the parallelogram formed by joining the con- 
secutive midpoints of the sides of a quadrilateral has an area equal to half 
the area of the quadrilateral, 

7. Prove that the area of the parallelogram three of whose vertices are 
Pi ( xi , yi ), P 2 (X 2 ,y 2 }, and P 3 ( xs , y ^) is given by 

^1(2/2 - 2/3) + ^2(2/3 - yi ) + ^3(2/1 ~ 2/2), 
or the negative of it. 

8 . Derive formula (9) of the text in the follo.wing manner: Translate the 

axes, with new origin at Pi. The new coordinates of the vertices are 
Pi (0,0), P2 {x2 — Xi, 2/2 — Vi), P3 {x^ “• Xij yz — 2 / 1 ). Rotate the new set 
of axes so that P 1 P 2 becomes the :r-axis. Show that the angle 6 of rotation 
is given by cos d = - a;i)/PiP 2 , sin d ^ {y 2 - yi)IPiP% Show also 

that the altitude of the triangle (the new ordinate of P3) is given by the 
expression — a:i) sin 6 + iyz — 2 / 1 ) cos B. (See answer to Prob. 6 of 
the preceding section.) Finally, substitute the values of sin 6 and cos B, 
and take half the product of the base and altitude. 

9. Show that if each vertex of a polygon has rational coordinates, its 
area is given by a rational number. 

10. Derive formula (9) in the following manner: Translate the axes as in 

Prob. 8. Let the polar coordinates of P 2 be now (ri,(9]) and of (^ 2 ,^ 2 ). 
Employ the expression L’l/'a sin - dA for the area of the triangle (see 

Prob. 12 of Sec. 7 ), Use the formula sin (<92 - ^i) = sin 62 cos - cos 62 
sin Bi, and the relations between the rectangular and polar coordinates of a 
point, 

11 . Derive formulas (2i) and ( 22 ) of Sec. 4, as follows: If 

P 1 P/PP 2 = r,/ r 2 , 

then area P iP^SVarea PP^S = ?*i/r 2 , where E {xz,yz) is any point whatever, 
not on line P 1 P 2 . Show that this condition is expressed by 

^ 1 ( 2 / - 2 / 3 ) + xjyz - ?/d H- xziyi - y) _ n 
^( 2/2 - yA + X 2 (yz - y) i- Xz(y ~ y.) ” r7 

and, finally, show that this equation is satisfied, regardless of the values of 

Tl "h ^2 Vi + 72 
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12. Obtain the result of Exercise 2 of the text, using the determinant 
notation for the area of a triangle. 

13. Using the determinant notation for the area of a triangle, prove that 
three points lie on a straight line if the difference of the abscissa and ordinate 
is the same for all three points. 

14. Find the area of the triangle with vertices at ( — 3,1), (0,3), and 
( — 1,6) by employing the formula: Area = \ah sin 0, where a and h are two 
sides of the triangle and 6 is the angle between them. 

16. Find the area of the triangle with vertices at (0,-2), (3,1), and (5, ~2) 
by the method of Prob. 14. 



CHAPTER II 


GRAPHS AND LOCI 

10. Correspondence between Loci and Equations. The notion 
of a correspondence between a point in the plane and a pair of real 
numbers can be extended to a more general kind of correspond- 
ence, viz., between a geometric locus and an equation. We begin 
with an illustration. 

Let a circle be given, with its center at (1,-2) and radius equal 

to 4. This circle is the locus of points 
endowed with a certain property, 
viz., that their distances from the 
point (1,-2) are all equal to the same 
X number, 4. If we designate any one 
of the points on the circle as {x,y) 
and recall that the distance from 
{x,y) to (1,-2) is given by 

V^(a-'~T)^"+ (y + 2p, 

we see that the coordinates {x,y) of 
any point on the circle satisfy the equation 

y/(x - 1)^ -f (2/ -h 2)'^ = 4, 
or, what amounts to the same, 

(:r - ly + ( 1 / + 2)2 = 16. (11) 

Conversely, let a point {x,y) be such that its coordinates, x and 
y, satisfy Eq. (11). Its distance from the point (1,-2) is then 
equal to 4, and, hence, it lies on the circle. 

There is, thus, a correspondence between the circk^ in question 
and Eq. (11), the correspondence having the following two prop- 
erties; first, the coordinates of every point on the circle satisfy 
the equation; second, every point having coordinates that satisfy 
the equation lies on the circle. We say that the circle, with center 

22 
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at (1, - 2) and radius equal to 4, is the graph of Eq. (1 1), in \dew of 
the following 

Definition. The graph of an equation is the locus of the poiTvts 
whose coordinates satisfy the equation. Conversely j the equation of a 
given curve is an equation satisfied by the cooi'dinates of every point 
on the curve and by the coordinates of no other points. 

This correspondence between equations in two variables* and 
geometric loci will, indeed, form the central subject of analytic 
geometry. That is to say, the main investigations, in our study 
of the subject, will take the form of one or the other of the 
problems: 

1. Given an equation in two variables, to obtain the corresponding 
geometric locus {the graph of the equation), along with its properties. 

II. Given a geometric locus whose points possess some common 
property {shared by no other points), to find the corresponding 
equation. 

In the latter case the equation, in turn, may help us in discover- 
ing or studying other properties of the locus. 

Problems 

1 . Determine which of the following points lie on the locus represented 

by the equation y — 2x {a) (0,1); [h) (2,1); (c) ( — I,— 3); 

(d) (4,-7); (c) (-3,-12). 

2. Determine which of the following loci pass through the origin. The 

locus, in each case, is represented by its equation, {a) + 2y — 1 = 0, 

{h) Zx - iy = 0, (c) if - 3x- -f xv = 0, [d] 2x + 3i/ - 1 = 0. 

3* Determine which of the following points lie on the locus represented 
by the ecpiation r = 2(1 — 3 cos 6). (a) (—4,0); (b) (2,7r/2); (c) (10, 180°); 

(d) (2 4- 3V3, 225°); (c) (2,-90°). 

4. Determine which of the following loci pass through the pole. The 
locus, in each case, is represented by its equation, (a) r sin 0 = 2; (b) 
r = 1 + Bin 20; (c) r = 2; (d) r = 3(1 — cos 6); (e) r = 2 sin &. 

6. (a) What must be the value of A in order that the locus represented 
by the ecjuation Ax + Sy — 5 =0 pass through (2,-1)? 

(b) What must be the values of A and B in order that the locus repre- 
sented by the equation Ax- + Bxy — == 4 pass through ( — 1,0) and 

(1,1)? In order that it pass through ( — 1,0) and (0,0)? 

* By a variable is meant a (piantity which, in a given discussion, can take 
on more than one value. Thus, in the ease of the circle just discussed, the 
coordinates of a })oint on it clearly take on more than one pair of values as 
we pass from point to point, and hence these coordinates are variables. 
The coordinates of its center, on the other hand, have but one pair of values 
throughout any discussion involving that circle, and hein^e are said to be 
coni^iantH. 
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(c) What must be the value of A in order that the locus represented 
by the equation r = .4(1 - 2 sin 6) pass through (2,30°)? 

(d) What must be the values of A and B in order that the locus repre- 
sented by the equation = A sin ^ -f jB cos 0 pass through (-2,90°) and 
(1,180°)? 

6. Show that the locus represented by the equation — 6x = 2 is 

also represented by the equation - 6r cos 6=2. 

Note. We may speak of the first equation, i.e., the equation satisfied 
by the rectangular coordinates of every point on the locus, as its rectangular 
equation. We call the second equation, i.e.y the one satisfied by the polar 
coordinates of every point on the locus, its polar equation. 

7 . Eind the polar equation of the locus whose rectangular equation is 

(a) y ^ X. (c) A- y^ -2y = 0. 

(2)) - -b ^ = 3. (d) - = tan (logic \/x^ +- y^). 

y ^ ^ 

8. Find the rectangular equation of the locus whose polar equation is 

(a) r = — 3 CSC 6. (d) = sin 26. 


(6) r = 4 cos 6. 


(e) r = 


2 

1+4 cos 6 


(c) r(sin 0 cos ^ + 2 cos^ 6) = sin 6. 

9. (a) If (4,y) is a point on the locus represented by + 3y — a; = 1, 
find y. 

(b) If {Xj —2) is a point on the locus represented by + 4?/^ = 25, 

find X. 


(c) A point is on the locus represented by r — 2 sin S6. If its polar 
angle is 60°, find its radius vector. 

(d) A point is on the locus represented by r =2(3—4 sin $). Its 
radius vector is 2. Find its polar angle. 

10 . (a) Show that x‘^ + (y — 3)^ = —4 represents no real locus. 

{b) Show that the locus represented by + (?/ — 3)^ = 0 is a single 


point. 

11. (a) If rc == a, ?/ = 5 is a common solution of two equations in x and y, 
what can be said about the point (a, 6)? 

(h) What point is common to the two loci whose equations are 
X — 2y = b and 2x ~\- Sy = 17 

(c) What point is common to the two loci wliose equations ar(‘ 

(d) What point is common to the two loci whose equations ar(‘ 

?/ = a: + 1 and 2^ = + a: + 6? 

(e) What point is common to the two loci whose equations an' 
a:2 + 47/2 = 16 and a: + 2 / = 6? 

if) What point is common to the two loci whose equations an' 
r = 4 cos 6 and r = 2? 

{g) What point is common to the two loci whose equations ai-(‘ 
/■ = 2 + sin 6 and r = -sin 0? 


11. Plotting the Graph of an Equation. Given, now, an equa- 
tion in two variables, .r and y, let us turn to the problem of obtain- 
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ing its graph. It may well happen that the nature of the graph 
can be told directly from the equation, e.g., in the case of the equa- 
tion y = X. The graph of this is the locus of all points whose two 
coordinates are equal (in value and sign). By elementary 
geometry, it is at once recognized as the straight line bisecting 
the angle betw^een the axes, in the first and third quadrants. 
Again, in the case of -|- (y -f- 1)^ = 9, it is seen that the left- 
hand member is the square of the distance from (x,y) to (0,-1). 
Hence, the graph is the locus of points whose distance from (0, — 1) 
is 3; in other words, the circle of radius 3, with center at (0,-1). 

For an equation given at random it is not, however, to be 
expected that the corresponding graph be identified at sight. To 
illustrate the method of plotting the locus in such a case, consider 
the equation 

= X- - x + 1. (12) 

Evidently, it is possible to pick out as many solutions of this 
equation as one pleases. To order the wmrk, we may as.sign values 
to X arbitrarily and compute the corresponding values of y by this 
equation. If we let x take on, e.g., the values 0, 1, 2, 3, 4, — 1, 
— 2, —3 and compute the corresponding values of y, we obtain the 
pairs of values displayed in the table 


X 

0 

1 

2 

3 

4 

-1 

-2 

-3 

y 

1 

1 

1 

3 

7 

13 

• ^ 1 

7 

13 


If we recall that by the graph of Eq. (12) we understand the 
locus of points whose coordinates are solutions of the equation, 
we interpret our table to mean that the points (0,1), (1,1), (2,3), 
(3,7), (4,13), ( — 1,3), ( — 2,7), and (—3,13) are points on the pro- 
posed graph. These points are plotted in Fig. 14, and the locus 
to which they belong appears, with tolerable clearness, to be the 
curve drawn in that figure. 

It is evident that the method of this illustration — obtaining a 
number of solutions of the given equation, plotting the correspond- 
ing points, and drawing a curve through the ijoints plotted — is 
essentially a method of approximation. The quality of the 
approximation w'ill, of course, depend on the number of points 
plotted, the care with which they are plotted, and the care with 
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which the locus that appears to go through them is drawn. 

As another illustration, consider the 
equation 

xA - 2y + - Z = Q. (13) 

For the purpose of obtaining solutions 
of this equation it is, evidently, advis- 
able to solve it for x and to compute 
values of x corresponding to values 
assigned arbitrarily to y. Thus 

X = ±a/ 3 + 2r/ - y^, 

and if we set y equal, in turn, to 0, 1, 
-x 2,3,4, -1, — 2 the corresponding solu- 
tions of Eq. (13) are shown in the 
following table : 


X 

±V3 

1 

±2 

± 

0 

Complex 

.0 

Complex 

y 

0 

1 

2 

3 

4 

~1 

-2 

i 


Note that a pair of values of x and y which are not both real 
fails to determine a point in the plane. Hence the table dis- 
played exhibits the points (y/SjO), ( — VSjO), (2,1), ( — 2,1), 
(•\/3)2), (— \/3,2), (0,3), and (0,-1) as points on the proposed 
locus. These points plotted, the locus in question is seen to 
have the form shown in Fig. 15. 

If the equation of the proposed locus is stated in polar coordi- 
nates, the above procedure applies, of course, equally well. 
Thus, for the equation 

r = 2 cos 6 

we obtain a number of solutions by assigning to 6 values, say, 
0°, 30°, 60°, 90°, 120°, 150°, 180°, 210°, 240°, 270°, 300°, 330°, 
360° and exhibiting the corresponding values of r in the table 
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Fig. 14. 


r 

2 

Vi 

1 

0 

-1 

i 

1 

< 

GO 1 

— 2 

- \/3j 

-1 

0 

1 

Vs 

2 

B 

QO 

30° 

O 

O 

CD 

90° 

i 

: 120° ; 

1 

150° 

180° 

210° 

240° 

270° j 

300° 

[ 

330° 

1 

360° 
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Note that the thirteen pairs of values of r and 6 displayed in 
the table serve to plot only six distinct points. These points 
outline the curve shown in Fig. 16. 


90 " 



Fia. 15. Fig. 16. 


Problems 

1. Plot the curve represented by each of the following equations: 


{k) 7j = 2x^ + X — 1. 
X A- dy. 

(X ^ 3)2 + {y 


1)2 = 9. 


(o) X = 2, (f) X — Sy == 0, 

(b) 2 / = -3. {g) Zx + 2y = 6. (Z) 

(c) 2 / = 0. (h) ix — Zy ^ 8. (m) 

(d) X = 0, ii) y = x^, {n) if y - x ^ I, 

(e) 2a: + 2 / == 8. {j) \/y == x. {o) 2x^ f Zx — 2y ^ 2. 

2. Plot the curve represented by each of the following equations: {a) 

r = 2. (6) r = -3. (c) 6 = 60°. (d) d = 7r/2, (e) e = -120°. (/) 

r ~ Z sin 6, (g) r = 1 + cos 6. (A) r = 4 ~ 2 sin (i) r = —4 cos $, 

(j) r = sin 2d. (k) r = Z cos 26. (Z) r - 1 2 cos $. {7n) r = 2 — 4 sin 

3. Show that the curve \Yhose polar equation is r = 4 sin 9 has the 
rectangular equation -f ( 7 / — 2)- = 4. State the nature of the curve from 
the latter equation, and plot it. 

4. Proceed as in Prob. 3 for the equation r = 2 cos 6 treated in the text 
above. 


12. Symmetry. An effective aid, in plotting a curve from its 
equation, is to examine it for an impor- 
tant characteristic called symmetry. We 
define this property as follows: 

Two points, A and B, are said to be 
sy?nmctrical with respect to a line I if the 
segment AB is perpend wularly bisected by 1. 

A curve is said to be symmetrical with 
respect to a line I if every perpendicular to 
I which meets the curve in a point A meets it also in the point B 
which is symmetrical to A with respect to 1. 
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In case a curve C is symmetrical with respect to a line I we 
also say that the line I is an axis of sy7nmetry for the curve C. 

Evidently, the point symmetrical to 
(x,y) with respect to the a:-axis has the 
coordinates (z,—y), and the point sym- 
metrical to (x,y) with respect to the 
y-axis is the point ( — x,y). Let, now, 
the equation of a curve be such that 
whenever it is satisfied by two numbers 
X and y, it is also satisfied by the numbers 
X and —y. Geometrically, this means 
that if the point ix,y) is on the curve the point (x, —y) is also on 
the curve, and, in view of the above definition, the curve is sym- 
metrical to the a:-axis. In like manner, if whenever the numbers 
X and y satisfy the equation, the numbers —x and y also satisfy 
it, the curve is symmetrical to the y-axis. Thus, the curve rep- 
resented by the equation y^ = 2x — Z has the a:-axis as an axis of 
symmetry, while the equation x^ -[- = 8 represents a curve for 

which both coordinate axes are axes of symmetry. 

Exercise t. Prove that, if whenever an equation is satisfied by the num- 
bers X and y, it is also satisfied by the numbers 2h — x and y, then the 
curve is symmetrical with respect to the line x ~ h. 

Exercise 2. Prove that if an equation is such that whenever the coordi- 
nates {x,y) satisfy it the coordinates (x, 2k — y) also satisfy it, the corre- 
sponding curve is symmetrical with respect to the line y = h. 

Symmetry also obtains with respect to a point P in view of 
the following definitions: 

Two points, A and B, are said to he symmetrical with respect 
to the point P if P is the midpoint of the 
segment AB. 

A curve is said to be symmetrical with 
respect to the point P if every line through P 
which meets the curve in a point A also meets 
it in a point B which is symmetrical to A 
with respect to P. 

If a curve C is symmetiical with respect 
to a point P we shall also speak of P as a center of symmetry for th(‘ 
curve C. 

Evidently, the point symmetrical to {x,y) with respect to 
the origin is the point {—x,—y). If, now, an equation of a 
curve be such that whenever two numbers x and y satisfy it, the 
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two numbers —x and —y also satisfy it, the origin is a center of 
symmetry for the curve. 

Exercise 3. Prove that if an equation of a curve is such that whenever 
the coordinates {x,y) satisfy it, the coordinates {2h - x, 2k - y) also 
satisfy it, then the curve is symmetrical with respect to the point (A, A'). 

Exercise 4. Prove that an equation containing only even powers of z 
represents a curve which is symmetrical with respect to the y-axis. 

Exercise Prove that an equation containing only even powers of y 
represents a curve which is symmetrical with respect to the j:-axis, 

* Problems 

1. Find the points symmetrical to each of the following with respect to 
the coordinate axes and the origin: 

(a) (4,-2). (c) (4,0). (c) (0,0). 

(b) (3,1). ^ id) (0,-3). if) (-2,-5). 

2 . Find the points symmetrical to each of the following with respect to the 
line a; - 3, with respect to the line y = — 4, and with respect to the point 
(3,~4). 

(a) (2,1). (c) (0,-2). ie) (u.v), 

(b) (3,4). id) (3,-2). (/) (-5,4). 

3. Test the curve represented by each of the following eauations for 
symmetry with respect to each coordinate axis and the origin: 

(a) A 2y ^ 1. (J) = 2, 

(b) x^ - 2y. ig) y = 2 cos x. 

(c) ^ Zy. (A) i/ = 3 sin x. 

id) a: -f 2 /^ = 1. (i) A x = 2y 

ie) X + y'^ - y ^ 0. 

4. Verify in each case below that the curve has the line indicated as an 
axis of symmetry. 

(u) (a; — 2)2 = Zy] line x = 2, 
ih) iy - 3)2 - 3a; + l;line y = 3. 

(c) (a; + 1)2 — 2 / = 0; line a; = —1. 

id) (?/ + 4)2 — + 2 = 0; line y = —4. 

(e) ix + 4)2 — 2(?/ 4- 2)2 = 1; lines a; = -4 and y = -2. 

5. Show that a curve symmetrical to both coordinate axes is also sym- 

metrical to the origin; also that a curve symmetrical to any two perpen- 
dicular lines is symmetrical to their point of intersection. 

6. Show that the points {r,e) and (r, —d) are symmetrical with respect to 
the polar axis, and that the points (r,0) and (r, it — 6) are symmetrical to the 
line 6 = 90°; also that the points ir,6) and ( — r,(9) are symmetrical with 
respect to the pole. 

7. State a set of polar coordinates for the points symmetrical to each of 
the following with respect to the polar axis, the 90° line, and the pole. 

ia) (3,60°). (c) (4,0°). 

ih) (-5,120°). id) (-2,90°). 

8. Test for symmetry with respect to the polar axis, the line 6 = 90°, 
and the pole, the curves represented by the following equations: 
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(a) r = 2 cos B. {d) = 2 sin d. 

(b) r == S sin 6. (e) r = sin B -j- 2 cos 

(c) r == tan B. 

9 . A circle is symmetrical with respect to how many points ? With respect 
to how many lines? 

,13. Aids in Plotting. (4) Extent. Inasmuch as points on a 
curve are determined only by real values of x and y satisfying 
its equation, it is well to test just what real values of x determine 
real values of y by a given equation, and what real values of y 
determine real values of x. Thus, if the equation is 

ix^- + 2/' = 25, 

we may throw it into either of the forms 

y = ±'\/25 — 

±\/26 - y^ 

x = 

From these, it is evident that y assumes real values when, and 
only when, 25 — 4:X^ is positive or zero, z.c., 
when X- ^ 2^^, or ^ ^ 5^^; likewise 

that X is real when, and only when, 
— 5Sy^5. Graphically, this means that 
the curve extends between the two parallels 
to the 2 /-axis whose equations are x = % 
and X = and between the two parah 

to the a;-axis whose equations are y = —b 
and y = 5. If we notice that when x = 0, 
y = ±5 and when y = 0, x = ± ^ 2 ? these 
four points, along with the fact that the 
curve is symmetrical with respect to each of 
the coordinate axes and has the extent 
Fig. 20. indicated, determine the graph of the equa- 

tion quite readily as shown in Fig. 20. 

For another illustration, consider the equation 

+ 2 / — 2 /^ = 0 . 

The student will find it prohibitive to solve it for vy, but tlu^ 
equation is easily solved for giving 


x = ±Vy^ ~ y = ±\/yiy + l){y - 1). 
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In this equation, x is evidently real if, and only if, the product 
under the radical sign is positive or zero. To determine what 
values of y make the product positive, notice that the first factor 
has opposite signs in the two cases, y < 0 and y > 0; that the 
second factor has opposite signs in the two cases y < — 1 and 
y > — 1; that the third factor has opposite signs in the two 
cases y < 1 and y > 1. We may display this in the table below. 



1 

y 

y -1-1 

^ - 1 

Product 

2/ < -1 

- 


- 

- 

-1 < y < 0 

- 

+ 

- 

-b 

0 < y < 1 

A 

+ 

- 


y > 1 

+ 

+ 


+ 


We see, then, that x is real when —1 < y < 0 and when y > 1. 
It is also real, and zero, when y = —1, or 0 or 1. The curve, 
then, extends from the line y = — 1 to the line y = 0, and also 
above the line y = 1. The three points (0,-1), (0,0), and 
(0,1), just noticed, and a few 
other points conveniently deter- 
mined, along with the fact of 
.symmetry to the y-axi.s and the 
extent ju.st indicated, determine 
the graph of the equation as 
shown in Fig. 21. 

(S) Intercepts. We define an 
x-intercept of a curve as the 
abscissa of a point which the 
curve has in common with the 
x-axis; a y-intercept a.s the ordi- 
nate of a point which the curve has in com mon with the y-axis. In 
other words, if (a,0) is a point on a curve, it is .said to have an 
x-intercept equal to a; if (0,b) i.s a point on the curve, it ha.s a 
y-intercept equal to b. A curve may evidently have more than 
one intercept on either axis. 

The method of finding the intercepts of a curve, quite ohA'iously, 
is to set y = 0 (and the corresponding values of x, if real, are 
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the values of the a:-in.tercept) and then set a; — 0 (the correspond- 
ing values of y, if real, representing the ?/-intereepts) . 

In the first illustration in (A) we thus found, in effect, the 
a;-intercepts to be % and the ^-intercepts 5 and -5. In 
the second illustration we found the x-intercept to be zero and the 
^-intercepts to have the values -1, 0, 1. 

iC) Asymptotes. The question we raise under this heading is 
whether there exist finite values of x which make y infinite, and 
similarly, whether there exist finite values of y which make x 
infinite. 

To illustrate, consider the equation 
xy - y = 6. 

Solving it for y and for x, we obtain 



Form (14) indicates that there is no value of y corresponding to 
X = 1, inasmuch as the computation of y in that case involves 
division by zero, a process excluded in mathematics. But y 
can be computed for values of x different from 1, however close to 
it. Furthermore, the values of y grow beyond bound, numeri- 
cally, as X is assigned values that differ less and less from 1. 
That is what we mean, and that is all that we mean, when 
we say that y becomes infinite for x = 1, or when we use th(^ 
symbol “ for infinity, which the student has probably met 
before, and write: y = oo for x = 1. Conversely, as y takes on 
values greater and greater numerically, x takes on values ever 
closer to 1. We express this briefly as: x = 1 for y = «> . 

Graphically, this means that the curve has no point in common 
with the line x = 1, but as we pick points on the curve whose 
ordinates grow ever larger in numerical value, such points come 
ever closer to the line x = 1 (as the difference between their 
abscissas and x = 1 becomes ever smaller). We say that th(‘ 
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liii6 X 1 is 8.11 (isy')7i'ptotG to thi6 curvGj m view of tiiG following 
definition. 

A line is said to be an asymptote to a curve if the distance from 
the line to a point on the curve approaches zero as a limit* as the 
point recedes indefinitely from the origin. 

In like manner Irom loriu (15) of the equation we conclude 
that the line ?/ = 0 is an asymptote. 

The student will do well to locate a number of points, par- 
ticularly with values of x chosen 
close to 1, say x = 1|-, 

I, 1 % and with values of y : 
chosen close to zero, say y = : 

Mo> “Ho- The inquiry ] 

into symmetry, intercepts, and : 
extent will, of course, be of aid. J 
The resulting graph is shown in ; 

Fig. 22. : 

We may sum up the contents J 
of the last t'wo sections as em- : 
bodying the following aids in 
plotting a curve : 

I. Solve the given equation for y in terms of x, or for x in 
terms of y, or both, if convenient. 

11. Examine the curve (a) for symmetry with respect to the 
coordinate axes and to the origin; (6) for values of the intercepts; 
(c) for extent; (d) for asymptotes. f 

III. Establish a convenient number of points sufficiently 
distributed clearly to outline the curve. 

IV. Draw the curve through the points established, with the 
information furnished by II as a guide. 

As an illustration, consider the graph of the equation 

x-y -h 4a-- = 9. 

* The last is another way of saying that tire distances grow er-er smaller 
and sink below any positive value, however snuill. k more precise definition 
of the term limit will he given later in the book. 

t Note that we liave spoken only about asymptotes represented by 
X — constant or y = constant, i.c., asymptotes parallel to one or the other 
coordinate axis. A eurve may posses.s asymptotes that are parallel to 
neither a.xis. We say nothing at present about the process of finding such. 
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Solving this for y and for x, we obtain 


9 — 
x^ 

(16) 

X - + J 

\/y + 4 

(17) 


The test for symmetry shows that the curve is symmetrical to the 
</-axis, but not to the x-axis or to the origin. Setting x == 0 
in (16), we obtain no value for y (hence, there is no ^-intercept); 

setting y = 0 in (17) we get x = 
(hence two intercepts on the x-axis). 
Equation (16) shows that y is real for 
all values of x. Equation (17) shows 
that X is real only when y -|- 4 is posi- 
tive, i.e., when y > — 4. The curve, 
consequently extends only above the 
line y = — 4. Equation (16) again 
shows that y becomes infinite for x = 0 
(hence, the line x = 0 is an asymptote). 
Equation (17) shows that y = —4 is 
an asymptote. 

We establish a number of points on the curve, preferably by 
Eq. (16) which is free of radicals, and obtain the curve shown in 
Fig. 23. 

As regards equations in the polar form, considerations of 
symmetry have already been taken up in Section 12. The 
question of what values of d make r real and for what values of 
r d exists, as well as the question of what values of 6 make r 
infinite, are proper and heli)ful to raise when plotting a curve 
from its polar equation. 
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Fig. 23. 


Problems 


1 , Discuss each e(]uation as 
sponding; curve. 

(a) -f = 16. 

(h) 2 x^ + f/2 = 8. 

(c) 2x2 - '1/2 = 8. 

id) if -Zx ^ 3 . 

(c) + 3?/ 4- 6 = 0. 

(/) tj = 2x1 


indicated in the text and j:)lot tlu^ 

{g) X = 3(2/ ” 2)'h 
{h) xy = 1 . 

{%) {x - 1 ) {y + 2 ) = 4 . 

{j) X2/2 = 4 - 9v/2. 

{k) xy + 4i/ = X. 

[D xy + 4// = xl 


corr(‘- 
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V) x'^y^ - x'^ = 

(u) xy- + 4^2 = x-{x - 4i. 
(y) xy- + 4y' = x{x — 4). 

(i/l) y = (4 _ j;)2_ 

(p) 4a:2 - 24a: - _ 2p + 31 =0. {x) p = (4 - a:=)“. 

(g) y^ = x^ - X. {y) X- = {A - y^y. 

(r) 2/2 = j;( 2 ; _ i)(a; ^ 3)_ - 3) = 6. 

(s) a:22/2 — a;2 3= 4^2^ 

2. Discuss and plot the locus represented by the equation 


1 


(*) 2/ = ^ 

(n) — 2x + : 

fr,") ^2 _ _U Ao/2 -i- 1 1 A 


X — 3 
+ 47/ = 4. 


- 2)(y + 3) - 0. 


Key: This equation is satisfied whenever either factor on the left is zero. 
Hence the corresponding locus consists of all the points for which x = 2, and 
all the points for which 7y = -3. The locus is, then, a pair of straight lines. 
Let the student draw them. 

3. After the manner of Proh. 2, discuss and plot the locus represented 


xy — y 2x — 2 ^ Q, 
(y - 4- 2y) = 0. 

2xy - 6//2 - X- 4- 3x7/2 


= 




by each of the following equations: 

(а) xy - 0. (g) 

( б ) x^y - 1 ) = 0 , {h} 

(c) x{x - 2) == 0. (i) 

(d) + 2y = 0. (j) 

(e) xy = 3x. (k) 

(/) xy + 7/ = 0. 

4. Discuss and plot the locus represented by each equation : 

(a) y = 2\ (e) y = 2^ 4- L 

(b) y = 2-. (/) y === 3^. 

(c) ,y = log 2 X. (gr) y = log 3 X. 

(d) X = log 2 y. 

6 . Discuss and plot the locus represented by the (equation // 


on the basis that x is measured in radians, 
tions of the equation is 


sm X, 


Hint: A p.artial table of solu- 


X 

0 

7r/5 

7r/3 

TT '2 

y 

0 

3^2 

V3/2 

1 


6. Discuss and plot the locus represented by ea(*h equation, on tlu‘ basis 
that X is measured in radians. 

(a) y ~ cos X. [d) y ~ tan x. 

{b) y = 2 sin 2x. [e\ ij - sec x. 

(c) y = cos -■ (/) y = esc x. 

7. For each pair of equations, plot the two corresponding loci to one set 

of axes and determine the coordinates of the points of intersection graphi- 
cally. Verify the values of those coordinates by solving each pair of equa- 
tions simultaneously. 
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(a) 

a: -H 2/ = 1, 

2x — y = 5. 

(f) 

y ' 

« II 

+ 1 

5, 

5. 


(6) 

X - y = -1, 

2a; -|- 4« = 19. 

(?) 


-2y- 
-2y + 

4rc 4- 9 

X = 1. 

= 0, 

(c) 

It II 

(h) 

4lX^ + 9?/^ 
X + y = Q 

= 36, 


li) 

a;2 4. ^ 25, 

('?') 

2x^ 4- ^2 = 

= 2, 


a: - y = 1* 


xy 

-2y- 

• 3x + 6 

= 0. 

{o\ 

y — 2x = “2, 







11 







8 . Discuss the locus represented by each equation as to (I) symmetry; 
(II) real values of r and d; (III) infinite values of r, and plot. 


(a) r - —3 sin 6. 

{h) r -f 4 cos 0 = 0. 


(c) 

id) 

(e) 

(f) 
(sr) 


= sin. 21 
= cos 3$. 
2 


1 — cos 
2 

1 + cos 
3 


2 — sin ^ 

(k) 2r -j~ r sin 0 = 3. 

(i) = 4 cos 26. 

(j) = sin 26. 

{k) - — cos 26. 


( 1 ) sec 0 = 3* 

(m) r = 20. 

(n) r = 2 cos 0—4 sin 0. 

(o) cos 0 = 2 sin 0. 

0 

(p) r = 2 sin 

(q) T — tan 0. 

(r) r = 2(1 + 3 sin 0). 

(s) r = 1 “ 4 cos 6. 

(t) r sin 0 = 2. 

(u) r = — ^ 


cos 0 

(v) T - 2 ctn 0 CSC 0. 

{w) — 3r + 2 = 0. 

9. Obtain the rectangular equation of the locus in (t) of Prob. 8; also 
in (u); also in (v). Plot each from its rectangular equation. 

10. (a) Obtain the polar equation of the locus represented by 

(:r^ + = 4:X^ — 4i/2, 

and plot the curve from that equation. 

(h) Obtain the polar equation of the locus represented by 


-f ?/2)2 = 4^^^ 


and plot the curve from that equation. 

11. Describe and plot the locus for which 


(a) 

{h) 

(c) 


X > 2, 

y = 1. 

X = 2, 

V S -1. 

+ //^ ^ 4, 


id) 

ie) 


-f if < 4, 
y = -X. 

1 < 4 - ^2 ^ 4 ^ 

y = 2.T. 


y = ~x. 

14. Parametric Equations. Frequently, a pair of {“quation.s 
is employed, in.stead of a single equation in / and y, to repre.senl 
a locus, We begin with an illustration. 
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Suppose it be given that the abscissa and ordinate, respectively, 
of a variable point on the locus are described by: 


X = t + 2, 

y = 2t^ - 1. 


(18) 


We may select as many values as we please of x and y satisfying 
this pair of equations, by assigning values to t arbitrarily. A 
partial table of such values is 


t 

0 

1 

2 

3 

-1 

— 2 

-3 

X 

2 

3 

4 

5 

1 

0 

i 


y 

-1 

1 

1 

7 

17 1 

1 

1 

1 

7 

17 


This establishes the points (2,-1), (3,1), (4,7), (5,17), (1,1), 
(0,7), ( — 1,17) as points on the locus represented by (18). These 
points plotted, the curve drawn through them will be an approxi- 
mation to the locus in question. 

Exercise 1. Draw the graph represented by (18). Amplify the above 
table if deemed desirable. Label each point plotted with the value of t 
which determines it. 


It is clear that the pair of equations in ( 18 ) has, for the purpose 
of exhibiting the relation between x and y of any point on the 
locus, the same significance as the single equation 

y = 2{x- 2y - 1, (19) 

obtained by eliminating t between the two equations of (18). 

Exercise 2. Draw the graph of (19). 

We call, as is customary, the variable t, in terms of which 
:r and y are expressed, a parameter, and the pair ( 18 ) parametric 
equations of the loeiis. 

The value of paraincdric* representation of a locus li(‘s in th(‘ 
fact that it is often more eonvenient, as the student will find latter, 
to obtain value of x and the value of y each st^parately in 
terms of another quantity than to obtain direetly tlu^ ndation 
between x and y. That relation may be })rohibiti\'e to derive 
(‘veil after parametric^ (aiuations have hecu) found. Sindi, for 
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instance, would be the case \vith the locus represented by 

X = t* — i + 1, 
y = + + 2. 

This pair of equations would still establish a relation between x 
and y, but the equation that describes that relation directly 
could not very easily be obtained, since t could not very readily 
be eliminated between the above pair. 

Note that the parametric representation of a locus is not 
unique. If, in the pair (18) we introduce other parameters, say 
s, u, V, defined, respectively, by f = 2s, t = u^, t = e^, (18) 
assumes the forms: 

a: = 2s + 2, x = 2, a: = e® + 2, 

y = 8s^ — 1; y = — 1; y = 2e^^ — 1, 

each of them, when the parameter is eliminated, reducing to 
(19) and hence, representing the same locus. 


Problems 


1 . Draw the locus represented by- the pair of parametric equations. 
Whenever possible, eliminate the parameter and obtain the nonparametric 
equation of the locus. 

X = i + 3, ... X = - 3, 


y = 2t - 1. 
X = + 1, 


y = 2. 
a: = 2 sin t. 


^ ' y = 2 t - 2 . ^ ' y = 2 cos t. 

X = t — I, ,,, a: = 1 — cos t, 

^ y = C. ^ j/ = 2 + sin t 

Hint: In (e), to eliminate the parameter write x /2 — sin t, y /2 = cos t, 
hence, by sin^ t + cos® t s 1, 3:2/4 -|- ^2/4 _ qj. ^.2 q_ ^2 _ 4_ 

* = log t X =t^ - t, 

y = log tK y = t-< + t. 

(h) ^ ^ d') ^ ~ ^ s, 

y — 2 sin 6. ^ ^Qg ^. 2 _ 

... X y = 2t 2j .. X = 2 sec 0, 

^^^2x-y = 3t. 2 / = 4 tans. 

2a + 2 / = s 2 , e = sin -1 t, 

x + 2 y ^ s - r = 1 + 2 t. 

2. Find the intercepts on eac*h coordinate axis for the locus reprcsoiit(‘(l bv^ 

f \ ^ I't \ X ~ ty X = 2 cos / — Ij 

^ 1/ = 3 t + 4 . 1''^ y = 0 -Y 1 . y =■■ 2 sin t - VS. 

3. Find the points where eatdi locus intersects the liiu^ .r = 2 and th(‘ 
line y = ~Z, 

(n\ -^ = 2 ^ - 1 . ^ + 1 . ^ + 4 , 


3s 4“ 


y = 7/3 -f 5. 
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15. The Equation of a Locus. Now that we have studied the 
procedure ol examining and plotting a locus when its equation is 
given; we turn to the inverse problem of deriving the equation 
of a locus when the defining property of that locus is given. 
Bearing in mind the underlying definition, this means that the 
problem is to obtain the relation between the coordinates of a 
variable point on the locus, either in the form of an equation 
between x and y of such a point, if rectangular coordinates are 
used, or between its r and 6j when 
polar coordinates are used, or in the 
form of two equations that relate the 
coordinates to some parameter. 

The following illustrations aim to 
display the manner in which a problem 
of this type is attacked. 

Example 1. Find the equation of the 
locus of a point for which the distance 
from (2,0) is equal to twice its distance from (4,1). 

Solution. Let [x^y) be any point on the locus in question, as in Fig. 24. 
Its di stance from (2,Q) is, then, — 2)^ + audits distance from (4,1) 
is \/(a; “ 4)^ + {'1/ — 1)^. The condition stated in the problem is, then, 
expressed by the equation 

■s/(z -2)^ + y^ = 2-s/ix - 4)= + iy - D^. 

This, indeed, is the equation sought. It expresses the geometric property 
stated for every point on the locus, and, conversely, every point whose coordi- 
nates, X and y, satisfy this equation possesses the property stated for the 
locus and hence lies on it. 

To examine and plot the locus, we simplify its equation by rationalizing it, 
obtaining 


Y 



- 4x + 4 ■ y- 4(x^ - Sx lb -f ip - 2y + 1), 

which reduces to 

3.r‘^ + 3?/^ - 28.r - S// = -54. 

Exercise 1. The ]){)int i4,0) is identified by inspection as a point pt)ssess- 
ing the property stated for the a])ove locus. Verify that its coordinates 
satisfy the last o([uatioii. 

Exercise 2. Plot the locus of Example 1 from its cMpiatit)!!. Verify that 
it is a circle with center at radius equal to v^2l'b''3. Key: 

Write the equation as 

x4 - ^.px + ~ 
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Complete the squares, to obtain: 

.,2 + 

or, 

(a- - + (y - 1)^ - 

Example IL Find, in polar coordinates, the equation of a circle with 
center at (2,90°) and radius equal to 2. 

Solution. Let (r,d) be any point, P, on the circle. To obtain the relation 

between r and d, draw the line PA and 
observe that the triangle- OAF is a right 
triangle, with OA the hypotenuse. 
Hence, OP ~ OA cos AOP. Now, OP = r; 
OA = 4, and angle AOP = 90° — 6. 
The last equality is thus stated as 

r = 4 cos (90° — 6), 
r = 4 sin $. 

This, then, is the equation of the circle, 
since P was any point chosen at random on it. 

Note that for a point (r,6) in the position Q, the equation is 

OQ = OA cos {d - 90°), 
or 

?• = 4 cos {d — 90°), 



and this also reduces to 


r — 4 sin 6. 

Example III. From A, the point (0,4), the line is drawn nua^ting tln^ 

line = 2 at P. AP is produced to Q, with PQ = 2. Find parametric 

equations of the locus of Q. 

Solution. Let {x,y) designate the variable 
point Q. Choose the angle a from PA to 
the line y — 2 as parameter. Draw RS 
through C) parallel to the //-axis. From 
the figure 

X = OR = BS = BP + PS - BA cot a + 

PQ cos or, 

y - RQ — RS — QS — RS — PQ sin or. 

Note that BA = PQ = RS = 2. Hen(*.e, the paranietrii* ecjiiations of the 

locus of Q are 

X = 2 ctn Of -}- 2 cos a, 
y = 2 ~ 2 sin or. 

Exercise 3. Draw a figure for Example III with Q to the left of OY and 
verify that the above solution holds in that case as well. 
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Exercise 4. The origin is identified by inspection as a point on this locus. 
What value of the paruineter corresponds to it? 

Exercise 6. Show that the line ^ = 2 is an asymptote of this locus. 
Hint: Find what value a must approach, for x to become numerically 
infinite and ior 2 — y to approach 2 ero. 

Exercise 6. Plot the locus of this example. 

The general procedure in deriving the equation of a locus may 
now be summed up somewhat as follows: 

Choose a point in the plane assumed to satisfy the property 
stated for the locus. 

Label it {x,y) or (rj<9), depending on the kind of coordinates 
employed. 

Study the figure, completed by drawing extra lines if necessary, 
to find an equality between certain magnitudes (lines, angles, 
etc.) which arises from the property that defines the locus. 

Embody that equality in an equation (or a pair of parametric 
equations) involving the coordinates of a variable point. 

Caution: This process may yield an equation which is satis- 
fied not only by the coordinates of the points on the contem- 
plated locus but by the coordinates of other points as well. 
For example, if the problem were to find the equation of the 
segment OA, where 0 is the origin and .4 is (1,1), the process 
would derive the equation x = y. This equation, liowe\’er, is 
satisfied by the coordinates of all points collinear with 0 and A, 
The segment OA is not readily represented by a single equation 
but is defined by the pair of relations 

= y, 

(0 ^ a; g 1. 

Problems 

1. Obtain the o(iuation of each of the following loci: 

(a) A line through (2,4) parallel to the j?-axis. 

(f)) A circle with center at (3, —2) and radiirs equal to 4. 

(r) A line through (4,-1) whose slope ecpials 3. Hint: If (.r,//) 

is any point on the lin(‘, the slope of the line i.s 

(d) A line passing through (5,0) and i —4,2 ). Ans. 2a'4-9?/ = 10. 

(c) The porp(‘ndicular bisector of tlu' st'gnuuit joining — 1 j and 

(0,-3). 

(/) A circle with ccuitor at (2,4) and passing through (3,7). 

4 /os. .r- — 4.r A //- — 8// -f U) = 0, 

(y) A circle which lias (5,0) and ( — 1,3) as the muls of a diameter. 
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Qi) A line whose intercepts are -2 on OX and 5 on OF. 

Ans, 2y — hx = 10. 

2 . Obtain the equation of each of the following loci: 

(a) The locus of a point for which the distance from (—3,2) is half 
the distance from (4,0). Ans, -h Zy^ + 32a: — + 36 =0. 

{h) The locus of a point for which the sum of the distances from 

(4.0) and (—4,0) equals 10. Ans. + 25t/2 — 225. 

(c) The locus of a point for which the difference of the distances 
from (0,5) and (0,-5) equals 6. Ans. — ^x^ == 144. 

id) The locus of a point for which the distance from (6,0) equals the 
distance from the line a: = — 6, Ans. = 24a:. 

(e) The locus of a point for which the distance from ( —3,2) equals 
the distance from the line = 4. 

(/) The locus of a point for which the distance from (3,0) equals 
twice the distance from the line y = 5. 

Ans. — Zy^ — 6a: 40y — 91 — 0. 

(g) The locus of the centers of circles which pass through (7,2) and 

(3.0) . 

{h) The locus of the centers of circles that pass through (—3,4) and 
are tangent to the ^-axis. Ans. 2 /^ — 8z/ + 6a: + 25 = 0. 

(i) The locus of vertices of isosceles triangles whose bases extend 
from (0,0) to (5,-4). 

(j) The locus of a point for which the sum of the squares of its 
distances from (0,5) and (0,-5) equals 100. 

(fc) The locus of a point which is the vertex of a right triangle having 
for hypotenuse the segment joining (n,0) and (0,?;). 

(Z) The locus of vertices of triangles whose areas equal 10 and 
whose bases extend from (—2,4) to (3,4). 

{m) The locus of vertices of triangles whose areas equal 12 and whose 
bases extend from (5,3) to (7,2). 

Ans. {x 4- 2y — 35K.t H- 2?y + 13) = 0. 

(n) The locus of a point such that the product of the slopes of the 
two lines joining it to (4,0) and (0, —3) equals 4. 

(o) The locus of a point such that the slope of the line joining it 
to (5,0) is twice 1he slope of the line joining it to (1,0). 

(p) The locus of the midpoints of the ordinates of the points on the 
curve + ?/- = 20. 

(q) The locus of tlu' centers of circles whi(*li are tangent to the lino 
X = ™] and to the circle of radius 3, witli c(uiter at (4,0). 

Ans. [if - 16j:)(/y2 - + 12) - 0. 

(>') The locus of the points of trisect ion, nearest the y-axis, of the 
abscissas of the points on the curve 2x^ + if = IS. 

(s) The locus of the centers of circles that are tangcait to the line 
y - 4 and to the circle of radius 2, with (‘enter at (0,-2). 

[i] The locus of points su(*h that the sum of the squares of their 
distances to the four points (0,0), (1,0), (1,2), and (0,2) equals 14. 

{li) The locus of midpoints of the lines drawn from the origin to 
points on the curve y‘^ f x — A. Ans. 2if f x 2. 
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(v) The locus of midpoints of the lines drawn from (2,1) to points 
on the curve = 9. — 2x — y = 1. 

3 . Find, in polar coordinates, the equations of the following loci: 

(а) A circle with center at the pole and radius equal to 3, 

(б) A circle with center at (4,0°) and radius equal to 4. 

A ns, r = 8 cos $, 

(c) A circle with center at (4, 180°) and radius equal to 2. Hint: 

Use the cosine law in a triangle. A ns. r- -f 8r cos 0 + 12 =0. 

(d) A circle with radius equal to 2 and center at (5,60°). 

{e) A line through the pole and having an inclination of 120° to the 
polar axis. 

(/) Each straight line whose inclination to the polar axis is 135° 
and whose distance from the pole is 3. Ana. r cos (0 45°) = ±3. 

(g) A line perpendicular to the polar axis and passing through 

(4,60°). 

(h) Each line whose inclination to the polar axis is 60° and whose 
distance from the pole equals 5. 

(i) A line parallel to the polar axis and passing through (4,210°). 

Ans. r sin d = — 2. 

(j) A line through (—4,150°) and perpendicular to the radius 
vector of that point. 

4 . Find, in polar coordinates, the equations of the following loci; 

(a) The locus of a point whose distance from the pole equals its 
distance from the line perpendicular to the polar axis at (3,180°). 


(6) The locus of a point whose distance from the pole is twice its 
distance from the line parallel to the polar axis and passing through (4,270°). 


An5. 


8 


1—2 sin & 

(c) The locus of a point whose distance from the pole is twice its 
distance from the line perpendicular to the polar axis at (5,0°). 

{d) The locus of a point whose distance from the pole is % its 
distance from the line parallel to the polar axis and passing through (6,90°). 

(e) The locus of midpoints of the chords passing through the pole, 
in the circle that passes through the pole and has its center at (a,0). 

Ans. r = a cos B. 

(/) The locus of points of triscction, nearest the pole, of the chords 
passing through the pole, in a circle that passes through the pole and has its 


center at (6,90°). 

6. In the circle with center at (3,90°) and radius equal to 3, chords OQ 
are drawn from tlu‘ pole Q and produced past Q to P making OQ - OP equal 
to 48. Find the (^(puition of the locus of P. Ans. r = 8 esc 9. 

6. In the circle with center at (a,0°) and radius eq\ial to o, chords, OQ, arc 
drawn from the pole 0 and produced past Q to I\ making OP = 2QF. 
Find the eq\iation of the locus of P. 

7 . At A, one 141(1 of tli(‘ fixed diami'ter OA of a circle, a tangent is drawn 
to the circle. Through the other end, 0, a chord is drawn meeting the circle 
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in Q and the tangent at R. On OQ a segment OP is laid off equal in length 
to QR. Find the equation of the locus of P. 

Take OA as the polar axis, and 0 as pole. 
Call the radius of the circle a. 

Note: This locus is called the cissoid. 

Ans. T = 2a sin d tan 6. 

8. Find parametric equations of the locus in 
Prob. 7 in rectangular coordinates, taking OA as the 
^r-axis, and 0 as origin. Use the angle AOQ as para- 
meter. Ans. X — 2a sin^ a; y — 2a sin^ a tan a. 

9. Find the equation of the locus of a point P, such 
that the product of its distances from two fixed points, 
A and B, is equal to given that the length of AB 
is 2a. Hint: Choose AB as the polar axis, and the 

point midway between A and B as the pole. Note: This is called the 
lemniscate. Ans. = 2a^ cos 26. 

10* Find the equation of the locus in Prob. 9 in rectangular coordinates, 
taking AB as the rr-axis, and the point midway between A and B as the 
origin. 

11. A fixed diameter, OA, of a circle is 2a in length. At A a tangent is 
drawn to the circle. A chord is drawn through 0, intersecting the circle 
again in Q and the tangent at R. Through R a line is drawn parallel to OA 
and from Q a perpendicular is dropped upon that line, meeting it at P. The 
locus of P is a curve called the idtch. Find parametric equations of the 
witch taking 0 as origin and OA as the ?/-axis and using angle QOA as 
parameter. (See Fig. 28.) Ans. x = 2a tan a] y = 2a cos^ 



Fig. 27. 




12. The line segment OA is of length a. At A a perpendicular is erected 
to OA, and a line is drawn through 0, intersecting that perpendicular 
at Q. On OQ, QP is laid off on either side of Q, equal in length to AQ, 
Find the equation of the locus of P, choosing OA as the polar axis, and 0 as 
pole. This locus is called the strophoid. (See Fig. 29.) 

Am. cos Q — 2ar + cos 0=0. 

13. Find the equation of the locus of Prob. 12 in rectangular coordinates 
taking AO as the x-axis, and A as the origin. 

14. From A, the point (0, -3), lines AQ are drawn meeting the 2 :-axis in Q 
and produced past Q to P, making QP = \AQ. Find the equation of the 
loeus of P. 
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16 . Find the equation of the locus of the midpoint of a line segment of 
length 2a which moves so that one end of it is on 
OX and the other end is on OY. 

Ans. + 1/2 = a^. 

16 . In the preceding problem, find the equation 
of the locus of point of trisection, nearest OX, of the 
moving line segment. 

17 . 0 is the origin of coordinates, and A is (5,0). 

A perpendicular to OX is erected at A. A line is 
drawn through 0, meeting that perpendicular at Q. 

AR is laid off on OX, in either direction from A, 
equal in length to half of AQ. At a perpendicular is erected to OX, 
meeting OQ, or OQ produced, at P. Find the locus of P. Hint: Use angle 
AOQ as parameter (Fig. 30). 


y 



Fig. 30. 



CHAPTER III 


THE STRAIGHT LINE 

16. The Straight Line as a Locus. Let a straight line, I, pass 
through the fixed point, Pi and have the slope m. The 

slope of the line PiP, joining Pi to any point P {x,y) in the plane 
is given by 

y -yi 

X — Xi 

If, then, we wish to keep the point P upon the line I, we need 

only impose the condition that the slope 
of the line PiP shall be equal to the slope 
of 1. That is, we write 

y ~ Vi 
— = m 

X — Xi 

or 

X y - yy = mix - Xi). (20) 

This equation is known as the point-dope 
form for the equation of a line. It enables 
one to find the equation of a line if he knows its slope, m, and the 
coordinates {x\,y^ of a point on it. 

Exercise 1. Show that Eq. (20) can be put into the form 

Ax^-By^C = 0. 

in which A, B, and C represent constants of which not both of A and B are 
zero. 

Exercise 2. Prove that if Xi 7 ^ x-> the line through the two fixed points 
(xi,?/i) and (xs.T/o) is represented by the equation 

( 21 ) 

Formula (21) is known as the tiro-yoint form for the equation of a line. 
Exercise 3. By substitution in the equation, prove that each of the two 
points {xi,yi) and ( 0 : 2 , ^ 72 ) is on the graph of Eq. ( 21 ). 

46 



Fig. 31. 
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Exercise 4. Show that Eq. (21) can be put into the form 
Ax + By -j- C' = 0, 

where Ay .B, and C are constants of which not both of A and B are zero. 

Exercise 6. Show that the equation of the line passing through the dis- 
tinct points (xi^yi) and ixi,yo) is a; - Xi. 

Exercise 6. Prove that the point ( satisfies 

\ Ti A- r2 Ti + Tz J 

Eq. (21) if Ti 7 ^ —rz. 

Exercise 7. Prove that the equation of the line whose r-intercept is 
a 9 ^ Oj and whose ^/-intercept is 6 0 is 

f + I = 1. (22) 

a 0 

Hint: The line passes through the distinct points (a,0j and (0,hj. 

This formula, (22), is called the intercept form for the equation of a line. 
Exercise 8. Prove .that the line whose ^-intercept is b and whose slope 
is m has the equation 

y = vix -f 6. (23) 

This equation is called the slope-intercept form for the equation of a line. 
It will be found to be very convenient for use in locating a straight line whose 
equation is given. 


Problems 


1, Pind the equation of the line which passes through the given point 
and has the given direction in each case, and draw a figure. 

(a) (3,1), slope = —2. Ans. y + 2x = 7. 

{b) (-1,5), slope = 

(c) (6, —2), perpendicular to the line whose slope is 

Ans. 5x — 2y — 34. 

(—5,-7), parallel to the line joining (0,0) to (—4,3). 

(4,-3), parallel to the a:-axis. 

(6,10), parallel to the y-axis. 

(0,0), bisecting the angle between the axes in the first and third 


id) 

(e) 

if) 

(g) 

quadrants. 

(h) (0,0), bisecting the angle between the axes in the second and 
fourth (luadrants. 

(i) (3,5), having an inclination 60°. 

ij) ( — 2,8), having the inclination tan”^ (^y ). 

2. Find the eciuation of the line wliich passes through the two given 
points and draw a figure. 

(a) (3,1), (—2,5). Ans. 4x + by = 17. (g) (—6,0), (0,7). 

(b) (-1,6), (5,-9). (//') (2,0), (0,0). 

(c) (-2,0), (3,3). (0 (3,6), (-7,6). 

id) (4,0), (0,5). [j) (-5,0), (-5,8). 

(c) (-3,5), (6,-7). ik) (0,8), (0,0b 

if) (3,-3), (-5,5). (/) (1,-1), (3,-7). 



48 ANALYTIC GEOMETRY [Chap. Ill 

3 . Find, in each ease, the equation of the line satisfying the given con- 
dition and put the equation in the specified form. 

(a) (-2,7) on the line, and slope = Form^x -\- By + C = 0. 

(b) (-3,4) and (2,-1) on the line. Form y = mx + h. 

Ans. y = —X + 1 . 

(c) ( — 1,6) and (5,2) on the line. Form ? -H | = 1. 

(d) (-3,4) and (6, -8) on the line. Form y ^ mx + b. 

(e) (2,6), and (3,6) on the line. Form Ax + By + C = 0. 

4. In Fig. 32 the line segment OP is 5 units long and angle XOP is 135°. 
If the line I is perpendicular to OP at P, find the equation of 

.Am. x^^ — + 10 = 0. 



Fig. 32. Fig. 33. 


6. A line I passes through the origin and the point (~ 3, —4). Express 
X and y parametrically in terms of the distance s from the origin to the 
point {x^y) on the line 1. 

6. A line I has slope equal to —% and passes through the point (3,1). 


F 



Fig. 34. 


Express x and y paranietriciilly in terms of the 
-intercept, a, of the line perpendicular to I at the 
point (x, 2 /). 

Atis. X = -f 10), y = ,\{18 - 5a). 

7. Find the equations of the three sides of the 
triangle whose vertices are (3,1), (-3,-2), and 
(8,7). 

8. Find the coordinates of the point of intersec- 
tion of the diagonals of a ciuadrilateral whose con- 
secutive vertices are (—3,2), (0,6), (5,4), and (3, — 1 ). 

Am. (3Mi,"^^i). 


9. The point (—3,2) bisects that portion of a line which is cut off 


by the coordinate axes. Find the equation of the line. 


Ans. 2x — 3/y -f- 12 = 0. 

10. The point (4,-2) divides the line segment from the point A on the 


.r-axis to the point B on the ^-axis in the ratio 1:2. Find the equation of 
tli(‘ line .4B. 
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17. The Linear Equation. Let the constants /t, J5, and C in 
the equation 

Ax + By + C = 0 (24) 

be subject to the one condition that A and B be not both zero. 
By working Exercises 1, 2, 3, and 4 below the student can show 
that this equation always represents a straight line. 

Exercise 1, If B ^ 0, prove that the points ^0, ^ 

are on the locus of (24). 

Exercise 2. Find the equation of the line which passes through the two 
points of Exercise 1 and show that it takes the form (24). 

Exercise 3. If B ~ 0, prove that the points (— CA4,0) and (~CA4,1) 
are on the locus of (24). 

Exercise 4. Find the equation of the line through the two points of 
Exercise 3 and show that the result is Eq. (24) with S = 0. 

Problems 

1 . Put the given equation in the specified form, determine the constants 
requested, and draw a figure. 

(a) 3a: 4“ 4^ — 12 =0, Intercept form. Find a and b, 

(b) 5a: — 3^ -j- 9 = 0. Intercept form. Find a and 5. 

(c) “"8a: + 6^ + 4 = 0. Intercept form. Find a and h. 

(d) 5a: “" ?/ 4" 2 =0. Slope-intercept form. Find the slope. 

(c) 4a: 4- 3?/ — 6 = 0. Slope-intercept form. Find h. 

(f) 7a: 4- 5?/ 4- 9 = 0. Slope-intercept form. Find -m. 

{g) Ax + By + C - 0. Slope-intercept form. Find m and b. 

2. Pro\’'e that the lines .4a: + By C =0 and 4.a: + ^2/ + ^ = 0 are 
parallel. 

3. Prove that the lines Ax By + C ~ 0 and Bx — Ay D =0 are 
perpendicular. 

4. In each case below, find the equation of the line described. 

(а) Through (0,0) parallel to the line 2a: — 3^/ 4- 8 == 0. 

drzs. 2a: — Sy = 0. 

(б) Through ( — 2,5) parallel to the line 4x -i- y + 6 =0. 

Ans. 4a: 4" 2/ 4“ 3 = 0. 

(c) Through (1,2) parallel to —6a: A- 5y + 12 = 0. 

(d) Through (0,0) perpendicular to the line 4a: 4- 9// — 6 = 0. 

(e) Through (0,-10) perpendicular to the line 4.r + 3// = 0. 

Ans, 3a' — 4?/ — 40 = 0. 

(/) Through (5,-1) perpendicular to a* -//-}- 1 =0. 

6. Determine k so that the line Sx — kij 4- 7 =0 shall be parallel to the 
line 6a: — 82/ "h 9 =0. 

6. Determine k so that the linos 5a: ky — 2 ~ 0 and 
10a: 4- (6 — k)y = 0 


shall be parallel. 
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7 . Determine and m so that the lines Sx — 2ky — 1=0 and 

Sx + {k A l)y - m = 0 

shall be perpendicular at the point (2,0). 

Am. k = Z or —4, Z == 6, m = 16. 

8. Determine k so that the line A;rr + (1 — k)y — k = 0 shall be per- 

3 

pendicular to the line + (1 + k)y + 6=0. 

9. Find the angle from the line 2a; — 3y — 5 to the line 3a; — 4?/ + 7 == 0. 

* Am, tan"^ 

10 . Find the point of intersection of the lines 5x — I2y = 3 and 
X A 2y = 5. 

11 . Find the equation of the line which has equal intercepts on the coor- 
dinate axes and which passes through the point (—6,8). 

12. Find the equation of a line which passes through the point (6,2) and 
forms a triangle of area 32 with the coordinate axes. 

13 . Find the equation of the locus of a point which moves so as to remain 
equidistant from the points (1,5) and (7,-3). Solve in two ways. 

14 . The hypotenuse of a right triangle coincides with the line 

X — 2y A 0 = 0. 

The vertex of the right angle is (5,3) and another vertex of the triangle is 
(—2,2). Find the third vertex. Ans. 

16 . Find the equation of the line passing through (—3,4) and making an 
angle of 45° with the line 3x — y A 0 =0. 

Am. X -2y A n = 0, 2;r + 2 / + 2 = 0. 

16 . Find the equation of the line with ^-intercept equal to 5 and making 
an angle 6 == tan~^ with the line x + 2?/ =4. 

17 . Determine k from the condition that the angle from the line 
3x — 2?/ = 6 to the line 2x — ky = S k tan”^ 2. 

18 . Show that if Pi is {xi,yi) and P 2 is (x^^yY) then the equation 

X y 1 

xi yi 1=0 
Xi yo 1 

represents the straight line passing through Pi and P 2 . 

18. The Straight Line in Polar Coordinates. Let any line I 
be given. Let a line ON he drawn from the pole, 0, perpendicular 
to I at the point N. Choose the polar coordinates of N as (p,a)), 
subject to the understanding that p is positive or zero and 00 is 
restricted as follows: 


Case I. p > 0, 
Case 11. p = 0, 


0 S 00 < 360 °. 
0 ^ 60 < 180 °. 
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Considering first, Case I, let P, Fig. 35, be any other point on Z, 
having the coordinates (r,^). Let 6 be temporarily restricted to 
differ from o) by an angle less than 90°, Then r is positive and 
equal to the length of OP, p equals ON 
and angle NOP is acute and equal to 
to — ^ or 0 ~ CO. From either of these 
cases it follows that 



r cos (0 ™ co) - p = 0, (25) 

the equation, in polar coordinates, of / ^ 

the line 1. 

We shall refer to Eq. (25) as the nor- 
mal form of the polar equation of a line, 
or the polar normal form. The angle co, as restricted above, is 
called the normal angle for the line and the quantity p is called 
the normal intercept of the line, or, sometimes, the normal of 
the line. 


Fig. 35. 


Exercise 1. Prove that any set of coordinates (r,0) of a point P on the 
line I will satisfy Eq. (25), even though the angle d does not meet the condi- 
tion temporarily imposed in the text. Note that if a point has polar coor- 
dinates (r,e), it also has the polar coordinates (r, d + 360°), (r, 0 — 360°), 
and (-r, 0 + 180°). 

E]quation (25) was derived for the case p > 0. If p 0 the 
line I passes through the pole and has the inclination a? ± 90°. 
Hence, if a point P on the line has the coordinates (r,0), the 
angle 0 — o) is an odd multiple of 90° and 


cos {B — cx)) = 0. 

If this equation is satisfied, the equation 

r cos {B — co) =0 

is satisfied. But this last is identical with (25) when p = 0. 

Problems 

1 . Draw the following lines and find for each its normal intercept, its 
normal angle, the angle from the polar axis to the line, and draw a figure. 

(a) r cos {0 — 25°) = 8. 

(5) r cos {0 + 120°) = 5. 

Ans. p = 5, cj = 240°; inclination = 150°. 

(c) r cos 0 - — 10. 

(d) r sin e = 7, 
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{&) f sin {& — 50°) = 12. 

Ans. p = 12, <0 == 140°, incl ination = 50°. 

(/) 3r cos ^ + 4r sin (9 = 15. Hint: Divide by or 5. 

Ans, cos w = %, sin w = 

(g) r cos e — -y/Sr sin d = 6. 

Qi) sin {6 — 20°) = 0. 

(t) cos {6 — 150°) == 0. 

2. Write the polar equation of the line described in each case, and draw a 
figure. 

(a) The initial line. 

(5) A line through the pole perpendicular to the polar axis. 

(c) A line tangent to a circle whose center is at the pole at the point 
whose rectangular coordinates are (—3,4). 

Ans. f (4 sin 9 — 3 cos 6) = 25. 

(d) A line whose inclination to the polar axis is 170° and whose 
shortest distance to the pole is 2. 

Ans, r cos (d — 80°) = 2, r cos {6 — 260°) = 2. 

(e) Parallel to the x-axis, and ^/'•intercept equals —2. 

(/) Normal angle equals 80°, and the distance to the pole is 3. 

3 . Change each of the following to rectangular coordinates. 

(a) r = 3 sec 6. (e) cos {6 + 150°) = 0. 

(h) r cos {d - 120°) =0. if)e = 100°. 

(c) r sin (9 + 45°) = 13. (g) 6 = 

(d) sin - l) = 0- 

4. Change each of the following to polar coordinates and put it in the 
form (25). Draw a figure in each case. 

(a) X + y = 10. (d) rc = 6. 

Ans. rcos (d — 45°) = 5^/2. (e) y = — 1. 

(b) Zx — iy = 25. 

(c) 5a; + I2y H- 39 = 0. 

19. Normal Form in Rectangular Coordinates. Let us trans- 
form the polar normal form 

r cos (0 — co) — p = 0 

to rectangular coordinates. We have, first 

r cos d cos o) + r sin d sin w — p = 0, 

whence, since r cos d = x and i' sin B = y, we have 

X cos CO + p sin CO — p = 0. (26) 

This is known as the normal form for the equation of a line in 
rectangular coordinates. The significance of p and co is pre- 
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cisely the same as in the polar normal form. Here, also, the* 
normal intercept, p, and the normal angle, co, are restricted by 
definition to satisfy the inequalities; 

0° g CO < 360° if p > 0, 

0° ^ CO < 180° if p = 0. 

To reduce an equation of the form 

Ax By C = 0 (A, B not both zero), 

to the normal form, multiply through by k\ obtaining 
(Ak)x -h {Bk)y + Ck - 0. 

If this is the normal form we have 

(Aky^ + {Bky = cos- CO + sin- co = 1 
or 


Also, (Ck) = — p, and since p is positive the sign of 
1/ + '\/A^ _|_\g 2 _ ^ must be chosen opposite to the sign of C. 
If (7 == 0, then p = 0, and 0° g co < 180°, hence Bk = sin co § 0. 
Thus, if (7 = 0, the sign of k must be chosen the same as the sign 
of B. Finally if (7 = 5 = 0, we have p = co == 0 and cos co = 1. 
Hence, in this case fc = 1/A and the normal form is z = 0. 

Problems 

1. Draw the line described in each case and write its equation in the 
rectangular normal form (26). 

(a) Normal angle = 300*^, normal intercept = 14. 

Am. ^ — ij hy- 1 4 0. 

(h) Normal angle = 210°, normal intercept = 15. 

(c) Normal angle = 135°, normal intercept = S. 

{(1) Normal angk* = 90°, normal interec'pt = (). 

.4 fts. ji — i) = 0. 

({-:] Normal angle = 0°, normal intercept = 4. 

(/) Tangfuit, at ( — 8, —6) to a circle with ceiittu' at the origin. 
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ig) Inclination = 10°, normal intercept = 3. 


{h] Slope = 1, x-intercept = 4-v/2- Ans. 


V2 


-^-4=0. 

V2 


{i) Parallel to the a:-axis, ^/-intercept = 7. 

(J) Parallel to the 2/-axis, rr-intercept = — 9. 

(k) Passing through the origin, slope = —ji. 

Am. fa; -1- ft/ = 0. 


(Z) Passing through the origin, slope = “%2* 

2. Eeduce each of the following to normal form and find its normal angle 
and normal intercept. 

(a) 42/ + 3a: = 20. (/) 9a: - 77/ = 0. 

(fe) 12a: - 52/ - 39 = 0. 


(c) X + 2y + 12 = 0. 

X 2y 


A I 

Ans. -f- 

Vi30 

(g) Sy ^ 5x = 0. 


0 . 


Ans. — 


12 


V5 a/5 a/5 


= 0. (h) Zy = 0. 


id) 62/ = 11. W -5a: = 2y. 

(e) 5a: + 7 = 0. O’) x cos 20° + y sin 20° ^ -4. 

ik) X cos 310° + y sin 310° = 0. 

3 . Prove, by illustration, that two parallel lines need not have the same 
normal angle. 

4 , Pind the distance between the lines 3a: + 42/ = 10, and 3a: + 4?/ = 25. 
6. Pind the distance between the lines 5a: “ 12?/ — 26 = 0 and 1 2^/ — 5a: =39. 
6 . Write the equation of the line parallel to the lines 4a: + Ty — 8 = 0 

and 4a: + 72/ + 20 = 0 and halfway between them. 


Ans. 4a: + 72/ + 6 = 0. 

7 . Write the equations of the two lines which are parallel to the line 
3a: “ 22/ = 2 and 5 units from it. 

8. Find the normal intercept of the line Ax + By + C = 0 by using it 

as the altitude of a triangle formed by the 
line and the coordinate axes. 

9 . Derive Eq, (26) from the fact that, 
after the axes have been rotated through the 
angle w the equation of the line is a:' — p =0. 
10 . Derive the rectangular normal form: 
ia) from its intercept form, by showing that 
a ~ p/cos (a and h — p/sin w; (6) from its 
slope-intercept form, by expressing m and 
h in terms of p and w; (c) by finding the 
coordinates of the point where the normal 
meets the line, in terms of p and co, and 
employing the point-slope form. 

11. Prove by employing the normal form that if, for the lines Ax + By -f- 
C = 0 and Dx + Ey + P=0, A:B — D:E^ the lines are parallel or 
coincident. 

12. Find for what value of k the line p = 3a: + /c is at a distance a/IO 

from the origin. Ans. k ~ ±10, 
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13. For what value of fc is the line 2x — ky — 1 = 0 at a distance of 

from the origin? 

14. Find the equation of the line passing through (3,4) and whose distance 

from the origin equals 3. Am. x = Z, 7x — 2iy -f 75 = 0. 

16. Find the equation of the line whose distance from the origin equals 
3 and which makes an angle 0 = tan~i 2 wdth the line Zx — 2y = 5. 

20. Distance from a Line to a Point. A fundamental problem 
in the geometry of the plane is that of finding the shortest distance 
between a fixed point and a fixed line. 

It is customary to consider this distance 
as directed from the line to the point, 
with the positive direction indicated by 
the terminal side of w, the unique nor- 
mal angle of the line. Thus, for lines 
not through the origin, the distance 
from the line to the origin is negative, 
and the distance from the origin to the 
line is positive. 

To find a formula for the directed distance d from the line I to 
the point P let the normal form of the equation for I he 

a; cos « -h y sin <0 — p = 0. 

Drop a perpendicular from P to Z meeting Z in a point Q. Then 


y 



Fig. 37. 


and 


QP = d 
PQ = -d. 


Let P be taken as the pole of a system of polar coordinates with 



polar axis PX' parallel of OX and in 
the same sense. In this system the 
polar coordinate.s of Q are 

( — djoj). 

The reqtangular coordinates of Q, 
referred to P as origin, are 

(— d cos CO, —d .sin co) 


and, hence, referred to 0 as origin, are 


(xi — d cos CO, yi — d sin w) 


Fm. 38. 
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Siace Q is on I, these coordinates satisfy the equation of I, or 
— d cos oj) cos 01 + {yi — d sin co) sin w — p = 0. 

This gives 

Xi cos CO + j/i sin w — d (cos^ co + sin^ co) — p = 0, 
or 

d = Xi cos CO + 2 /i sin CO — p. (27) 


Note that, in view of the definition of the direction of d, its 
value, as obtained by formula (27), is positive when the distance 
from the line to the point extends in the direction of the terminal 
side of CO. The value is negative when that distance extends in 
the direction opposite to the terminal side of co. 

While Fig. (38) shows P in such a position that d is positive, 
there is no such assumption in the proof, and formula (27) gives 
the directed distance from the line whose equation, in normal form, 
is X cos CO + p sin CO — p = 0, to the point whose coordinates are 
(xi,pi), regardless of the positions of the line and point. 

As an application of formula (27) we have the problem of 

finding the equations of the bisectors 
of the angles between the lines k and h, 
whose equations are given . Let the nor- 
mal forms of the equations be 



and 


X cos ui + y sin wi — Pi = 0 
X cos (1)2 + y sin co2 — p2 = 0 , 


respectively. If (x,y) is a point on that 
bisector which lies in the regions where 
the directed distances from h and h 
have like signs, the directed distances 
from these lines to (x,y) are equal. Hence the equation of that 
bisector is 


(xeo.scoi -j- y sin oil — pi) — (xeosco 2 -|- y sin 012 — qh) = 0. (28) 

The directed distances from h and h to a point (x,y) on th(‘ 
other bisector are numerically equal but opposite in sign. Their 
sum is, therefore, zero, and the equation of the bisector is 


(xcoscoi 4- y sin ail — Pi) + (xcosco 2 -f i/sinco 2 — = 0. (29) 
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Problems 

1. Find the directed distance from the line to the point in each of the 


following cases: 



{a) 4x — Zy + 7 = 0, 

(2, -5). 

—6. 

(b) 4a: - 32/ + 7 = 0, 

(-2,5). 


(c) 5a: + 12y - 20 = 0, 

(3,1). 

Ans. Ji 3 . 

id) 5x + 12y - 20 = 0, 

(-8,4). 


(e) 62 / - 11 = 0, 

(2,5). 


(f) 5a: - 22/ = 0, 

(4,5). 

— 10 /v^- 

(g) 5a: - 22/ = 0, 

(-2,1). 


(k) X = 3, 

(4,5). 


(i) X = -2, 

(-7,3). 



2. Find the equations of the bisectors of the two angles between the 
given pair of lines in each case, and draw a figure. 

(a) 7a; - 42/ + 30 = 0, a; + 82 / - 10 = 0. 

An$, 2x + !/ + 5 — Oy 3x — dy -h 20 = 0. 

(b) 11a; -f 2^/ "f 60 = 0, 5a; — 10^ — 95 = 0. 

(c) 5x + 5?/ = 0, 14a: — 2‘i/ + 37 =0, 

Ans. 24x + 8 ?/ + 37 - 0, 4a; - 12 ^ + 37 = 0, 

(d) 6 a: - 72/ + 15 = 0, - 8 a; - 9?/ - 0. 

(e) 12x — y = 0, 2a; — 5// + 9 = 0. 

(/) X + 'i/ + 3 = 0, 2a; - oy + 9 = 0. 

3. Find the equations of the angle bisectors in Prob. 2 by employing the 
formula for the angle between two lines, 

4. Find the locus of a point whose distance from the line 7x + 4y + 20 = 0 
is twice its distance from the line 8 x — ?/ — 16 = 0 . 

Am, 23a; + 2^ = 12, 9x — 61/ — 52. 

6 . Find the locus of points whose distances from the line 7a; — 9^ — 100 = 0 
are three times their distances from the line 11 a; “ 3 ?/ = 0 . 

6. Prove that the directed distance from the line whose polar normal 
equation is r cos (^ — co) — p - 0 to the point \vhose polar coordinates are 
(r 1 + 1 ) is given by 

# d = ri cos (^1 — w) — p. 

What is the positive direction? 

7. Find the directed distance from the line r cos (d — 75^) — 6=0 to 

the point (2,15°). —5. 

8. Find the dirocdcd distance from the line r cos {6 — 170°) = 5 to the 
point (4,50°). 

9. P'ind the point of intersection of the three bisectors of the interior 
angles of the triangle determined by the lines 7a; — 4// = 0, a* = ~ 8 //, and 
8 a: + '// + 16 - 0 . 

10. Find the polar equation of the lines bisecting the angles between the 
lines /’ cos 0 — 5=0 and r cos (0 — 30°) = 8 . 

11 . Prove that the two lines represented by Eqs. (28) and (29) of the text 
are perpendicular. 
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12. Find the area of the triangle with vertices at (1,2), (4,5), and (2,8) by 
assuming one of its sides as a base and determining the length of the altitude 
upon it. 

13 . Find the area of a triangle with vertices at (—3,2), (-1,-2), and 
(1,4) by the method of Prob. 12. 

14 . Prove that the lines Ax + By A C — and Ax + By + D = Q are 
parallel, by showing that the distance from the first line to a point {u^v) on 
the second line is a constant. 

16 . Prove that according as the points (r,s) and {u,v) are on the same or 
opposite sides of the line Ax + By + (7 = 0, the quantities Ar + Bs + C 
and Au + Bv + C are of the same or opposite signs. 

16 . Find the equation of the locus of a point equidistant from the line 
3a; — 42/ = 6 and the point (0,1). 

Atis. 16x^ + 24:xy + 9y^ + 36a; — 9Sy — 11 =0. 

17 . The two equal sides of an isosceles triangle coincide with the lines 
2 / — 2a; + 5 = 0 and 2 / + 2a; — 11 = 0. The base coincides with a line 
whose ^/-intercept is —1. Find the length of each side of the triangle. 

18 . A line has a slope equal to m, and it passes through the point (xi,yi). 
Derive the point slope form of its equation in the following manner. Assume 
its equation to be 2 / — mo; + and determine k by imposing the condition 
that the distance from the line to the point ( 0 : 1 , 2 / 1 ) be zero. 

21. Systems of Lines. Suppose the quantities A, B, and (7 
in the equation 

Ax + By + (7 == 0 (30) 

are not definite constants but depend upon some quantity k 
in such a way that, if k is assigned, A, jB, and C become fixed. 
Under such circumstances, each value assigned to k will determine 
a line (if A and B do not both become zero). The totality 
of lines obtainable in this way from one such equation is called a 
systerrij or family ^ of lines, and the arbitrary quantity k is called 
the parameter of the system. 

The foregoing definition is actually that of a one-parameter 
system of lines. Manifestly, we can have two-parameter systems 
also. Indeed the intercept form 


the slope-intercept form 

y = mx + h 

and the normal form 

X cos w + y sin a; — p = 0 
are illustrations of two-parameter systems. 
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Exercise 1. Prove that all the lines of the system 

3a; + i:j/ — 6 = 0 (31) 

pass through the point (2,0). Give three distinct values to k and plot the 
corresponding lines. 

Exercise 2. Prove that the slope of an individual line of the system (31) 
is (— 3/fc). Show, from this, that the system includes all lines through the 
point (2,0) except the line y = 0. 

Exercise 3. Prove that all lines of the family 

2a; — 3y+4 — A=0 

have the same slope, %. Give three distinct values to k and plot the 
corresponding lines. 

Exercise 4. Find the y-intercept of a line of the family of Exercise 3 in 
terms of the parameter k. Prove that the family includes all lines of slope % . 

An especially interesting problem is that of finding the equation 
of the system of lines passing through the point of intersection of a 
given pair. Let the given lines be represented by the equations 

Aix + Biy + Ci = 0 (32) 

and 

A 2 X “H B^y “j- C 2 = 0. (33) 

Consider the equation 

AiX + Biy + Ci + k^AiX -1- B^y d- C 2 ) = 0. (34) 


From its degree in x and y it is evident that it represents a system 
of lines. Now, if {u,v) is a point common to lines (32) and (33), 
it follows that 


and 

As a result. 


Aim + SiM + Cl = 0 


A 2 M “h B 2 V "h C 2 — 0. 


AiM -|- Biv Cl A" k{A2U d" B 2 V d" C 2 ) ~ 0 


regardless of the value of k, and this establishes the fact that every 
line of (34) passes through (m,m). 

Conversely, consider any line through (u,v) and through any 
other point (r,s), not on the line (33), i.e., subject to the condition 
A 2 r d" B 2 S C 2 9 ^ 0- It is a matter of direct verification that 
the equation 


AiX Biy A- C\ — 


Air d~ BiS d~ Ci 
A2r d“ Bvs d" C2 


(A2J^ d- B2y + C 2 ) — 0 
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represents that line. Indeed, it is satisfied if we put x — u, 
y — V in it, as well as a: = r, y = s. But the last equation is 

obtained from (34) by choosing k as equal to — ^ 

Thus, we have proved that every member of the system (34) 
passes through the point of intersection of lines (32) and (33), and, 
conversely, every line of the system [with the exception of the 
line (33) itself] may be represented by Eq. (34) with an appropriate 
choice of k. 


Exercise 6. If the lines (32) and (33) are parallel and distinct, prove that 
the system (34) represents every line parallel to the two, except the line 
(33) itself. 

Exercise 6. If the lines (32) and (33) are coincident, prove that every 
line in the system (34) coincides with them. 

Exercise 7. Prove that the equation 

k{AiX 4“ B\y H- Ci) + AiX + ^ 22 / + Co = 0 


also represents the system of lines through the intersection of (32) and (33), 
or a system of lines parallel to both of them, as the case may he. What 
line of the system does this equation fail to represent? 

Exercise 8 . Prove that the equation 


h{AiX + Biy -h Ci) + k{A2X B^y -|- C 2 ) = 0, 


where h and k are arbitrary constants, represents the same system as (34). 
Are the lines (32) and (33) included in this representation ? 


Problems 

1 . Write the equations of the following systems of lines. Point out in 
each case the line that is not represented, 

(a) All lines passing through the origin. 

Ans. y ~ kx; x = ky; hx -[- ky = 0. 

(h) All lines passing through the point (3, —5). 

(c) All lines passing through the point (—2,-4). 

(d) All lines having —4 as a;-intercept, 

Ans, y = kx + 4rk; h{x -f 4) -|- = 0. 

(e) All lines having 5 as ^/-intercept. 

(/) All lines having slope equal to 2. 

(p) All lines having the inclination 45°. 

{h) All lines parallel to the line Zx - by + 11=0. 

(i) All lines perpendicular to the line 4a: + 2?/ = 0. 

(j) All lines tangent to the circle whose radius is 1 and whose center 
is at the origin. 

2 . Describe the following systems of lines and draw a figure showing 
three distinct lines of each system; 
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(a) (2 — k)x + 2 / — 5 =0. 

(5) a; + 4?/ + 1+ ic = 0. 

(c) y = mx — m. 

(d) X cos CO + 2 / sin w — 3 =0. 

3. Write the equation of the system of lines passing through (1,2) and 
find a line in the s^'^stem satisfying the condition stated below for each case: 

(a) Passing through (5,-2). 

(6) Parallel to the line 2a; — 41/ + 11 =0. 

(c) Perpendicular to the line x y =0. 

(c^) Passing 2 units from the origin. 

2/ = 2, 4x + 3y = 10. 

4. Write the equation of the system of lines having the slope and find 
a line of the system for each condition stated below. 

(a) Passing through (1,3), 

(5) Passing 3 units from the origin. 

x4m. 3a; 42/ ± 15 = 0. 

(c) Having 2 /-intercept equal to 4. 

6. Write the equation of the family of lines having their normal inter- 
cepts equal to 4, and find a line satisfying the condition stated below for 
each case. 

{a) Passing through (4,2). Ans. a; = 4, 3a: +• 4?/ — 20. 

(b) Parallel to the line 5a: — 122 / + 1 =0. 

Am. 5x — 12y ±52-0. 

(c) Perpendicular to 12a: + 35y ~ 0. 

(d) Having a:-intercept equal to —8. Am. ±y\/3 = a: -f 8. 

6. Write the equation of the system of lines passing through the point of 
intersection of the lines 2a: + y — 5 =0 and a: + 3?/ -f 8 = 0. Find the 
line of the system having the property; 

(a) Passing through ( — 1, — 1). 

(5) Having slope equal to —5^. Ans. 30a; 4* 35y + 9=0. 

(c) Parallel to the tz-axis. 

(d) Parallel to the a;“axis. 

(e) Having normal equal to J' 5 . 

7. Write the equation of the system of lines passing through the point 
of intersection of the lines 3a: + 4?/ + 5 =0 and 4a: — Sy + 8 = 0. Find 
the line of the system satisfying the condition : 

(a) Passing through (2,1). 

(b) Passing through ( — 1, 

(c) Passing 1 unit from the origin. 

Ans, 3a: + 42/ + 5 = 0, 203a: ~ 3962/ + 445 = 0. 

(d) Having slope equal to —1. 

(р) Parallel to 8a: + 9?; = 5. 

8. Write the equation of the system of lines passing through the point of 
intersection of the lines 4a: — lOy — 25 =0, and (U — 14i/ — 53 = 0. 
Find the line of the system satisfying the property: 

(a) Passing through 

{h ) Pavssiiig through ( — ^ 2 , ) • 

(с) Having the normal angle equal to tan“^ ( — 

Ans, ox — 12?/ — 39 = 0. 
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9 . Prove that if the three lines 


(h) 

Aix + Biy -f- Cl = 0 

ih) 

Azx Rzy “h C 2 = 0 

{h) 

AzX A' Bzy “h Cz ” 0 


have a common point or are all parallel, then 


J5i Cl 

Az C2 ~ 0 . 

Az Rz Cz 

10 . Prove that if the determinant appearing in Prob. 9 has the value zero, 
the lines (Zi), (U), and (Zg) either all pass through one point or are all parallel. 
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22. R€ctaiigtilar Equation of a Circle. Let a circle of radius t 
have the center Q {h,k). If P {x,y) is 
any point on the circumference we have, J 

from the distance formula 

{x - hy + (y - ly = r\ 

If the squared quantities are expanded, 
this equation can be written as 

+ 2/2 - 2hx - 2% + -\- 

- r2 = 0, 



an equation of the form 

x^ + y^ + Dz + Ey + F = 0 (35) Fig. 40 . 


in which 

D = -2h, 

E = -2k, (36) 

f 4. p _ 


It is natural to ask whether or not every equation of the form 
(35) represents a circle. The answer is found by solving equa- 
tions (36) for h, k, and r in terms of D, E, and F. We obtain 


and 



k = — 


E 

2’ 


= h^ + k^- F = 


D2 + £2 - 4P 


If — iF is positive, we have r = ^s/D- + E- - 4P and 

(35) represents a circle with center at (—D/2,— P/2). 
If D^ -f — 4P = 0, r = 0 and (35) represents the point 
(-D/2,-P/2). If - 4P is negative, there is no real 

value of r which satisfies the system (36), and (35) represents no 
locus. 
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Exercise 1. Complete the squares for the terms in x and the terms in ; 
of Eq, (35) and thus obtain 

+ + (37) 

Illustration 1. Find the equation of a circle passing through P (6,-1) 
and Q (7, -8) and whose center lies on the line 6x + = 0. 

Solution. The center of the desired circle evidently lies on the perpendicu- 
lar bisector of the line segment PQ, that is, on the line z — ly — 38. Since 
we are given, further, that the center lies on the line bx -Y Zy - 0, its coor- 
dinates are found by solving simultaneously the two equations 


X — 7y — 38, 
bx -Y — 0. 

The solution is - 3, ?/ == —5, so the center has the coordinates (3,-5). 
The radius is clearly the distance from (3, —5) to either P or Q and is found 
to equal 5. 

We can now display the equation of the given circle as 


(a; 3)2 + (yA 5)2 = 25 

or 

^2 _ 03; IQy q.. 9 == 


Illustration 2. Find the equation of the circle tangent to the lines 
?/ — “ 20 and x A- Zy ^ 10 and passing through the origin. 

Solution, Let the center have the coordinates {h.h). The distance from 
each of the two given lines to Qi,h) and from the origin to Qi^k) must all be 
equal to the radius and, hence, equal to each other. These distances are 
obtained as 


k - Zh - 20 


+ Zk -10 

“VlO ’ 


and 


Equating the first two of these, we obtain 2h A- k A b =0. Equating the 
last two of the expressions, we obtain 

- Ohk + k^ + 20h A- bOk - 100 ^ 0. 


Solving these equations simultaneously for h and k, we obtain h = — 3, 
fc = 1 and /i = 5, = —15. The center of the required circle may have 

either of the sets of coordinates (-3,1) and (5,~15), that is, there are two 
possible circles. Since they ar^required to pass through the origin the 
radii are readily found to be \/l0 and 5VlO, respectively. The equation 
of the former is, then, (x -fi 3)2 + (7/ - 1)2 = iQ, or x2 + + 6x - 2/y - 0, 

while the other circle has the equation (x — 5)2 A~ (y Y 15)2 = 250, or 

x2 -f 2/2 _ 103, q_ 3 Q^ ^ Q 
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Problems 

1. Find the equations of the circles which meet the conditions stated 
below and draw a figure in each case. 

(a) Center at (0,0), radius 7. 

(h) Center at (2, —3), radius 4. 

Am, z- + — 4x -f- 6// — 3 =0. 

(c) Center at (—5,2), radius 2. 

(d) Center at (4,5), passing through (—2,1). 

Alls, — Sx — lOy — 11 =0. 

(e) Having the points (4,2) and ( —3,6) as the ends of a diameter. 
(/) Center at (5,3), tangent to the line x 4- 2^ = 6. 

Am, :r3 + “ lOx - 6^ + 29 = 0. 

(g) Passing through (5,1) and ( — 1,3), center on the line y = — 3x. 

Ans, + Sy- - 4:r + 12^ - 70 = 0. 

(h) Tangent to both axes and center on the line y + x = o. 

(i) Tangent to the line ^ — 3a: = 7 at ( — 1,4) and having center 

on a: + 2y == 6. Ans, 4- y^ •+* So: — lOi/ + 31 =0. 

(j) Tangent to the line 2x + Sy = 10 at (2,2) and passing through 

(5,-1). Ans. x^ + y‘^ A- Sx A- lAj - 52 - 0. 

(k) Tangent to the line a: — ?/ + 3 = 0 and passing through the 

two points (1,2) and ( — 1,0). Am, — 2^ — 1 =0. 

(l) Tangent to the line a: + 2'^ - 6 at (2,2) and tangent to the 
line 2/ = 2a: + 3. 

(m) Tangent to the lines x A y - ^ and x — y = S and passing 
through the origin. 

(n) Inscribed in the triangle whose sides have the equations 
8a: + 2/ = 8, a: + 8t/ = 4, 7a: + 4'^ = 14. 

Am. 65[(70a: - 87)2 + (70^ _ 47)2] 33,439. 

(0) Passing through the points (2,0), (—5,4), (1,-3). 

(р) Passing through the points (1,6), (4,-2), and (-1,-1). 

2. Find the center and radius of each of the following circles and draw a 
figure. 

(a) 0:2 y 2 _ 6a: - 10^ + 18 = 0. Am. (3,5), r - 4. 

(5) 0:2 q. y2 loa: - 22/ - 10 = 0. 

(с) 0:2 + 2/2 — 53; + 6y + 10 = 0. 

id) 0:2 + 2y2 + 3a: - 7// + 8 = q. 

(e) 2x2 4. 2tf - 18x - 2y + 33-0. Am. (9*iAA), r - 2. 

if) 4x2 4. 4 y 2 _ 24x + 12y +45-0. 

3. Show that the circles x2 + 2/2 — 4x — lOy + 27-0 and 

x2 + 2/2 - lOx - 4// + 21=0 

are tangent to each otluu’ at the point (3,4). 

4. Find the equation of the line tangent to tht‘ eircle 

.r2 f //2 - 2x - 4// - 20 = 0 


at the point (4,6). 


.4 3.r + 4// = 36. 
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6. Find the equations of the lines tangent to the circle 

+ 8 ^ — 1 =0 

having the slope — Ans. rr •+- 52/ — 3 — 0, re 4- 5?/ + 49 == 0. 

6. Find the equations of the lines tangent to the circle 

^2 2^2 _ 42 ; _ 21 : 0 

and passing through the point (—3,10). Ans. x = —3, Sx + 4y ~ 31. 

7. Prove analytically that an angle inscribed in a semicircle is a right 
angle. 

8. Find the locus of the third vertex of a triangle having vertices at 
(3,0) and ( —3,0) and 45"^ as the internal angle at the moving vertex. Name 
the curve and draw a figure. 

9. Find the locus of a point which moves so that the sum of the squares 
of its distances from the points (0,4) and (0,-4) is 100. Name the curve 
and draw a figure. 

10. Chords of the circle -\r 4x = 0 are drawn from the point 

(0,0). Prove that the locus of their midpoints is a circle. 

11. Prove that the circles — 2ax and - 2hy intersect at 

right angles. Note: By the angle between two circles at a point of inter- 
section is meant the angle between their tangents at that point. 

12. Find the angle between the circle — 6a; — 4^ + 8 =0 and 

the line a; + 2^/ = 3 at each of their points of intersection. Note: By the 
angle between a line and a circle, at a point of their intersection, is meant 
the angle between the line and the tangent to the circle at that point. 

Ans. tan“i 

13. A straight line through the origin intersects the line a; == 1 in the 

point Q. On the line OQ is a point P so 
situated that iOP)(OQ) — 1, Find the equa- 
tion of the locus of the point P. Name the 
curve. Ans. x^ + — x = 0. 

14. Prove that the square of the length 
of the line tangent to the circle 

+ Dx i- Ey + P 0 

and drawn from the point (xi^yi), outside 
the circle, is given by 

■■ 0^1^ + yp + Dxi + Eyi 4 - F. 

16. If the point (a:i,yi) is inside the circle 

+ + Dx + Ey + F ^0 

prove that the quantity 

4- yP +• Dxi +Byi+F 

is negative. 




Sec. 231 


EQUATIONS OF THE SECOND DEGREE 


67 


16. Prove that the equations 

X — h + r cos 6 
y = A: -1- r sin 

are the parametric equations of a circle with center at {h,k) and radius equal 
to |r| if h, k, and r are constants and 0 is a parameter. Hint: Solve for sin $ 
and cos d, square, and add. Draw a figure showing the geometrical sig- 
nificance of the parameter 6, 

17 . Write parametric equations for the circle -h = 25, using as 
parameter the angle from the y-&xis to a variable radius. 

18 . Draw the graph defined parametrically by 

a: = 10 cos dj 
y = 10 sin e. 

19. If the fixed points ( 3 : 2 , 2 / 2 ), and {xz,yz) are not ail on the same 

straight line prove that the equation 


+r- 

X 

y 

1 

4 " yr 

Xi 

yi 

1 

X2^ 4 " 2 / 2 “ 

x^2 

2/2 

1 

+ 1 / 3 ^ 

Xz 

Vz 

1 


represents a circle passing through the three points. 

20 . Prove that if tangents are drawn to the circle from the 

point ( 0 : 1 , 2 / 1 ), the equation of the line joining the points of tangency (the 
chord of contact) is 

xix + yiij = 

Show also that this is the equation of the tangent at ixi,yi) if that point is 
on the circle. 

21. Prove that if tangents are drawn from the point (xi,2/i) to the circle 

“h 2 /^ +- Dx -jr Ey + F =0, the equation of the chord of contact is 

Xix + yiV + + Xi) + ~(y + yi) + F 0. 

Show also that this is the equation of the tangent at {xi,yi) if that point is 
on the circle. 

23. The Circle in Polar Coordinates. Let a circle of radius 
a have its center at the point Q whose 
polar coordinates are (p,w), where p is 
positive. Let any other point P on the 
circle have the polar coordinates (r,6) 
where, for the present, 8 is subject to the 
restriction w — 180° ^ ^ ^ w + 180°, and 
r is positive or zero. Then, if 0 is the 
pole, the angle POQ is either o> — 8 ov 9 — u. The side of the 
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triangle POQ opposite 0 is of length a (see Fig. 42) and by the 
law of cosines 

^ ,.2 _ 2rp cos {6 — w), (38) 

the equation of the circle in polar coordinates. 

Conversely, if an equation in r and d can be put into the form 
(38) where a, p, and « are real constants, and a > 0, it represents 
a circle with center at (p,w) and radius equal to a. 

Exerdse 1, Prove tlie converse statement just made. 

Exercise 2. If a point (r,d) satisfies Eq. (38), prove that its coordinates 
( —r, 6 + 180"^) also satisfy and, hence, that the restrictions on r and 6 made 
in the text above are not necessary. 

Exercise 3. Prove that an equation of the circle whose center is the pole 
and whose radius is a is r - a. 

Exercise 4. If the center of a circle is on the polar axis and the circle 
passes through the pole, prove froni (38) that the circle is represented by 
one or the other of the equations 

r — 2a cos 
r = —2a cos 6. 

Exercise 5. If the center of a circle is (a,T/2) and the circle passes through 
the pole, prove from (38), or otherwise, that the equation is 

r = 2a sin 9. 

Problems 

1. Determine the polar coordinates of the center and find the radius of the 
following circles. Draw a figure in each case. 

(a) r = 6. 

{b) r = 8 cos 0. 

(c) r = —5 sin B, 

{d) r + 4 cos ^ = 0, 

(e) r — 10 sin ^ 0. 


(/) r = 2-\/3 (9 -|- 2 sin d, 

(g) r = 6 cos 6 — 4 sin d. 

(h) — br -j- b - 0. 

(i) r2 +■ 16 - lOr cos (0 - 100°) - 0. 

Ans. 

(2,30°); rad. = 2. 

ij) r2 — 11 -f Or cos {6 + 10°) = 0. 

(/c) -f 3 - 4r sin {B - 20°) - 0. 

Ans. { 

;5, 1H()°); rad. = 3. 

(0 r2 - 7 - 6r sin (B + 40°) = 0. 

Ans. 

(3,50°); rad. = 4. 

2. Write the polar equation of the circle 



{a) whose radius is 5 and wliose center is (8, ~7r/4). 

Ans. r2 -h 39 - 16r cos (B + 45°) = 0, 
ih) whose radius is 3 and whose center is (3,0). 

(c) whose radius is 9 and whose center is (—9,90°). 
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{d) whose radius is 5 and whose oenter is (5,50°). 

(e) whose radius is 12 and whose center is (—6,116°). 

3. Find the distance between the centers of the circles 

+ 24 — 14r cos {6 — 155°) = 0 

and 

.^2 _ X5 — I4r cos — 95°) = 0. 7. 

4. Find the polar equation of the circle passing through (2,0°) and (1,90°) 
and with center on the line whose equation is 0 = 60°. 

6. Change (38) to rectangular coordinates. Verify that the result is the 
equation of a circle with center at {p cos w, p sin oj) and radius a, 

6 . Find the polar equation of the locus of a point for which the square 

of the distance from the pole is twice its distance from the line r cos 0 + 4 = 0. 
Plot the locus. Ans. r- — 2r cos B = S. 

7. From the point 0 a tangent is drawn to a given circle, with A as the 
point of tangency. Any secant is drawn from 0, cutting the circle in B and 
C, Prove that OA^ = OB * OC. Hint: Choose O as pole, 0.4 as polar 
axis. Call the fixed point A (a,0°), and the moving points B and 0, respec- 
tively, {ri,6) and (ro,^). Prove rir2 = 

24. Systems of Circles. Let the quantities k, and r depend 
upon a quantity a in such a way that they all become fixed when a 
is assigned. Then, for each value of a there is determined a 
unique circle whose center is (h^k) and whose radius is r. The 
totality of circles obtainable in this way is called a system of 
circles. An equation containing a which becomes the equation 
of a circle whenever a is assigned a value, is called the equation 
of the system of circles thus determined. 

Exercise 1. Describe the system of circles defined by the equation 
{x — a)^ A ~ What are the coordinates of the center of any individ- 
ual circle? To what line are all these circles tangent? 

. Exercise 2. If the circles of a system are all tangent to the coordinate 
axes and have their centers in the first and third quadrants prove that the 
abscissa and ordinate of the center of any one circle are equal. What is the 
radius? What is the equation of the system? 

Exercise 3. If the two fixed circles Ci and are 

^2 ^ DiJ* -f- Eiy A El = 0 

and 

^,2 ^2 q, 2)20: A Eoy + F2 = 0 , 

prove that the equation 

0:2 4. y 2 q. j^j^y q_ /.q q. ^4.^2 q_ q. p;.,y q. ^ q (39) 

(a) represents a straight line if A' = —1 and Ch and F-i are not concentric; 

(h) is reducible to the form + /y“ + Dx -f Ey A F = 0 U k ^ — 1 ; 

(c) represents a cir(‘le, a point, or has no graph if k A ~l. 
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The straight line of Exercise 3(a) is called the radical axis of 
the two given circles Ci and Ci. It can be shown to be the 
radical axis of any two distinct circles of the system (39) and 
might very well be spoken of as the radical axis of the system. 
The appearance of the system of circles and their radical axis is 



shown in Fig. 43 for the three cases in which the two given 
circles are intersecting, tangent, or have no point in common. 

Problems 

1 . Write the equations of the system of circles described and draw a 
figure in each case. 

(а) Center on the oj-axis and radius equal to 1. 

(б) Center on the curve y = radius equal to half the ordinate 

of the center. Ans. H- 4y^ — Sax — Sahj -f 4a^ + = 0. 

(c) Tangent to the two lines 6:r 7?/ + 15 = 0, 9a; + 2^/ ~ 6 — 0 

and lying in the acute angle between them. 

2 . Find the center and radius of the general circle of the system, describe 
the system and draw a few of the circles for each of the following cases: 

(a) (a; — 4)2 + ( 2 / — 2k) ^ where ^ is a parameter. 

(h) {x ~ 2a) 2 + (?/ — ^2)2 = c2, where a is a parameter. 

(c) (x + a)2 + — 3a) 2 = a2/9, where a is a parameter. 

3. Prove that the center of any circle of the system (39) lies on the line 
of centers of the circles Ci and Cv. 

4. If the circles Ci and C 2 of Exercise 3 of the text are concentric, what 
can you say about the center of the circles of (39)? 
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6, Prove that the radical axis of a pair of circles is perpendicular to their 
line of centers. 

6 . If the circles Ci and Ciof Exercise 3 of the text intersect in two dis- 
tinct points, prove that every curve of the system (39) is real and passes 
through those points. 

7. Prove that the same system of circles is obtained as (39) if we use 
any two distinct circles in it in place of Ci and Cg. 

8. If Cl and Ca of Exercise 3 of the text are tangent to each other, 
prove that all circles of (39) are tangent, at a point, to the radical axis of 
Cl and Ci. 

9. If Cl and C^ of Exercise 3 of the text have no point in common prove 
that no two distinct circles of the system (39) can have points in common. 
Hint: This is most easily proved by using Prob. 7. 

10 . Prove that the radical axis of any two circles of the system (39) is 
the same as the radical axis of Ci and C2. 

11 . Write the equation of the systems of circles described in each case 
and draw a figure. 

(a) Passing through the points of intersection of the circles 

+ 2/^ — 4a; =0 and A- = 0. 

Ans. (1 + k)x^ + (1 + k)y^ — ix A- Qky = 0, A: 7^ —1. 

(&) Tangent to both the circles -A A — 12 = 0 and 

^2 ^2 iQa; __ 14^ — 26 = 0 at their point of tangency. 

(c) Having, in pairs, the same radical axis as the circles 

.J.2 A- A- — 6y + 4 - 0 and x^ + — Sr + 6^ -|- 16 0. Hint: 

See Prob. 10. 

A'/ia. A- k) A- 2/^(1 +k) A- xi4 ~ Sk) A- A Qk) + (4 + 16fc) 

= 0, A; 7!^ —1. 

(d) Concentric with the circle A y'^ A 10:r — 4^ 35 =0, 

(e) Such that any circle of the system and the circle 

+ 2 /' H- 2a; - 72/ + 11 - 0 

have the radical axis 4a; — 3?/ + 12 = 0. 

12 . Find the center and radius of the general circle of the system, describe 
the system and draw a few circles for each case. 

[a) x'^ -f - 8a; + 4?/ + 16 4- k{x^ A A A 2y A A) = 0, 
where k is a parameter. 

(h) A 2/^ + 18^ " 24-2/ 4- 17 -h k(x^ A y^ - 18r 4- 30// - 19) 

= 0 , 

where k is a parameter, 

13. Write the equation of the system of circles passing through the points 
of intersection of the circles 

4- 2/2 4- 2a; — 3 = 0 and 4- 2/“ — 2a* — 3 = 0. 

Find the radical axis of the system and that circle of the system whicli passes 
through the point (4,2). Ans, Circle, 4a;^ 4" 4//^ — 17a; — 12 = 0. 
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14 . Write the equation of the system of circles which pass through the 
points of intersection of the circles 

^2 ^2 _ 4^ q- 2y - 6 = 0 and A + 2y — 1 =0. 

Find the radical axis of the system and the circle of the system which passes ‘ 
through the point (3, —3). 

16 . Write the equation of the system of circles passing through the points 
of intersection of the circles 

^2 ^2 _ 2a; + ^ + 1 =0 and — 3a; + 2?/ 3 = 0. 

Find the circle of the system which 

(а) passes through the point (2, — J^); 

(б) has its center on the a;-axis; Ans. A — x ~ I =0. 

(c) has its center on the line x — y =0; 

Am. 2x^ + 2y^ — rr— ^ — 4=0. 

id) has its radius equal to 
[e) is tangent to the a;-axis. 

16 . Prove that the three radical axes of three circles taken two at a time, 
meet in a common point or are parallel. The point of intersection of the 
three radical axes of three circles is called the radical center of the three 
circles. 

17 . Find the radical center of the three given circles. 

(o) + 2/^ 2a; -f 41/ = 3, re® + 2/^ — 4a; — Sy + 1 =0, 

A A X A Q. Ans, (J^s, 

(h) x^' A y^ A X ~ 5y — 4: = 0, “j- ii/2 — 3x + ?/ -f 2 = 0, 

4x^ A 4:y^ — 4x — 42/ + 1 =0. 

26. Conic Sections. Let a point P move in such a way that 
its distance from a fixed point F divided by its distance from a 
fixed line d, not passing through F, is a 
constant e, where the distances are con- 
sidered as positive. That is, in Fig. 44, the 
point P moves in such a way that 

FP 

PC "• 

The locus of P is called a conic section or, 
more simply, a conic. The fixed point F 
is called a focus, and the lin(^ d is calked 
a directrix. The constant e is called the eccentricity. 

From the definition it follows that a conic is symnu^trical with 
respect to a line through the focus perpendicular to the dire(*trix. 
This axis of symmetry is called the transverse axis of the conic. 
Let the point of intersection of the transverse axis and the 
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directrix (Fig. 44) be labeled D. Between points F and D there is 
one point A such that 

FA 

AD 

viz., the point which divides the line segment FD (internally) 
in the ratio e:l. If we call a point at which a conic crosses 
its transverse axis a vertex, then a conic has one vertex ..4 between 
its focus and its directrix. Now if e 5 ^ 1 we can also find a 
vertex A’ such that 


FA’ 

DA' ® 


(40) 


viz., the point which divides FD (externally) in the ratio — c:l. 
If e = 1 the vertex A is the midpoint of FD but there is no second 
vertex A'. Why? 

We conclude that: 

If e — 1 , the conic has one vertex midway between its focus 
and directrix. 

If e 1 the conic has two vertices, one of which is between 
the focus and the directrix. 

Looking again at (40), we see that if e < 1; then 

FA' < DA' 

or A' is nearer to F than to D. On the other hand, if c > 1, then 

FA' > DA' 


or, A' is nearer to D than to F. 

We call the conic a parabola if c = 1 , an ellipse if c < 1 and a 
hyperbola if e > 1. In this nomenclature, we may summarize the 
above conclusions as follows: 

A parabola has only one vertex. 

An ellipse has two vortices, both on the same side of its dinn-trix. 

A hyperbola has two vertices which lie on opposite sides of its 
directrix. 

A point on the transverse axis of an ellipse or hyperbola and 
midway between the two vertices is called the center of the curv(', 
and those curves are called central conics, in contrast with the 
parabola which has but one vertex and, hence, no center. The 
line perpendicular to the transverse axis of a central conic at its 



ANALYTIC GEOMETRY 


74 


[Chap. IV 


center is called the conjugate axis. We shall show later that it is 
an axis of symmetry. 

26. Equations of Central Conics. Let the coordinate axes 
be chosen so that the vertex A lying between the focus and 
directrix has the coordinates (a,0), (a > 0), while the other vertex 
A' has coordinates ( — a,0). The a:-axis is then the . transverse 
axis, the ?/-axis is the conjugate axis, and the origin is the center. 


We have seen that the vertices 
of an ellipse lie on the same side of 
the directrix. The positions of the 
focus F (c,0) and the directrix 
X ^ d sie those shown in Fig. 45, 

Y 


i-a, 0) 

\ 

(a, 0) 

S 1 ® 

A 

0 

(cfo)A 






H 


Fig. 45. 


with c positive, as will be shown 
presently. Since A and A' are 
points of the ellipse we have 

FA ^ A'F 

AD A'D 

These may be written 


We have seen that the vertices of 
a hyperbola lie on opposite sides 
of the directrix. The positions of 
the focus F (eft) and the directrix 
X = d are those shown in Fig. 46, 

y 



with d positive, as will be shown 
presently. Since A and A' are 
points of the hyperbola we have 

Al AZ - 

DA A'D ~ 

These may be written 

c “ a c + a 

a d Cl d 


a — c _ c A CL 

d — CL ' (X d 


Clearing of fractions, we have, in both cases, 

a c = de ae, 
a — c = de — ae. 


Adding and subtracting, we obtain 

2a— 2de, 

2c = 2ae, 

and hence, 

I a 

c = ae, d = — (41) 
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We have now established the signs of c and d assumed in Figs. 45 
and 46. 

The distance from P {x,y) to the focus may now be written in 
the form 


FP = -s/ {x — oeY + 


while the distance from P to the directrix is ^ven by 


± I X 


where that sign is chosen which makes the expression positive. 
The equation of the conic is, then, 


■\/{x - aeY + 


e. 


4- a; — ' 


Simplifying, we find that this can be written as 


+ 


yA 


’ a2(l - ^2) 


= 1 . 


Since, for the ellipse, < 1, the 
quantity 

a^l “ e^) 

is positive and, for simplicity, we 
may write 

a2(i ™ e2) = y-. (42) 


Since, for the hyperbola, > 1, 
the quantity 

a2(l - 

is negative and, for simplicity, we 
may write 

a2(i ~ e^) = -bK (43) 


In this notation the equation of 
the ellipse becomes 


In this notation the equation of 
the hyperbola becomes 


^ 4. It 
62 


(44) 




(45 i 


Note that, in view of Eqs. (4l) Note that, in view of Eqs. (41) 
and (42) we have — 6^* and (43) we have 52^ 

Exercise 1. Prove that a central conic is symmetric with respect to its 
conjugate axis. 

Exercise 2. Prove, from symmetry considerations, that a central conic 
has a second combination of focus and directrix. 

Exercise 3. Prove that ^ a- and y- ^ 6^ for the above ellipse. 
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Exercise 4. Prove that ^ for the above hyperbola. 

Exercise 6. Prove that all points of an ellipse lie between the two 
directrices. 

Exercise 6. Prove that ail points of a hyperbola lie outside the strip 
bounded by its two directrices. 

Exercise 7. Show that the equation 

a2(l - e^) ^ 


which represents any central conic, becomes 


g^q - eO 

1 — cos^ 0 


(46) 


when it is transformed to polar coordinates. 

Exercise 8 . Prove, from Eq. (46), that any line through the pole inter- 
sects an ellipse in two real points. Find the points farthest from the pole 
and those nearest. Hint: Use e < 1. 

Exercise 9. Prove, from Eq. (46), with 6 > 1, that 

(a) T is real and finite if cos^ 0 > 1/e^. 

Q)) r = oo if cos^ 0 = 1/e^, 

(c) r is imaginary if cos® 0 < 1/e®. 

(d) is least when cos® 0 = 1. 

From Exercise 8 we conclude that From Exercise 9 we conclude 
an elhpse must be a closed oval, that a hyperbola must be two 
something as shown in Fig. 47. branched, something as shown in 

Fig. 48. 



Fig. 47. 


Since (— ac,0) and the line 

X = —a/e are a focus and directrix, 
we have 

PF[ __ 

B'P ®' 


Y 



Fig. 48. 

Since F' (— ae,0) and the line 
X = —a/e are a focus and directrix, 
we have 

PF^ 

PB' 


Also 


^ __ 

PB 


Also 


PF 

PB 
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Clearing of fractions and adding, Clearing of fractions and subtract - 

we have ing, we have 

PF ^ PF' = e(PB - PB') 

■■ e(B'B) 

= 2a. 

This result shows that for an eUipse This result shows that for a 

the sum of the two focal radii^ PF hyperbola the difference of the two 

and PF', is a constant and equal to* focal radii PF and PF' is a constant 
the distance between the vertices. an^ equal to the distance between 

We shall call, in keeping with the vertices, 
common usage, the distance a from -We shall call, in keeping with 
the center to each vertex, the trans- common usage, the distance a from 

verse semiaxis (or semimajor axis), the center to each vertex, the trans- 

and the distance h, laid off on the verse semiaxis (ov semireal axis), and 

conjugate axis from the center, the the distance 6, laid off on the con- 

conjugate semiaxis (or semiminor jugate axis from the center, the 

axis). Thus the transverse and conjugate se 7 niaxis (or semiimaginary 

conjugate axes are unlimited in axis). Thus the transverse and con- 

extent, while segments of them of jugate axes are unlimited in extent, 

lengths 2a and 2h, bisected at their segments of them of lengths 

point of intersection, are called 2a and 26, bisected at their point 

major and minor axes, respectively. intersection, are called real and 

imaginary axes, respectively. 

The properties of the ellipse and hyperbola studied thus 
far have been either identical or closely analogous. We come now 
to a property of a hyperbola which has no real equivalent in the 
ellipse. 

Exercise 10. Prove in the light of (43) that if cos^ $ = l/e^, as in Exercise 
9(6), then tan ^ = ±5/a, and the lines through the center with that inclina- 
tion are - ±\ = 0. 
a 0 

Exercise 11. Prove that the point whose coordinates are 

satisfies Eq. (45), of the hyperbola, if a; > a. 

X iJ 

Exercise 12. Prove that the distance 5 from the line - -f t = 0 to the 

a 0 

point given in Exercise 11 can he written as 

aV) 1 \ 

+ Vx^ - aV 
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Exercise 13. Show that the distance i of Exercise 12 can be made as 
small as we please by taking x sufficiently large, i.e., by making the point 
of the hyperbola recede sufficiently far from the origin. 


These exercises, 10 to 13, prove that the line - + ^ = 0 is an 

asymptote to the hyperbola. Prom the symmetry of the figure, 

the line - — | = 0 is another asymptote. The two asymptotes 

can be simultaneously represented by the factorable equation 

^ = n 

a® ’ 

obtained from (45) by changing 1, in the right-hand member, to 0. 


SUMMAEY OF FoBMULAS AND NOTATION 
Ellipse Hyperbola 

Major axis = 2a Real axis = 2a 

Minor axis = 26 Imaginary axis = 26 


Distance from center to a vertex 

=: a 

Distance from center to a focus = c 
Distance from center to a direc- 
trix == d 

Eccentricity = e < 1. 

c 

e = — 
a 

d=5. 

e 

Sum of focal radii 2a. 



Fig. 49. 


Distance from center to a vertex 
=s a 

Distance from center to a focus = c 
Distance from center to a direc- 
trix = d 

Eccentricity = e > 1. 

-h 6^ = cl 




Fig, 60, 
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To find the equations of central conics with other choice.s 
of the coordinate systena, the student has merely to translate 
and rotate the axes. Rotation through 90° and translations are 
included in Exercises 14 to 19 below. 


Exercise 14. By translating the 
axes, show that 

- h)^ {y - ky _ 

52 ^ 

is the equation of an ellipse whose 
center is the point (h^k) and whose 
transverse axis is parallel to OX, 
Exercise 16. By rotating the 
axes, show that 

£! = 1 
a2 ^ 62 

is the equation of an ellipse whose 
center is the origin and w^hose trans- 
verse axis is OY, 

Exercise 18. By translating the 
axes, show that 

(y - kY , ^ 1 

^ ^ 

is the equation of an ellipse whose 
center is the point (6,/c) and whose 
transverse axis is parallel to OF. 


Exercise 16. B}" translating the 

axes, show that 

(x - hY iy - k)^ 




¥ 


= 1 


is the equation of a hyperbola 
whose center is the point {h,k) and 
whose transverse axis is parallel to 
OX, 

Exercise 17. By rotating the 
axes, show that 

^ - 1 
62 ^ 

is the equation of a hyperbola whose 
center is the origin and whose trans- 
verse axis is OY. 

Exercise 19, By translating the 
axes, show that 

(V — k)- (x - h)- 


62 


== 1 


is the equation of a hyperbola whose 
center is the point (hjk) and whose 
transverse axis is parallel to OF. 


Exercise 20. Prove that, if A, C, and F are constants such that the 
product AO is not zero, the equation 

Ax^ + Ci/^+F = 0 

represents a central conic, a circle, a point, a pair of intersecting straight 
lines, or has no locus. Hint: Establish separately the cases of the table 


AC 

AF 

Remarks 

Curve 

+ 

- 

A = 0 

Circle 

+ 


A 7^C 

Ellipse 

+ 

0 


Point 

-h 

+ 


No locus 

- 



Hyperbola 

— 

0 

2 lines 
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Problems 


1 . Write the equation of the central conic described in each case and 
draw a figure. 

(a) Ellipse with major axis from ( — 3,0) to (3,0) and minor axis 

equal to 4. 4x^ + 9y^ = 36. 

(b) Ellipse with minor axis from ( — 5,0) to (5,0) and major axis 

equal to 14. Ans. = 1225. 

(c) Hyperbola with real axis from (—2,0) to (2,0) and imaginary 

axis equal to 6. Ans. — 4y^ — 36. 

(d) Hyperbola with real axis from (0,-3) to (0,3) and imaginary 

axis equal to 4. Ans. 4y^ — 9x^ == 36. 

(e) Ellipse with foci at (5,0) and (—5,0) and one directrix the line 

X — —20. Ans. Sx^ + 4y^ = 300. 

(/) Ellipse with vertices at (0,5) and (0,-5) and passing through 

the point (2, — S'x/S/S). Ans. 25x^ + 9y^ = 225. 

(ff) Ellipse with foci at (3,0) and (—3,0) and passing through the 


point (— 4,\/ld). 

(h) Hyperbola with center at the origin, each vertex midway 
between the center and the corresponding focus, and one directrix the line 


2 . 


Ans. 


1 . 


(t) Hyperbola with one focus at (26,0) and whose asymptotes are 
the lines 12y = ±bx. Ans. 25x^ — 144y^ = 14,400. 

(J) Hyperbola whose vertices coincide with those of the ellipse 
having foci at (0, ±4) and minor axis equal to 6, the foci of the hyperbola to 
lie on the directrices of the ellipse. 

Ans. 9y^ - 16:^2 = 225. 

(k) Ellipse with center at (4,-2), a vertex at (9, —2), and a focus 


at (0,-2). 


Ans. 


(x - 4)2 




focus at (8, —5). 


25 ' 9 

(1) Ellipse with directrices y — 3 ± ^^^d a focus (—2,15). 

(?n) Hyperbola with center at (3,-5), a vertex at (7,-5) and a 

(x -3)2 ( 2 / + 5)2 


Ans. 


= 1 . 


16 9 

(n) Hyperbola with center at (-2,-1), a focus at ( — 2,14) and a 


directrix in the line 5y = —53. 


. 1 , 


81 ' 144 

(o) Ellipse with one focus at (5,2), nearest vortex at (7,2) and 
center on the line x = 1. 

(;;) Ellipse, with transverse axis parallel to OY, in which the focus 
is the point of trisection of the semimajor axis, nearest the vertex; the dis- 
tance from the vertex to the nearest directrix is 4; the center lies on the liiu' 
y = 2, and the line joining the origin and the center is of slope 2. 

Ans. 9(:i- - 1)2 + 5(y - 2)2 - 320. 

(g) Hyperbola with foci at (3,6) and (3,0) and passing through the 


point 


( 6 . 


3 + 


a/ 5/ 


Ans. 5(y - 3)2 - 4(x - 3)2 = 20. 
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(r) Hyperbola, with asymptotes meeting at (—3,1), one of the 
asymptotes passing through (1,7), and one focus at (—3 — !)• 

.4m. 9(a: + 3)^ - 4(ij - 1)2 = 324. 

• ^2 

2 . Prove that the hyperbola “ "p ” ^ asymptotes the lines 

y = ±ax/h. 

3. Find the coordinates of the center, vertices, and foci, the eccentricity, 
and the equation of the directrices, in each of the following cases. Draw a 
figure and, if c > 1, find the equations of the asymptotes. 


(a) 

X2 

25 

+ 

_ 1 

9 

(e) 


- 3)2 

25 

+ 


+ 4)2 

16 

(h) 

X2 

j_ 

J1 = 1 



+ 1) = 

4- 

(£ 

+ 2)= 




144 

\J) 


25 



144 

(c) 

X2 

16 

- 

II 

(9) 


+ 2)= 
9 

- 


+ 5)= 

16 

id) 

y2 

25 

- 

— = 1 

25 • 

(h) 


- 8)2 
49 

- 

k. 

- 8)2 

49 


(f) 6a;2 + 9^2 _ 24a; ~ 54?/ + 51 = 0. Hint: Write it as 

6(a;2 — 4a;) + 9(i/2 — 6?/) = —51 and complete the squares. 

(j) 9x2 + 4^y2 _ i8;j; + 11 = 0. 

(/c) 9x2 _ i 8?/2 4 - 54x - 3Qy 4- 79 = 0. 

(Z) x2 - ?/2 -h 6x 4- 10?/ - 4 = 0. 

{m) 3?/2 — 4x2 _ 8^ _ 24?/ — 40 = 0. 

(n) 2x2 + 3^2 - 3?/ - 12 = 0. 

(o) 4x2 4. 4^2 ^ 20x - Z2y 4- 89 = 0. 

ip) 2x2 + 2?/2 - 2x 4- 18?/ + 33 = 0. 

(q) 3x2 + 4^2 „ 30a; + 16^ + 100 = 0. 

(r) 4.x2 - ?/ + 56 x 4- 2y -f 191 = 0. 

4. If the real axis and the imaginary axis of a hyperbola are equal, the 
hyperbola is called equilateral. Prove that the eccentricity of an equilateral 
hyperbola is equal to \/2. 

6. Prove that the equations parametric equations for 

an ellipse with center at the origin and that ^ "t* ? ! are para- 

^ {y = k Ah sin B ^ 

metric equations for an ellipse with center at {h^k). 

6. Draw the ellipse ^ Locate its foci and directrices. 

/ ?/ = — 2 4- 8 sin 0 


7. Write parametric* ecjuations for the ellipse ^ + 


(y - 7) 
49 


O T) ^ ^ ^ 11 \x = /? 4 * O sec d 

8. Prove that the equations i , ^ » as well as < , , , 

(y ^ b tan e }y = k A b tan B 

represent hyperbolas. 

(a* j_ 2)2 y 2 

9. Find parametric equations for the hyperbola — 4"^-— “ L 

S x — Q set* 6 

Locate its 

2/ — 2 = 8 tan 0 

foci and directrices. State the equation of each asymptote. 
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11 . Prove that if the semiaxes of one ellipse are proportional to those of 
another, they have the same eccentricity. 

12 . Prove that the real and imaginary axes of two hyperbolas are pro- 
portional if, and only if, they have the same eccentricity. ® 

13 . Prove that the latus rectum, or chord of a conic through a focus and 
perpendicular to the transverse axis, is equal to 2h'^Ja for central conics. 

14 . Pind the equation of the locus of a point which moves so that the 
product of its distances from the two lines Ax = Zy and 4a; -[- 3?/ = 0 is 
equal to 1. Plot the locus. 

16 . Prove that the product of the distances from a point (x^y) on the 
hyperbola ^ “ p ^ asymptotes of the hyperbola is equal to 

a^b^/cK 

16 . If the real and imaginary axes of a hyperbola coincide, respectively, 
with the imaginary and real axes of another hyperbola, each hyperbola is 
said to be the conjugate of the other. Prove that the two eccentricities 
6i and 62 of a pair of conjugate hyperbolas are related by the equation 

17 . Prove that the locus of a point, for which the sum of its distances from 
two fixed points equals 2a, is an ellipse having the two fixed points for its 
foci and 2a for the length of its major axis. 

18 . Prove that the locus of a point, for which the difference of its distances 
from two fixed points equals 2a, is a hyperbola having the two fixed points 
for its foci and 2a for the length of its real axis. 

19 . Find the equation of the locus of a point which moves so that 

(a) the sum of its distances from (0,5) and (0, —5) is 12; 

(b) the sum of its distances from (3,1) and ( — 5,1) equals 10; 

(c) the difference of its distances from ( —4,0) and ( — 4,9) equals 4; 

(d) the difference of its distances from (5,1) and ( — 3,1) equals 6. 

20 . Find the equation of the hyperbola conjugate to the hyperbola 

4x2 _ 9^2 „ — 18^ - 29. Find the eccentricity of each hyperbola and 

verify the relation between them stated in Prob. 16. 

Ans. 9(y -f 1)2 - 4(x - 2)2 = 36. 

21. An arch in the form of a semi-ellipse is 48 ft. wide at the base, and its 
height is 20 ft. How wide is the arch at the height of 10 ft. above the base? 

Ans. 24\/3 ft. 

22 . Construct a circle with radius equal to a and center at the origin. 

On the ellipse — + p = Ij produce the ordinate of any point F (x,y) until 

it meets that circle at Q {x,y'). Prove that y/if = h/a. From that derive 
the parametric equations of the ellipse, using as parameter, the angle 6 from 
the positive x-axis to the line OQ, (Check with Prob. 5.) The angle d is 
called the eccentric angle of the point P which it determines. 

23 . (a) On the ellipse J2 + ^ = 1, locate the points with the following 

eccentric angles: O'*, 30°, 240°, 270°. 

(5) Find the eccentric angle for each of the points (2,3), ( “2'\/3,-\/3), 

and (2\/2, — VO) on the ellipse ^ ^ 
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24. (a) Describe the family of conics represented by the equation 

/Ji2 

- c2 ’ 

where c is a fixed number and k is the parameter of the family. 

(h) Find the equation of that ellipse in (a) for which the difference 
of the major and minor axes equals c. Ans. 144^2 = 225^2. 

26. Chords of an ellipse are drawn through one end of the major axis. 
Prove that the locus of the midpoints of the chords is an ellipse. 

26. Prove the following properties of the hyperbola: 

(а) The distance from a focus to either asymptote equals the 
imaginary semiaxis, i,e., half the imaginary axis. 

(б) If the asymptotes are perpendicular, 
the hyperbola {rectangular) is equilateral {i,e., 
a — h), and conversely. 

(c) For any point on an equilateral 
hyperbola, the product of the two focal radii 
equals the square of the distance of that point 
from the center. 

27. The Parabola. As we have already 
seen, a parabola cuts its transverse axis 
at only one point (its vertex) which is 
midway between the focus and the direc- 
trix. Let the coordinates of the focus be 
(p/2,0), {‘p > 0) and the directrix be the 
line X = -?3/2. If P {x,y) is any point 
on the parabola, we have, since the eccentricity equals unity, the 
equation 



.T^ — px + ^ + + px + 

The simplified equation becomes 

y~ = 2px. (47) 

Exercise 1. Prove that the equation of the parabola whose vertex is at 
the origin and whose focus is at the point (— /)/2,0), y > 0, is 


Y 



PiCx. 51. 


= —2px 


(48) 
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Exercise 2. Prove that the equation of the parabola whose vertex is 
the origin and whose focus is the point (0,p/2), p > 0, is 

= 2py. (49) 

Exercise 3. Prove that the equation of the parabola whose vertex is 
the origin and whose focus is the point (0, - p/2), p > 0, is 

^2 = —2py. (50) 

Exercise 4. By assuming Eqs. (47), (48), (49), and (50) in their respec- 
tive cases and translating the axes, show that the equation of the parabola 
with vertex at transverse axis parallel to one of the coordinate axes, 
and focus p units from the directrix is 

(a) (y — k)^ - 2j)ix — h) if the focus is to the right of the vertex. 

(5) (y — k)^ - — 2p(a; — /i) if the focus is to the left of the vertex. 

(c) (x — h)^ — 2'p(y — k) if the focus is upward from the vertex. 

(d) (x — A)2 = —2p{y — k) if the focus is downward from the vertex. 

Exercise 6. Prove that an equation of the form 

q- jyjy p* = Q 

represents a parabola if E is not zero and, if JS" = 0, it represents a pair of 
parallel straight lines, one straight line, or no locus, according as — 4F is 
greater than, equal to, or less than, zero. 

Exercise 6. Prove that an equation of the form 

Dx + Ey F 0 

represents a parabola if D is not zero and, if D = 0, it represents two parallel 
straight lines, one straight line, or no locus, according as E^ — 4:F is greater 
than, equal to, or less than, zero. 

Problems 

1. Find the equation of the parabola satisfying the stated condition in 
each case, and draw a figure: 

(а) Vertex at (0,0) and focus at (5,0). Ans. = 20x. 

(б) Vertex at (0,0), focus at (0,-1). Ans. = — 4?y. 

(c) Vertex at (0,0), directrix the line y = —2. 

(d) Focus at (—3,0), directrix the line = 3. 

Arbs. \A = — 12.r. 

(c) \ertex at (0,0), focus on //-axis, parabola passing through 
(—3,2). Ans. = 9y. 

if) Vertex at origin, focus on the a:-axis and on the line through 

(—1,2) and (-3,-4). Does the curve pass through either of the latter 
two points? Ans. 3y^ = ~20x. 

ig) Vertex at (2,1), focus at (-4,1). 

Ans. ~ 2y A 24x - 47. 

[h) Focus at (-3,-2), directrix the line y ~ 6. 

Ans. -|- 1 6// == 23. 
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(z) Vertex at (-1,5), directrix the line x = 6. 
ij) Transverse axis the line ^ = 3, parabola passing through the 
points (6,4) and (4,-2). ,4ns. 7 / - 6y + 12x = 64. 

(k) Focus at (0,0), vertex on x-axis, parabola passing through 
(—3,4). Am. 2 /^ “F 4x = 4, — 16x = 64. 

(Z) Focus at (1,5), directrix the line 3x — 4?/ = 0. 

(m) Focus at ( — 1,2), directrix the line x -H 2?/ = 6. 

2. Find the coordinates of the vertex and focus and the equation of the 
directrix of the parabola whose equation is given and draw a figure in each 
case. 

(а) = 12x. 

(б) — IO 2 /. 

(c) x 2 = - 62 /. 

{d) — — 5x. 

(e) (y - 2)2 = -6x. 

(/) (x + 1)2 = - 8 ( 2 / - 5). 

(g) iy + 3)2 = 20(x + 2). 

(h) x2 = -10(2/ - 1). 

(f) (x + 3)2 = 52/. 

(j) x2 + 2x — 32 / — 5 — 0. Hint: Write this as 
(x + 1)2 = 32 / + 6 = 3 ( 2 / + 2). 


{k) 2 /^ + 5^ + 4?/ + 19 = 0 . 

(1) x2 — 3x — by = 0. 

(m) 2 /® — 2x + 62 / — 3 = 0. 


3 . Prove that the equations __ ^2 _|_ 9 / -[- 8 ) ^ parabola. 

Locate its vertex, focus, and directrix. * 47 ^^. V'ertex (— 8 , 7). 

4. Prove that in any two parabolas corresponding distances are propor- 
tional {i.e,, such distances as focus to vertex, focus to directrix, etc.). 

6 . Prove that any parabola with its transverse axis parallel to the 2 /-axis 
can be represented by the equation 


y - Ax^ Bx C 


(51) 


where A, B, and C are constants with A 9 ^ 0. 

6 . Prove that any parabola with its transverse axis parallel to the x-axis 
can be represented by the equation 

X A- By + C (52) 

where A, B, and C are constants with A 9 ^ 0 . 

7. Prove that any 'equation of the form of either (51) or (52) represents 
a parabola if .4 9 ^ 0 . 

8. By the latus rectiun\A a parabola is meant the cliord piupendicular 
to the transverse axis at the fo<*us. Prove that the latus rectum of a 
parabola is e(pial to twice the distance from the focus to the directrix. 

9. The ends of the latus re(‘tum of a parabola are th(‘ points (3,7) and 
(3,1). Find its equation. (See Prob. 8 .) 

A ns. 2/2 + 6 x — 82 / — 11 = 0 ; 


2/2 — fix — 82 / + 25 = 0. 
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10 Find the equation of the locus of the center of a moving circle which 
always touches the circle - l(te + 42, + 20 = 0 and the line a: = 10. 

Plot the locus. i ~ 

11. A parabolic arch is 36 ft. wide at the base and 20 ft. high. At what 

height above the base is it 18 ft. wide? Ans. 15 ft. 

12. The two points (-4,5) and (-4,-3) are on a parabola and are each 
at a distance of 5 units from its focus. Find the equation of the parabola. 

Partial Aiu. — 4a: — 2^ = 31 ; ~ 2i/ + 4a: + 1 = 0. 

13. The vertex of an ellipse is at the focus of a parabola; the corresponding 
focus of the ellipse is at the vertex of the parabola and the directrix of the 
parabola passes through the center of the ellipse. Find the eccentricity of 
the ellipse. 

14. Write the parametric equations of the parabola - 2px, taking as 

the parameter the slope of the line through a variable point of the parabola 
and the origin. Ans. x = 2p/m^, y — 2p jm. 

16. Write the equation of the parabola with focus at origin and directrix 
the line x = — p. Change the equation to polar coordinates. 

16. If through a fixed point on the axis of the parabola y'^ = 2pr: chords 
are drawn, show that the product of the abscissas of the end points of such 
chords is constant. Hint: Recall the formula for the product of the roots 
of a quadratic equation. 

17. The directrix of a parabola is the line y = 4, and its axis is the line 
2=4. Find the equation, given that it passes through (7,9). 

Arts, — 8x — 18y -f 169 = 0, 
x^ — 8x — 2y -j- 25 = 0. 


28. Conics in Polar Coordinates. Let the pole be taken as 

a focus of a conic and let the corre- 



Fig. 52. 


spending directrix of a conic be a line 
whose normal intercept is p 7^ 0, and 
whose normal angle is w. If the polar 
coordinates of a point P on the conic 
are (r,S), the distance from P to the 
focus Is 

r 

and the distance from P to the 
directrix is 


— r cos (n: — p. 


The equation of the conic is, therefore, 


r 

— r cos (w - I?) -j- p 
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r = 


ep 

1 -f ^ cos (cu — d) 


( 53 ) 


Exercise 1. Show that in the special cases w = 0®, w = 90°, « = 180°, 
and w = 270°, the following special equations and special figures result : 



(6) CO = 90° 

f = 

1 + e sin ^ 
(p, 90°) 



Eig. 54. 


{d) CO = 270° 

\ ~ e sin 6 



Exercise 2. If e = 1, show that the r of Eq. (53) is never negative. 
Find the value of B for which r = qo . 

Exercise 3. If c < 1, show that the r of Eq. (53) is never negative. 
Show also that r is never infinite. Find the two vertices. 

Exercise 4. If t? > 1, show that the r of Eq. (53) can l)e either positive 
or negative. Find the values of 6 for which r = «« . Find the cooniinates 
of the two vertices. 


Problems 

1 . In each case, below, find the e(*(*entricity e, the polar coordinates 
(p, io) of the point of int(u-se(*tion of tlie transverse a.xis with the dire(‘trix, 
the coordinates of the V(‘rtex' or vertic(\s, and plot. 
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(o) r = 
(6) r = 
(c) r = 


20 

2 4-5 cos ^ 

12 

3—2 sin S 
8 

1 4“ cos (^e - 


(c) 


60 


~ 4 4- 3 cos ^ — 4 sin d 
Ans. e - p - 12, cos co = 
sm w = — ^ 

24 


(/) ?• = 


• cos 6 


0 ^ * 

3 + 4 eos (r-T 60 ^)' “ 13 - 5 cos - 12 sin 9 

2 . Write the equation of the conic having a focus at the pole and satis- 
fying the condition stated in each case. 

(а) p = 5, CO = 0°, e = 2. 

(б) p = 8, CO - 270°, c = %, 

(c) p = 6, CO = 180°, e == 

(d) p = 12, CO = 80°, c - 

(e) p = 10, CO = 225°, e = H. 

(/) p = 18, CO = —tt/B, e — 1. 

A 36 

Ans. r = — 

2 — sin (9 4“ v3 cos 6 


[g) Directrix is the line r cos (^ — -^r) — 5 = 0 and e = 1. 

[h) Directrix is the line r = 3 esc 6 and e = Yi. 

3 . Derive the polar equation of the parabola whose vertex is at the pole 
and whose directrix is a line with the normal intercept equal to p/2 9 ^ 0 and 
normal angle 180°. 

4 . From the definition of a conic, derive the polar equation of a central 
conic with center at the pole, transverse axis on the initial line and distance 
from the pole to directrix equal to a/e. Compare with Exercise 7, page 76. 

5 . Prove that the focus of a conic divides chords through it into two parts 
such that the sum of their reciprocals is a constant. 

6. Prove that if two chords through the focus of a parabola are perpen- 
dicular, the sum of the reciprocals of their lengths is a constant. 

7 . If PFP' and QFQ' are two perpendicular chords through the focus F of a 

conic, show that FQ FQ' ^ 


29, The General Second-degree Equation. We have seen, in 
the foregoing sections, that the rectangular equation of a conic 
is always of the second degree. It is natural, now, to inquire 
what may be expected as the locus defined by a second-degree 
equation, f.c., an equation of the form 

Ax^ + Bxy -b + Dx -f~ Ey F = 0 (54) 

in which A, and C are not all zero. In particular, if 5 = 0 
and A — C, we have seen that this equation represents a circle, a 
point, or no locus, the equation, in the last case, being satisfied 
by no pair of real numbers {x,y). Also, in particular, if 5 = 0 
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and A 7^ C, wc hav'e seen that the locus is sometimes a conic and 
that> in that case, the transverse axi.s is parallel to one of the 
coordinate axes. 

To see what sort of equation represents a conic in ease the axis 
is not parallel to either of the coordinate axes, let the directrix be 
the line 


X cos 03 + y sin u — p = 0. 

If the focus is the fixed point (xi,yi) and the eccentricity is e, the 
equation of the conic is 

Vix - xi)^ + (y - yip ^ g 

\x COS cd + 2/ sin CO — p| 

Squaring and clearing of fractions, we obtain 

(x — Xi)- + (2/ — j/i)“ = e-(x cos CO + 2/ sin CO — p)\ 

This, in turn, may be written as 

(1 “ cos^ co)x^ — 2e^ sin co cos coxy -f (1 — ^>2 ^[^^2 
— 2(xi — cos co)x 2(z/i — pe^ sin co)y 

+ xri + yri - riV- = 0. 

If this equation is multiplied through by a constant k which is not 
zero, it gives 


-f- (S>xy -j- + 'Dx "j- &y ■4- {F == 0 (55) 

where Ct = A^(l — cos^ w), 

63 = — 2/re 2 sin a? cos ca, 
e = k{l — siiP d>), 

3) = —2k{xi — 2 )e‘^ cos w), 

£ = —2k(yi — sin 6j), 

^ = k{xi^ + yi^ — eV)* 

Elvidently, CB ~ 0 if, and only if, sin co cos co — 0, that is, if, and 

only if, 

(i> = 0° "f" H • 90° 

where n is an integer. Thu.s wo conclude that if an equation 
of the form (55) represents a conic, = 0 or (R 7^ 0 according 
as the transverse axis is parallel to one of the coordinate a.xes or is 
oblique to both of them. Therefore w(‘ may ex])ect to remove the 
xy term by rotating the axes through the angle w. To determine 
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w from Eq. (55), note that 

® —2ke^ sin <o cos to 

Q — e ~ A'(l — cos® w) — A:(l — e® sin® co) 

_ 2 si n CO cos u 
cos® w — sin® oj 
_ sin 2 w 
cos 2oi 
— tan 2 w. 

Let us try this method on Eq. (64), which is of the same form as 
( 55 ) but not known to represent a conic. That is, let an angle u 
be determined by the equation 

ID 

tan 2 co = (56) 

and rotate the axes through the angle o) by substituting 

X = cos o) — y' sill w . . 

y = x' Bin 0 ) ■+ y' cos oo. ^ 


We have, from (54), 

A[x^^ cos- 0 ) — 2x'y' sin o) cos a? + y'^ sin^ co] 

+ B[x'^ sin w cos cc + x'y'{cos^ co — sin^ co) y'^ sin co cos co] 

+ C[x'“ sin‘^ oj + 2x'y' sin w cos co + eos^ f.o] 

“f jD[a’' cos 0 ) — sin co] + E[x^ sin co + 2/^ cos co] + ^ = 0, 

This can b(' (‘olleeted into the form 

+ B'x'y' + C'y'' + DV + E'y' + F' ^ 0 (57) 

where 

A' = A cos^ co + jB sin CO cos co + C sin^ co, 
jB' = — 2kl sin CO cos co + B(cos^ co — sin^ co) 

+ 2C sill CO cos CO., (58) 
C' = A sin- (jo — B sin co cos co + C cos^ co. 


Exercise 1. Prove: B'" — 4A'C' — — 4AC. 

Since we are rotating the axes in order to remove the xy term, 
we have tacitly assumed that B 7 *^ 0 , Hence we may express 
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B'/B as 

sin w cos « + (cos'-^ w — sin" w) 

sin 2a) + cos 2a) 

= — ctn 2a) sin 2oj + cos 2a) 

= — cos 2a) + cos 2a) 

= 0 . 

The result may be summarized in the form of a theorem: 

If B 7 ^ 0 the equation 

Ax'^ + Bxy + Cy^ Dx -\- Ey + F = Q 

may be transformed into the equation 

A'x'" + CY' + E'x' + E’y' + F' = 0 

B 

by rotating the axes through an angle o) defined by tan 2a) = 

In the resulting equation not both of A' and C are zero. 

It remains to be proved that A' and C cannot both vanish. 
To establish this, we recognize that Eq. (57) is obtained from (54) 
by rotating the axes through the angle o) and that, in turn, (54) 
can be recovered from (57) by rotating the axes back through the 
angle — o). But if A' and C' were both zero the transformation 

x' = X cos 01 + 2/ sin o), 
y' = —a: sin 0 ) + 2 / cos oi 

would give the result 

D'{x cos 0 ) + 2 / sin o)) + E'(—x sin o) + !/ cos o)) + F' = 0, 
an equation different from 

.4.r2 + Bxy + Cy- + Dx + Ey + F = 0 (54) 

in which at least B is different from zero. 

Treatment of the equation 

AY + CY + D'x' + E'lf + F' = 0 (59) 



must vary according as one of T' and C is zero or neither i.s 
zero. In the latter case we may collect the terms hi x' and those 
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in y' and complete their squares, obtaining 

an equation of the form 

.4'(.r' - hY + Civ' - Y-F" = 0 


in which 


F>' 7 

* “ -sp- ‘ 


E' 

'2C’ 


p" = p' 


D' E' 

lA' W 


By translating the axes to a new origin whose coordinates in the 
x'y' system are we have 

x" = x' -h 
y" = y' -k, 

which give 

A'x"" + Cy"" + F" = 0. 

The student’s work on Exercise 20, page 79, has shown that this 
equation represents a circle, an ellipse, a point, a hyperbola, a 
pair of intersecting straight lines, or no real locus. Recall that 
we are still working with the case in which neither A' nor C is 
zero. Note, also that, by the equality in Exercise 1 of this sec- 
tion and the fact that B' = 0, the case A'C > 0 obtains if 
— 4AC is negative, while the case A'C < 0 follows when 
B- — AAC is positive. If, now, we consider a circle as the 
limiting case of an ellipse as its foci approach its center, the point 
the limiting case of a circle or ellipse with shrinking dimensions, 
and a pair of intersecting lines as the limiting case of a hyperbola 
as the vertices approach the center, we may state that : 

If B^ — AAC < 0, Eq. (54) represents an ellipse or no real locus. 
If B- — AAC > 0, Eq. (54) represents a hyperbola. 

If A' in Eq. (59) is zero, then C 9 ^ 0, and the equation can be 
written as 

Cy'"- + D'x' + E'y' + F' = 0, 

an equation which has been shown to represent a parabola or 
two ])arallpl or coincident straight lines if it has a real locus. 
(S(‘(‘ Exercise 6, page 84.) 
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Similarly, if, in Eq. (59) C' = 0, then 9 ^ 0 and the locus, if 
real, is a parabola or two straight lines, parallel or coincident. 

If we consider two parallel lines, distinct or coincident, as the 
limiting case of a parabola, and recall that the two 'cases just 
discussed arise, in view of Exercise 1 and == 0, from the original 
case — 4AC = 0, we may state that: 

If 5“ — iAC = 0, Eq. (54) represents a parabola or no real 
locus. 

In any case, therefore, we conclude that if the equation of 
second degree has a real locus, it is a conic or one of the limiting 
forms of a conic included in the list: circle, point, two intersecting 
straight lines, two parallel straight lines, one straight line. 

It is customary to speak of the cases of one or two straight 
lines as degenerate conics. 


Problems 

1 . Classify each of the following as ellipse, hyperbola, or parabola, given 
that they are all nondegenerate conics. 

(а) 36x2 _j_ 2^xy + 29^^ ^ 24x + 238// - 55 = 0. 

(б) 12x2 _j_ 7 ^ 2 / I2if + 3x + Ay + 24 = 0. 

(c) 4x2 + 4x^ + 2/^ 7x + 5^ — 4 = 0. 

{d) x?/ — 2/2 — X — 2 = 0. 

{e) 6x2 _ + 2x ~ 7// + 3 =*0. 

(/) 3x2 __ 4^^ 4. 22/2 __ 13^ + 5// + 20 = 0. 

C^) x2 - 2xy + ?/' + 18x - 10// + 13-0. 

Qi) 5x2 - 14x2/ - 20x + 2ij^ + 8// + 14 = 0. 

2 . Find an angle through which the axes may be rotated in order to 
remove the xy term from the equation 


5x2 _ 4^,^ 4 22/2 — lOx + 82/ “ 11 =0 , 
Key: From Eq. (56) we have 

B 4 


tan 2oi ~ 


A - a 


or 


whence 


cos 2co = (taking in the second quadrant), 
o 


sill OJ 


1 + 1 


Vn4 . ^^13 = J.. 


2 

vf 


3. Find an angle through wliicli the axes may he rotated in order to 
remove the xy tiu’ni from each equation in Proh. 1 aluive. 
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4. For each case, below, remove the xy term by rotation of axes and 
plot the locus, showing both sets of axes. Insofar as they exist, find the 
eccentricity, vertices, foci, center, asymptotes, and directrices, all coordi- 
nates and equations referring to the original axes. 

{a) + or?/ + ^ 2a: — 1 / — 7 = 0. 

Ans. a® = 16, e = VM* 

(6) - 24x2/ + 34y2 - 82x + 2^y + 16 = 0. 

(c) — 4:xy + 02/^ 12x + 4^/ + 6 — 0. 

(d) 34x2 -f 24x2/ + 41y2 -j- 48x + 164?/ + 189 = 0. 

{e) 12xy — 5?/2 + 3x + 2?/ = 0. 

Atis. a = a/TS/S, b = '\/l3/12, e = \/l3/3. 

(/) x2 — 12 x 2 / ”■ — dx — 2y = 0. 

( g ) 6x2 ^ _ 182^2 + 7a; - ?/ + 144 = 0. 

{h) x2 — 2x2/ + 2/^ “h ^ ^ “6). e = 1, 2p = \/2l4, 

(i) x^ + 4 x 2 / + 42 /^ — 6 x — 8 ?/ — 3 = 0. 

(i) + 6 x 2 / + 9?/® — 8 x — 242 / + 15 = 0 . 

(k) x2 - 10x2/ + 25?/2 - 20x + lOOy + 100 = 0. 

(/) 4x2 — 4x2/ + 2 /® + 2x — 2 / + 1 =0. 

6, Prove that the equation xy - a represents an equilateral hyperbola 
whose asymptotes are the coordinate axes. 

6. Determine k so that the equation Bxy + 2x — 9?/ + A: = 0 may 

represent two straight lines, and plot. Am, k — —Q. 

7. Determine k so that the equation Ox^ ~ 6xy -Y y^ — 18x -j- ky = 0 

may represent two straight lines, and plot. Am, k ~ Q, 

8. Determine the value of B in order that the equation 

9x2 + ^^ 2 / + 4?/2 - 5x + 8?/ - 1 - 0 
may represent a parabola. 

9. Determine the range of B in order that the equation 

5x2 _j_ ^y 2 ~ 4,x -\r y ~ ^ = 0 

may represent (a) an ellipse, (6) a hyperbola. 

10 . Find the equation of the parabola whose directrix is the line 

3x - 4?j - 12 = 0 

and whose focus is the point (6,-1). 

Ans. 16x2 + 24x2/ + 9?/^ — 228x ~ 46?/ 4 ~ 781 = 0 . 

11. Find the equation of the ellipse whose eccentricity is }4, whose focus 
is the origin, and whose corresponding directrix is the line 

5x - 12y + 39 = 0. 


12. Prove that the equation (x^ + y^ - 25) + k{xy - 12) = 0 represents 
a system of conics, each passing through the points (3,4), (4,3), (-3,-4), 
and (-4, -3), the four points of intersection of the circle x^ -j- - 25 = 0 

and the hyperbola xy - 12 = 0. Find those values of k for which the 
conic is (a) an ellipse, (b) a parabola, (c) a hyperbola. 
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13 . Write the equation of the system of conics passing through the points 
of intersection of the parabola — x = 0 and the ellipse 

+ 91/2 - 128:r -f 112 = 0. 

Find the conic in the system which passes through the point ( — 1,1). 

.4m. _ 247y2 + 9a: + 224 - 0. 

14 . Find the equation of the conic passing through the five points 
P (0, -2), Q (1, -2), R (0,0), S (-1,0), and T (3, -1). Ivey: first method: 
The two lines PQ and RS form a degenerate conic passing through the four 
points P, Qf Ri and S. Its equation is y{y + 2) = 0 or 

2/2 + 2^ = 0. 

The two lines PR and QS form a degenerate conic, also passing through 
these points. Its equation is x(a; + ?/ + 1) = 0 or 

+ xy + X = 0. 

Hence, the conics of the system 

(2/2 + 2y) 4- Hx^ + xy A- x) =0 

all pass through the points P,Q,P, and S, The one which passes through T 
is given by 

(1 - 2) + A(9 - 3 + 3) = 0, 

whence ic = The desired equation is, therefore, 

( 2/2 4- 2y) 4- }4(x^ + xy + x) =0, 
or 

+ xy 4* 97/2 _j_ ^ igy = Q 

Second method: We know that the equation is of the form 
.4x2 _}_ (7^2 _|_ 

Substituting, in turn, the coordinates of each of the five given points, we 
have 

P: 4e - 2E + P - 0, 

Q: A - 2P 4- 4C 4- II “ 2E -f P - 0, 

R: P = 0, 

S: A - D 4-P = 0, 

T: 9A - 3P 4- C A- W - E A- F = 0. 

Solving simultaneously, in terms of D, we obtain 

A = Z), P - ISD, 

B = D, P = 0. 

c - 9i:>, 

Setting D = 1, we have the e^quation 

x2 + xy 4" 97/2 q- X 4- 1^^// =*'9 
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16 . Write the equation of the conic which passes through the points 
P (0,0), Q (0,3), R (-2,0), S (2,1), and T (4,3). Name the curve. 

Am. - 2xy + 2y^ + 2a; — 6?/ = 0. 

16 . Write the equation of the conic through the five points (3,4), ( -3,4), 
(-5,0), (0,5), and ( -4, -3). Name the curve. 

17 . Write the equation of the conic which passes through the three points 
(0,0), (1,1), and (2,4) and is symmetrical to the y-axis. Am. = y. 

18 . If a, ®, and 6 are as given for Eq. (55) prove that the sign of the 
quantity (B^ - 4(iC is dependent only upon the value of e. 

19 . It is proved in the theory of equations that a system of three homo- 
geneous linear equations in three variables, as 

LiU Ar Miv -f Nile = 0, 

LiU MiV -|- NiW = 0 , 

Ljw + MiV + NiW = 0, 

has solutions other that w = 0, « = 0, and m = 0 if, and only if, the deter- 
minant of the coefficients, 

L, Ml Ni 

Li Mi Ni 

Li M, Ni 

is equal to zero. Use this statement to prove that A', B', and C in 
(58) cannot all be zero unless i, B, and C are all zero. 

20 . Prove that the value of the quantity 1 -|- C in the equation of the 
conic Ax^ -f Bxy Cy^ Dx + Ey A- F = 0 remains unchanged under 
translation and rotation of axes; also that B^ - 4j 4C is unchanged under 
translation, as well as under rotation, of axes. (See Exercise 1 above.) 

21 . Explain why a circle is determined by three points, whereas the 
general conic is determined by five points. 

22 . Prove that if .4 -{- C = 0 in the equation of a conic, the conic is an 
equilateral hyperbola or two perpendicular lines. Hint: See Prob. 20. 

23 . Find the eciuation of the ellipse whose eccentricity is H and which 
has the point (5, —2) and line 4x -f Zy = 0 as focus and corresponding 
directrix. 

24 . Find the ecnintion of the hyperbola whose eccentricity is 2 and which 
has the point (-1,6) and line 3a: - 4?/ = 0 as focus and corresponding 
directrix. 



CHAPTER V 

SPECIAL PLANE CURVES 

30. Introduction. In Chaps. Ill and IV we have treated 
extensively the straight line and the conic curves whose rectan- 
gular equations are of the first and second degree. In the brief 
treatment to which we are limited in this book, no such thorough 
discussion is possible for loci defined by third-, fourth-, and higher 
degree equations. We shall therefore be content, in this conclud- 
ing chapter on plane analytic geometry, to call attention to a 
collection of curves of historical or scientific interest. They 
have been selected for their variety, making classification difficult 
and exposition lacking in unity. 

31. Curves of Historical Interest. A. Ovals of Cassini. The 
locus of a point which moves in such a way that the product of 



its distances from two fixed points is a constant was proposed 
by Cassini* as the possible shape of the orbits of the planets. 

The curves are known as Cassinmi ovals and have the possible 
variety in shape shown in Fig. 57, depending on the relation 
between the fixed product and the distairce between the fixed 
points. 

* Giovanni Donieni(s) Cassini (162.0-1712), first of four generations of the 
Cassini family to fill the post of director of the observatory of Paris. 
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Exercise 1. If the two fixed points are (a,0) and ( -a,0) and the product 
of the distances is derive the equation of the Cassinian oval 

Aiib. + y‘^ + — 2a^x’^ -h 2a ^ 2 /^ -}- = 0. 

Exercise 2. Plot the Cassinian oval of Exercise 1 (a) with m = 2, a = 4; 
(6) with m == 8, a = 4; (c) with w = a = 4. (The locus of this case is also 
called the lemniscate.) 

Exercise 3. Transform the equation of Exercise 1 to polar coordinates. 

Ans. -f _ 2a V 2 cos 2d - 

Exercise 4. Find the equation of the lemniscate in polar coordinates by 
setting = a in the equation of Exercise 3. Ans. = 2a^ cos 2d. 


J5. Cissoid, A circle of radius a has its center at the point 
(a,0). A line is drawn tangent to this cir- 
cle at the point C (2a, 0) . An arbitrary line 
OB through the origin cuts the circle at a 
point A and meets the line x = 2am the 
point B. The line segment OB is divided 
internally at P so that OA = PB. As 
the line OB turns about 0, the locus of 
the point P is called a cissoid. It was 
studied by Diodes about 180 b.c. 



Exercise 6. Taking the angle 6 = angle COB 
as parameter, show that OA = 2a cos OB = 2a 
sec 6, and, hence, that OP = 2a (sec 6 — cos 6). 
Express the coordinates (x,y) of the point P in 
terms of 0. 

Ans. X = 2a sin^ 0, y = 2a sin® $ sec $, 
Exercise 6. Eliminate 6 between the equa- 
tions of Exercise 5. Ans. = 2ay^, 

Fig. 68. Exercise 7. In Fig. 58, consider the line 

segment DD' as any line segment on OX bisected 
at the center Q of the circle. Consider, also, that perpendiculars at D 
and D' are drawn to OX, meeting the circle in the points A and A'. Let 
the line OA cut D'A^ at the point P and the line OA' cut DA at P'. Find 
parametric equations of the locus of the points P and P'. Hint: Take 
either of the lines PA, D'A' as the line x — a — t. Then the other is 
x= a + L Express the coordinates {x^ij) of a point on the locus, para- 
metrically in terms of t. Am. x = a + t, y - {a A ~ 

Exercise 8. By eliminating t from the equations of Exercise 7, prove that 
the locus is the cissoid. 

Exercise 9. Transform the equation of the cissoid to polar coordinates 
and plot the curve. Ans. r = 2a sec 0 sin 2 6. 

Exercise 10. Prove that the line through the points (2a, 0) and (a, 2a) cuts 
the cissoid in a point given by the parameter value 0 such that tan® 0 = 2. 
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Exercise 11. Using the result of Exercise 10, devise a method of con- 
structing the edge of a cube whose volume is twice the volume of a given 
cube, by use of a cissoid. 

C, Conchoid of Nicomedes. A fixed point A has the coordinates 
( — a,0). A variable line I passes through 
Aj meeting the y-axis in a point B, On I 
are established two points P and P' at the 
constant distance b from P. The locus of 
the two points P and P' is called a con- 
choid of Nicomedes after its inventor, a 
Greek who lived about 225 b.c. 

Exercise 12. Using the inclination a of the 
line I as parameter, derive the parametric equa- 
tions of the locus of the point P and show that, 
for a' = 180° + a, the point P' is determined by 
the same equations. 

Am. X ^ h cos cij y — a tan a + b sin a. 

Exercise 13. Eliminate a between the equa- 
tions of Exercise 12. 

Ans. x^[i/ + (a: + a)^] - h'^{x + ap = 0. 59 ^ 

Exercise 14. Find the polar equation of the 
conchoid with A as pole and AX as polar axis. Am. r = a sec ^ + h. 

Exercise 16. Plot the conchoid for the cases a =4, 5 = 2;a =4, 6 = 4; 
(z ” 4, 6 = 8. 



Problems 


1. A line through the origin intersects the circle x- -f- ^2 _ 2ay = 0 in 
the point R and the line y = 2a in the point Q. Lines through R and Q, 
parallel to OX and OY, respectively, intersect in a point P. The locus of 
the point F is known as the witch of Agnesi. Find its equation and draw the 
curve. Hint: Use the angle 6 from the ^/-axis to the line OR as parameter. 

= 2a tan 


Ans. 


ly = 


■ or x^y = 4a -(2a — y). 


2a cos^ 

2. A line through the point A(a,0) meets OY at D. On AD is laid off a 
distance DP in either direction, equal to DO. The locus of the points P 
thus obtained is known as a strophoid. Draw the curve and find its equation. 


Ans. 


jo; = a sin 
ly = a(l ~ sir 


lC{a -f x) = .T“(a — x). 


sin 6) tan 

3. A line through the pole meets the circle r = a cos d in a point R. .4 
distance RP, equal to a constant h, is laid off on this line in either direction 
from R. The locus of points P thus obtained is known as a limai'on. Find 
its equation and draw the cur\^e for the two cases h ~ 2a, and b = ha. 

Ans. r - a cos $ A b. 

4. A liinagon for which 6 = a is called a cardioid. Draw the eardioid and 

display its equation, Ans. r - a{l + cos $), 
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6. Obtain the equation of the folium of Descartes from its parametric 
representation x = V = ^ Plot the curve and prove that the 

line a: + 2 / + a= 0isan asymptote. 

6. Plot the following spirals. 

(а) Spiral of Archimedes: r = ad. (d) Lituus: = a^. 

(б) Logarithmic spiral: log r = ad. (e) Hyperbolic spiral: re = a. 

(c) Parabolic spiral: (r — o)^ = 4o^e. 

7 . If a thread is held taut and kept in a plane as it is unwound from a 

stationary spool, the locus of any fixed point on the thread is called an 
involute of the circle. Find parametric equations of that involute of the 
circle - oA which contains the point (a,0). 

Ans. X = a(cos fl -j- 9 sin 8), y = a(sin 8—6 cos 6). 

32 . Cycloids. If a circle rolls ou a line, without slipping, 
remaining in the same plane, the curve traced by a point of 
the circumference is called a cycloid. To obtain its equations, 
let the circle have the radius a and let Fig. 60 represent the 

Y 



situation, the circle having started with the fixed point resting 
at the origin, and having rolled on the a:-axis through an angle 
6. Since it rolls without slipping we have ON = arc PN = a6. 
Evidently, z = ON - PK = ae — a sin 6 and 

y = NC - KC = a - acose. 

Hence we may represent the cycloid parametrically by 

X = o(0 — sin 6), 
y = a(l — cos B). 

Problems 

1 . Display a table ot the four least positive values of Q and the correspond- 
iiig \alues oi x and y for which (a) y is maxiimini, {h) y is uiinimuni, \vher(‘ 
{x,y) are the coordinates of a point on the above cycloid. 
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2. Instead of a point on the circumference of the circle consider a point P 
that lies on a fixed radius, or radius produced, at a distance h from the center. 
Let the circle roll on OX and find parametric equations of the locus of P, 



Fig. 61. 


Plot the curve with h — la {curtate cycloid when h < a) and with 5 = f a 
(prolate cycloid when h > a). These curves are also called trochoids. 

3. A circle of radius b rolls, without slipping, on the outside of a circle of 
radius a, remaining always in the plane of the latter circle, which is station- 
ary. A point P on the circumference of the first circle traces a curve called 
an epicycloid. Find its parametric equations. Hint: Note, in Fig. 62, that 
ad — h<p. Express ON and NC in terms of a, b, and 0. Express angle LCP, 
and then LC and LF in terms of a, 6, and $. 


{a + h) cos 6 ■ 


, . CE "h 6 

6sm — 7 — 6. 
0 




Fig. 52. Fig. 63. 

4. A curve generated as the epicycloid of Proh. 3, except that the (drc^le 
of radius b is rolling on the inside of the stationary circle ot radius a, is called 
a hijpocycloid. In this case, of eourse, b < a. Find its filiations, referring 
to Fig. 63 and following the hint of the above problem. 

A 718 . X = (a — b) cos 6 b covs ^— ^ — 6] y = (a — b) sin 6 — b sin — — 0. 
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6 . Simplify the equations of the epicycloid (Prob. 3) as much as possible 
for the following cases, and draw the figure in each case, (a) b = a, (6) 
b = fa, (c) h = fo. 

6. Simplify the equations of the hypocycloid (Prob. 4) as much as possible 
for the following cases and draw the figure in each ease: (a) b ~ |a, (6) 
b = Ja; (c) li = ;}a. 

7. Eliminate the parameter 6 from the result of Prob. 6 (c). 

Ans. ayYi 


33. Logarithmic and Exponential Curves. Curves whose 
equations involve logarithms of variables or constants with 
variable exponents occur frequently in scientific applications of 
mathematics. In such cases use is often made of natural loga^ 
riihms whose base is e, approximately equal to 2.71828. The 
advantage of this base becomes apparent only after the student 
has been introduced to the Calculus. However, tables of values 
of loge z and e* are to be found in any good numerical table. 
In using this base the student should bear in mind that, as for any 
other base, log^ x is defined only for positive values of x and that 
logs 1 = 0. Change of base may be effected by the formula 
loge X - logio X ■ loge 10. 


Problems 


1. Plot the curves 

(a) y = logt: X. 

(b) y = logiox. 

(c) y ^ X log« X, 

{d) y ^ logio X. 

(e) y = loge (1 + x). 
if) y = logio (1 -hx^) , 

(g) y = logio \/l + a:. 

2, Plot the curve // = 

' ir 

probability curve. 


[h) y = 10-. 

(i) y = e*. 

U) y = 

(k) y = 

Q) y = 2:10-^*. 

[771) y = 

for h = This (nirve is known as the 


3* Plot the curve y — ^ This curve is called a catenary. 

It is the curve assumed by a hai ging chain or cord of uniform cross section. 

gx/a g~x/a 

The expression is called the hyperbolic cosine of x/a and written 

cosh x/a. 


34- Trigonometric Curves. Curves whose equations involve 
trigonometric functions a id inverse trigonometric functions 
occur very frequently in applied mathematics, especially in 
connection with vibration and periodic phenomena. In all 
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cases the angle is understood to be measured in radians when 
plotted. As an example, the graph of the equation y = cos x is 

Y 



shown in Fig. 64, where the coordinates of several points are 
marked. From the reduction formula 

cos {z + 2irn) = cos x, 

where n is an integer, we see that if two values of x differ by a 
multiple of 2ir the corresponding points have the same ordinate. 
Such a condition is known as periodicity. The least number p 
whose multiples may be added to any value of x without affecting 
y is called the period. Thus, in the above case the period is 27r. 

The plotting of trigonometric curves is frequently expedited 
by the use of the geometric representation of the functions 
involved, as given in any text in trigonometry. Also, the prac- 
tice of adding the ordinates of several curves is often an aid. 
For example, consider the equation 

2/ = I + ^ sin 2x. 

The ordinate of this curve, for any value of x, is the sum of the 
Y 



ordinates of the curves 

T 1 

d = 2 / = 9 
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We first plot the latter two curves on the same system of axes, 
as shown in Fig. 65, and then add the corresponding ordinates, 
algebraically. 


Plot the following curves. 

1 . ?/ = sin X. 

2 . y = sin Zx. 

3. 1 / = 2 sin 

4. ?/ = tan X. 

6, 4y = ctn. X. 

6. y — 5 cos X. 

7. 1/ = 3 cos 

8. y = sec x. 

9. y — CSC X. 

10. y = tan 2 2x. 

11. y = sin X -h cos x. 

12. 2 / = ~ • cos a: + sin x. 

13. 2 / == 2 sin (27r:r — tt). 


Problems 

If periodic, find the period. 

14. 2 / = e ^^^sin {vx). 
16. y ~ sin“^ x. 

16. y — sin-^-x/l — 

17. y — cos“^ X, 

18. y ~ cos~^ (x + 1). 

19. y = tan*"^ x. 

20 . y = ctn^i x. 

21. y — sec“i x. 

22. y = csc~i X, 

23. y = 3 sin a: + ,4 cos x. 

24. xy = sin x. 

26, y ^ X sin x. 

26. y = X sin -• 

X 

27. y - e"® cos 3a;- 
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36. Space Coordinates. A. Rectangular Systems. Let three 
mutually perpendicular lines, OX, OY, and OZ, be graduated with 
a common unit so that each represents a 
one-dimensional coordinate system with 0 
as origin. Let any point P, in space, be 
projected upon these lines by planes per- 
pendicular to the lines, meeting them in 
P„, Py, and Pz, whose coordinates, in the 
respective systems, are {x), {y), and ( 2 :). 

We say, then, that the point P has the 
rectangular coordinates {x,y,z). It may be ^ Fm 66 
noticed, at once, that this system of coor- 
dinates is an extension to three dimensions, of the system of rec- 
tangular coordinates in a plane, already so familiar to the student. 

Certain of the formulas previously met with in one- and two- 
dimensional systems of coordinates are immediately adaptable 
to space, as set forth in the following three exercises. 

Exercise 1. If a directed line segment extends from to 

P.. (Xi, 1/2,22), prove that the projections of this segment upon the coordinate 
axes are equal to X2 - Xi, l/s — Vh z. - z,, in the obvious order. 

Exercise 2. If a line segment is directed from P, (xi,(/i,zi) to Pj 
prove that the coordinates ix,y,z) of the point P which divides P1P2 in the 
ratio ri:r2, are given by 



;hcr 


r,X2 -f- r..x, ri^2 W r./y, r,Z2 t r.z, 

X = ^ , y = . £■ = — 

r-i ■+ r2 r, + r. r, -j- r. 

Exercise 3. Prove that the distance between two points P, {x,,!/,,z,| and 
P2 {X2,y->,z-i) is given by the formula, 


(I = \/(X2 — Xi)** -p (1/2 ~ 1 / 1 )' + (Z'l — Zit". 

Hint: Pass planes through both points, parallel to tlu‘ coordinate planes and 
forming a rectangular box. The result follows from right triangles in the 
figure. 
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The methods of designating the direction of a line, I, used in 
plane analytic geometry, are only slightly more difficult to extend 
to space. Recall that, in a plane, the 
J angle, a, from the positive x-axis to the 

line, has been called the inclination of 
the line. If the angle between the line 
and the y-&xis were called /8 then we 
would have ^ = + (90° — a), and, in 
either case, 

cos® a + cos® jS = 1. 

Also, the slope of the line, which has been 
defined as tan a, could be defined as 
cos ^/cos a. These observations furnish us with a clue to the 
methods of designating the direction of a line in space. Indeed, 
we shall call the three angles a, 0, and y which a line makes with 
OX, OY, and OZ, respectively, the direction angles of the line 
and their cosines, viz., cos a, cos 0, cos y, 
the direction cosines of the line. These 
direction angles are always considered as 
positive angles, unless zero, and not greater 
than 180° but are, nevertheless, ambiguous 
since each of the three axes makes two 
such angles udth any given line. While 
each of the three direction angles, a, 0, y, 
of a line has two pos.sible values, it is custom- 
ary to restrict them to two sets ia,0,y) and 
{a' ,0',y') defined a.s follows: From a point Q on the line I draw 
QR, QS, and QT parallel to and directed as OX, OY, and OZ. 
Let P and P' be any two points on I such that Q is between them. 
Then the three angles of the .set {a,0,y) are defined a.s 

« = ARQP, 

0 = ISQP, 
y = ITQP, 

as shown in Fig. 69, while the angles of the set {a',0',y') are 
defined as 

a' = ARQP', 

0' = ASQP', 
y' = ZTQP'. 
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It is obvious that the angles of the set are supplements 

of the angles of the set (a,]3,7) and that 

cos a + cos a' = cos (S + cos = cos 7 + cos 7' 0. 

We have noticed above that the slope of a line, in plane 
analytic geometiy, could be defined as the ratio of cos d to cos a 
and, hence, as the ratio of any two numbers (not both zero) 
proportional to cos d and cos a. 

Just as in plane analytics we often 
find it more convenient to use the 
slope of a line rather than its incli- 
nation, so in solid analytics we will 
often find it convenient to use the 
ratios 

cos a: cos d:cos 7 

or the ratios of any three num- 
bers proportional to these cosines. 

Those ratios are known as the direction ratios of the line having 
the direction angles a, d, and 7 (and the direction cosines cos a, 
cos d, and cos 7). It is customary to employ three numbers 
I, m, and n satisfying the equations 

I = p cos a, m = p cos d, n = -p cos 7, ( 60 ) 

where p is any number not zero, and to speak of the set (Z,m,«) as 
direction Clumbers of the line. Obviously, they are not unique, 
their ratios only are significant, and the ratios l:m:n form the 
direction ratios of the line in question. 

Since a line is determined completely by two points, it must 
be possible, given the coordinates of two distinct points in 
simce, to determine, from those coordinates, the direction angles, 
of a line joining them, its direction cosines, its direction ratios, 
and a sc't of its direction numbers. The formulas giving tliest' 
r('lations are displayed in the exercises below to be proved by the 
student. 

Exercise 4. Prove tliitl the direction i-o.sines of tiie liiii' joiniiijr 
Q {xi,yi,2>) and P and directed from Q to P are given hy tin- 

formulas 

X|! — Xl 
COS a = - , ! 



X 

Fig, 69. 



108 


ANALYTIC GEOMETRY 


[Chap. VI 


COS /? = 



cos 7 = 



where d is the distance between the two points, i.e.y 


- xi)- + (2/2 - yi)^ + - zi)\ 


Hint: Use Fig. 69 and show that QR ~ — Xi, etc., and note that 

QPR, QPSj QPT are right triangles, each having PQ as hypotenuse. 

Show also that if the line is directed from P io Q, the values of cos a, 
cos j3, and cos 7 are the negatives of the above. 

Exercise 6. Prove, from the values of cos a, cos ft and cos 7 displayed in 
Exercise 4 , that cos® a + cos® p + cos® 7 = 1. 

Exercise 6. Using the results of Exercise 4 , show that a set of direction 
numbers of the line through the points Q {xi^yi^Zi) and P is 

(X2 - Xiy 2/2 2 / 1 , Z 2 — Zi). 

Exercise 7 . If a line has direction numbers (l,myn)y show, from ( 60 ) and 
the formula of Exercise 5 , that one of its two sets of direction cosines is 

/ I m n \ 

Vl^ + m® + \/P 4" W® + n ® ) ’ 

Exercise 8. If two lines have the direction cosines (Xi,/xi,i'i) and (\2jM2jt'2)y 
prove that 6 , one of the angles between the lines, is given by the formula 

cos 6 = X1X2 “H ~h ^1^2- 


Hint: Note that if the set (Xi,/xii>i,) is taken as the coordinates of a point 
Pi and the set (X^, jus, 1^2) is taken as the coordinates of a point P2, then the 
line segment OPi is of length unity and has the direction cosines (Xi,jui,j/i), 
while the line segment OP 2 is also of length unity and has the direction 
cosines (Xo,/^2,i^2h Call the angle P1OP2, the desired angle, dy and find it by 
the law of cosines. 

Exercise 9 . Using the notation and results of Exercise 8, prove that if 
the two lines are parallel then the set (hyfUyPi) is identical either with the 
set (X2 ,jU2,j' 2) or with the set (“~X2, — jua, —pz). 

Exercise 10 . Using the notation and results of Exercise 8, prove that if 
the two lines are perpendicular then 


XiXo + jUiU2 + 1^11^2 = 0, 


and conversely. 

Exercise 11. Using the result of Exercise 10, prove that if a line Li has 
direction numbers (/i,//h,ni) and has direction numbers (^>,W2,n2) then h 
and L2 are perpendicular if, and only if, 


Uh + //?]•/«. 2 -f n \ ri 2 = 0. 
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Exercise 12. If the positive directions of two directed lines make an 
angle $ with each other, prove that a directed line segment of length I on 
one line projects into a directed line segment of length / cos d upon the other 
line. 


Problems 

1 . Plot the following points: 

(а) (1,2,3). id) (0,0, -7). ig) (-2, -5, 4). 

(б) (-2,4,3). (e) (4, ^2, -3). (h) (0, -2,3). 

(c) (5,0,8), ^ (/) (-6,9, -7). (z) (™3,-4,-5). 

2. If a directed line segment extends from Pi to P2, find its projections 
upon the three coordinate axes in each case. 

(a) Pi (4, -5,6), P2 ( -2, -3, -4). (c) Pi (5,5, -5), P. (1,2, -5). 

(5) Pi (-6, -2,4), P2 (-3,4,3). (d) P^ (-1,2,2), P, (-1,2,8). 

3. Using the points Pi and P2 of Prob, 2, find the coordinates of the 
point P which divides the line segment P1P2 in the given ratio ri : r2 in each 
case. 

(a) ri'.Ti =3:1. Aris. ( - ~ K, -?4)* (c) ri:^, == l:-2. 

(6) ri:r2 = 1:1. Ans. (d) rr.r. = 5: -3. 

4. Find the distance between Pi and Pa, using the points of Prob. 2. 

.4 m. (a ) v'140. 

6. Each of the following sets of three points determines a triangle.^ 
Determine whether or not the triangle has any simple special properties 
such as being isosceles, equilateral, or right-angled. 

(a) (l,-5,6), (2, -3,-1), (3, -6,3). 

(b) (3,7, -4), (0,1, -6), (5,4,2). 

(c) (1,0,1), (1,4, -1), (9, -1,-6). 

(d) (-5, -5,7), (-l,-2,3), (3,1,7). 

(e) (5,2, -3), (6, -5, -3), (2, -2,2). 

6. Show that the following points are equidistant from the x-axis: (6,5,0), 
(-3,4, -3), (2,0, -5), (9,-3, -4), (0,0,5). 

7. Which of the following sets can be the direction cosines of a line? 
Which can be direction numbers? (>'s,l, “M), (?7 j — /U??), (0,0, 0)^ 

8. Find direction numbers of the line joining the point (1,2,3) to each 
of the following points: 

(a) (0,4,5). .4ns. (-1,2,2). (c) (4,6, -9). (c) (1,2,7). 

(5) (1,4,6). .4ns. (0,2,3). (d) (I, -7,11). (/) (0,-6, -11). 

9. Find direction cosines for each of the lines of Prol). S. 

Ans. (a) ( — 

10. Find all possible sets of direction (*osines, given that 

(a) cos i3 = cos a — —2 cos 7. 

.4715. (,^7, —-7, —’^7 I, t — — -7,?7). 

(b) y - 45^ = 120°. 

(c) a = 150°, (3 ^ y. 

(d) a ^ IS 180° - 7. 

11. Which of the following sets are direction numbers of a line perpendicu- 
lar to the line having direction numbers (4,1, —3)? 
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(o) (-3,3,5.). (c) (4, -1,5). (e) (0,3,1). 

(5) (-6,5,7). id) (0,1,0). if) (l,-4,0). 

12 . In each case below find whether the line joining Pi and Pi is parallel 
to the line having direction numbers (2,— 3,4): 

(a) Pi (2,4, -1), Pa (6, -2,7). (c) Pi (-3,4,0), Pi (-5,7, -4). 

(6) Pi (3,-1, -3), Pi (5,2,7). (d) Pi (7,0,0), Pi (1,9, -12). 

13 . Show that the points Pi (2, - 1, -5), Pi (5,2, -2), and P, (6,3, - 1) lie 
on a straight line. In what ratio does the point Pa divide the line segment 
from Pi to Pj? 

14 . Find one of the angles between the two lines having the given direc- 
tion numbers, in each case : 

(а) (3,0,4), (9,20,12). (c) (5,3V3,4V3), (1,0,0). 

(б) (3,-4, 12), (-14,-5, 2). (d) (1,-2,1), (-1,2,1). 

16 . Find direction numbers for the line joining the points (3,1,7) and 
(6,7,5) and direction numbers of the projections of the given line upon the 
planes of reference. 

16 . Given the points Pi (1, -3,4), Ps (4,2, - 2 ), P, (0,1,5), and P 4 (6,5, -3), 
find the sum of the projections, upon the a;-axis, of the directed line 
segments P 1 P 2 , P^Pz, PsPit P 4 P 1 , also upon the 2 /-axis and upon the 


17. Prove that the sum of the projections, upon any one of the coordinate 
axes, of the directed line segments P 1 P 2 , P 2 P 3 , and P 3 P 4 depends only upon 
the positions of Pi and P 4 . 

18 . What can be said about the location of a point P if its coordinates 
{x^y.z) satisfy the equations 

(a) a; = 0? 

(5)2/ = 5 ? = 

(c) = -2? (i) x = y 

id) = 2 ? .. 4 . = 25K 

(e) =2x1 }z =9 r 

(f) x^ + y^- + z^ = 25? (k) = z^l 

(g) = 16? 

19 . What equation or equations, involving the coordinates {x,y,z) of a 



point, hold if the point is anywhere on the 
(a) zx-plane? (6) plane passing through 
(4, —2, —3) parallel to the a: 2 /-plane? (c) z- 
axis? (d) line passing through (—5,3,7) par- 
allel to OY? (e) sphere with center at 
(1,2,3) and radius 10? 

B. Other Systems of S'paxie Coordi- 
nates. I. Cylindrical Coordinates. 
If a system of polar coordinates is set np 
in the xy-plane, as shown in Fig. 70, 
so that the point Pxy, whose coordinates 
in the a:t/-plane are {x,y), has the polai- 


coordinates {r,d), then the point P, with rectangular space 
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coordinates {x,y,z), is said to have the cylindrical coordinates 
(r,d,z). 

II. Spheeical Coordinates. In this system we use the 
same angle d as in cylindrical coordinates. Instead of giving 
z and r, however, we give the angle <p between the positive 2 -axis 
and the line segment OP, and the length p of that segment. The 
spherical coordinates of the point P are written as a set in the 
form (p,0,^). 



III. Polar Space Coordinates. Another system of coordi- 
nates, sometimes used for a point P in space, known as polar 
space coordinates, is that in which the coordinates (p,a,/ 3 , 7 ) are 
the distance OP = p, and the direction angles, a, |d, and 7 of the 
segment OP. 

The expressions for these various coordinates of a point P 
in terms of its rectangular coordinates are readily deduced from 
the figures. They are displayed in the following table. 

Cylindrical Spherical | Polar space 

r = ^/'x- A- !/■ f> = V -f y- -f z® 

9 tail”* (y'x) f) = t!in~' (y-'x) > = oos'' + y^ + lO 

z = 2 v" = c(is~' (j \ + y^ + I'i d = <'os~V.(i/ \ 'x- + y^ + z^) 

= COS"‘ (z ’"V ' j'* + + z®) 


The ('xprt'ssioiis for the rectangular coordinates ix,y,z) of a 
)>oint P in terms of its cylindrical coordinates {r,d,z), its spherical 
coordinates {p,B,yi) and its polar space coordinates {p,a,0,y) are 
given liy the tabic 
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Cylindrical 

Spherical 

Polar space 

X = r cos d , 

X - p sin (p cos 9 

X == p cos a 

^ == r sin 6 

y ^ p sin <p sin 6 

y = p cos i3 

z — z 

z = p cos <p 

Z — p cos y 


Problems 

1. What can be said concerning the location of a point if it is known only 
that 

(а) p = 10? (c) a = 20°? (e) ^ = 25°? {g) p = 0? 

(б) r = 10? (d) e = 40°? (/) r = 0? {h) ,8=0? 

2. Express, in as simple a manner as possible, in terms of some of the 
^•a^ious coordinates, x, y, z, r, p, 6, <p>, of a point P, a condition imposed by 
placing the point P 

(a) In a plane parallel to the ary-plane and 3 units above it. 

Am. 2 = 3. 

(b) In the yz-plane. Am. x = Q, a = 90°, or 9 = ± 90°. 

(c) On the y-axis. 

(d) On the z-axis. 

(e) On the surface of a sphere of radius 5 with its center at the origin. 

(f) On a cylinder of radius 5 with OZ as the axis of revolution. 

(?) On a cone with vertex at the origin, OZ as axis of revolution and 
with semivertical angle equal to 30°. 

3. Transform to rectangular coordinates the point whose cylindrical 

coordinates are (a) (3,27r/3,l). (6) (6,90°, -5). (c) (4 ,St, 2). (d) (6, 0,-1). 

^ns. (a) (-?2,3V3/2,1). 

4. Transform to rectangular coordinates the point whose spherical 
coordinates are (a) (6,30°, 120°); (6) (10,45°, 90°); (c) (2,135°,60°); (d) 

(8,315°, 45°), Am. (a) (<’i3V3/2, -3). 

6. Transfoini to rectangular coordinates the point whose polar space coor- 
dinates are (a) (18,135°,120°,120°); (6) (6,120°,60°,135°); (c) [9, cos-i (H), 
eos"i (-?-3), oos“i (%)], Ans. (a) (-OVS, -9, — 9). 

6 . Find the cylindrical, polar space, and spherical coordinates of the 

point whose rectangular coordinates are (o) (1,2, -2)- ib) (-1 v/si)- 
(c) (8, -9, -12). > V , 

7. Derive a formula for the distance between two points wlio.se polar 
space coordinates are (pi,ai, 81,71) and (p 2 ,q: 2,82,72). 

8. Transform^ thd equation = Q to (a) cylindrical coordi- 

nates; (6) spherical coordinates; (c) polar space coordinates. 

36. Transformation of Rectangular Coordinates. 7. Transla- 
tion. e define a translation of axes for rectangular coordinates 
in space m exactly the same way as it was defined for the plane 
Tlie verification of the formulas is left to the .student in 
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, Exercise 1 . Draw a figure and prove that if the axes are translated so 
that the new origin has the old coordinates {h,k,l) then the old coordinates 
{XjVyZ) and new coordinates are connected by the relations 

X = x' A- h, y' +k, 2=2'+ L 


II. Rotation. Suppose the axes have been rotated to new 


positions, as shown in Fig. 73 , so 
that the direction cosines of OX', 
OF', and 0 Z\ referred to the old 
axes, are, respectively, 

X2,M2,^2; and \z,jjLzjV3. Since the 
three new axes are mutually per- 
pendicular, we have 

X 1 X 2 + M 1 M 2 + ^^11^2 = 0, 

X1X3 + {XiJiXz + ^11^3 = 0 , 

X2X3 + M2M3 H“ ^ 2^3 = 0 . 



From the assumption that these numbers are sets of direction 
cosines, we have 


Xi^ + Ml- + = 1, X2' + M2- + 1^2- = 1, 

Xs*^ + Ms- VdT = 1. 


Now, from the definitions of these cosines, we have 

Xx = cos (X'OX), 

X2 = cos (F'OX), X3 = cos ( 2 'OX), so that the set Xi,X2,X3 
is the set of direction cosines of OX referred to the new axes. 
Similarly the sets m 17/^2, Ms and are the direction cosines of 

OF and OZ, respectively, referred to the new axes. From this it 
follows that 

XiMi d" X2M2 + X3M3 = 0 , Xi^ + Xo- +• X 3 “ = 1 , 

Xiz^i + \2V2 + Xsi^s = 0, Ml- + M2“ + M 3 - = I 7 

Mi^i d" M2^^‘2 d" Mai's = Oj I'l- d" ^ 2 ^ d~ I'a- = 1- 

Let, now, the coordinates of any point P be referred to 

the original system of axes and referred to the iimv 

system. To find an expression for Xy in terms of a*', y', and 
note that it is the ])rojection, upon OX of the directed line OP. 
Now, in Prob. 17 , page 110 , the student has been asked to prove 
a pro])osition which, interpreted for this figure, states that tlie 
projeetion, u])()n OX, of OP is the same as the sum of the projee- 
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tions upon OX of OS', S'R', and R'P. Also, Exercise 12, page 
109, shows that the projections of these directed lines upon OX 
are given by Xix', and 'Ksz', respectively. We conclude that 

X = Xix' + + X3Z'', 

, y - iJLix' + my' + nsz', (61) 

Z = Vix' V^lj' + V'iZ', 

the last two being readily established by arguments similar to the 
above. 

Similarly we may compute, in two w'ays, the projection of OP 
upon each of OX', OY', and OZ' and obtain the relations 

x' = \ix + my + viz, 

y' = \iX + my + J'22, (62) 

z' = \zx + my + viz. 

Exercise 2. Verify that the system of Eqs. (62) is consistent with the 
system (61) by substituting the values given by (62) for x'j i/, and 0', 
into (61), making use of the foregoing quadratic relations among the nine 
direction cosines Xi,X2,X3,jai,/x2,iU3,?'],?'2, and ^3. 


Problems 

1. Translate the axes to the point (2, —5,6) as new origin and find 

(a) The new coordinates of the point (2, —3,4). 

(b) The ne\v equation corresponding to 

4(x - 2)^* + 9(?y + 5)2 = 36(^ - 6). 


(c) The new equations corresponding to 



- ^ + 5 
3 


^ — 6 


0 


(d) The new coordinates for the old origin. 

2. Determine the translation which will remove the 

(а) first-degree terms from 4x2 _ 5,^2 ^ P2x - 12f/ — I82 = 36; 

Ans. h = - — 1, Z = 1. 

(б) constant term and the first-degree terms in y' and z' from tlu^ 
equation in [a), 

3. Show that rotation of axes will change the equation x- -h V'^ + = a- 

into + 2/'^ -f z'^ ~ a2. 

4. Describe the rotation represented by the eipiations 


X = x' cos 0 — V/' sin (9, 
y = x' sin y -f //' cos y, 


5. 


X = 

Apply the rotation ) y = 
]z = 


lx' -h w + 
4 “ ^y' 

'-•ix’ + y - 


iiz'vto the equation 
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(a) 2x ^ij - 3z = 14; (b) 3x + 2// + 62 = -14; (c) 6 a: - Sy - 2z = 0; 
(d) 36a:^ — 12 ^^ _ 24^2 _]. 553 .^ 5 ^^ + ll^ar = 49, 

4 ns. (d) x'lf + y'Y + Yx' = 1 , 

6 . Find the direction cosines of the line about which the axes have been 
rotated in Prob. 5. Hint: For points on this line x = x\ y = y'j z == z'. 

4 ns. 3 \/l9,3/\/r9, 1/^19. 

7. Js the transformation defined by Ly = y'\SL rotation? 

h = 


37 . Equations and Graphs. By the graph of an equation 
invohdng some or all of the A^ariables x, y, and z we mean the 
figure consisting of all points whose 
coordinates satisfy the equation. Sup- ? 

pose a given equation involves y alone. 

It is, in general, satisfied by particular 


values of y, say y = yi, yi>, 


and 


/ 


Fig. 74. 


is satisfied by those values regardless of 
the values wliich we may assign to the 
missing variables, x and z. Its graph 
is evidently a system of planes, all parallel 
to the a; 2 -plane. For example, the equa- 
tion j/2 — y — 6 = 0 is satisfied by the 
coordinates of all points {x, — 2,z) and {x,Z,z), regardless of the 
values of x and 2 . Its graph consists of the pair of planes shown in 
Fig. 74. Similarly, the graphs of equations involving x alone 
and z alone are, in general, sets of planes parallel to the yz-plane 
and to the .ry-planc, respectively. 

If an ('ciuation involves both x and y but is free of z, it is, in 
general, sati.sfied by all points {x,y,0) on some curve in the xy- 
plane, and all point.s obtained from those by changing the value of 
z. It consists, then, of a surface generated by a straight limn 
always parallel to OZ, as it traces this curve in the xy-plane. 
Such a smi’act' is known as a cylindncal surface, or, more simply, 
a cylinder, tlu' straight line's on which are known as elements. 
Similarly w(' may re'adily obse'rve that, in general, equations 
lacking x represent cylinders jiarallel to OX and equations lacking 
y repre.sent cyliiuh'rs paralh'l to OF. For example, the equation 
'<!! - 4)- , (z - 3)^ 

' '9 

in Fig. 


= 1 rejirescnts the elliptical cylinder shown 


/ o. 
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The graph of an equation is, in general, a surface, regardless of 
how many of the coordinates {x,y,z') may actually be involved 
in the equation. Two surfaces, still speaking in general, will 
have in common, points on some curve of intersection. The 
coordinates of such points will satisfy the equations of both 
the surfaces so that, manifestly, the graph of a pair of simul- 
taneous equations is a curve. If 
a system of three simultaneous 
equations has a graph, it can con- 
sist only of the points common 
to the curve determined by a 
pair of the equations and the sur- 
y face determined by the remain- 
ing equation. This may be 
readily visualized by thinking of 
the special case in which each 
of three equations represents a 
plane, no two of which are parallel. Any two of these planes 
intersect in a line and that line pierces the third plane in one 
point. 

If a given equation lacks one or two of the coordinates {x,y,z), 
its graph is readily found from the foregoing discussions for such 
cases. To determine the graph of an equation involving all 
three variables, it is generally desirable to set one of the variables 
equal to a constant and plot the resulting curve. Thus, if we 
set z = Zi, we obtain an equation involving x and y, and the 
problem is reduced to one in plane analytic geometry, in the 
plane whose points have the coordinates {x,y,z-i). The result- 
ing curve lies upon the surface sought and is, indeed, the 
section of that surface made by the plane z = Zi. By tak- 
ing a number of such sections, including, possibly, sections 
X = constant and y = constant, the surface may be determined 
and drawn. A section of a given surface by a plane is called its 
trace in that plane, and the points common to a given curve and a 
given plane are called the piercing points of the curve in that 
plane. 

Consider, as an illustration, 25a;-’ -f- = 75z. It is clear 

that z cannot be negative and that if 2 = 0, both x and y must be 
zero. Hence, the surface has no points below the xy-plane and 
only the origin in that plane. Letting z equal a constant, say 
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a:- , _ 

r>cr 1“ r 


75c/25 ^ 75c/9 


= 1 


which we recognize as an ellipse with semimajor axis 5\/3c/3, 
parallel to OF and semiminor axis \/3C) parallel to OX. The 
center is given by the values a: = 0, 
y = 0, in the plane z = c and, hence, 
has the coordinates (0,0,c). It is suffi- 
cient, now, to examine the yz-traee, given 


by the equations 


xz-trace, given by ^ 


= 25z| 
2 = 3z) 

1 = 0 f- 


> and the 


y 


Both of 



Fig. 76. 


these traces are parabolas with vertex at 
the origin and axis along OZ. The 
former is, evidently, the locus of the 
vertices of the ellipses z = constant, while 
the latter is the locus of the end points of 
the minor axes of those ellipses. The surface, shown in Fig. 76, 
is called an elliptic paraboloid. 

38. Parametric Representation. Let x, y, and z be given in 
terms of a parameter, say t, as, for example 

X = 1, 

y = ty 

Z = I, 


We note, under these circumstances, that the point whose 
coordinates are {x^y^z) is entirely determined by the value 
assigned to and raise the question, what is the locus of this 
point as t is allowed to take on all real values. If we eliminate 
t between the first two of these equations, we obtain, in this 
case, the equation y- = j: — 1, the equation of a parabolic 
cylinder with (‘knnents parallel to OZ. If we eliminate t between 
the second and third equations, we obtain the equation if — z — 
which rc^prescaits a cylinder with elements parallel to OX. Por- 
tions of these two cylinders are shown in Fig, 77 where may 
be seen their curve of intersection, which is known as a twisted 
cubic. This cubic is, evidently, thc^ desired locus, and we 
conclude, on the basis of this exampk^ that if .r, y, and z are 
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given in terms of a parameter by three equations, the locus of the 
point {XjPjZ) is some curve. 

If X, y, and z are given in terms of two independent parameters, 
we know from algebra that both parameters cannot be eliminated 
without using all three equations, and that the result of this 
elimination can, in general, give us only one equation in x, y, and 2 ;. 

Z 



We conclude that three equations expressing x, y, and z in terms of 
two independent parameters represent a surface. If, under these 
circumstances, we assign a constant value to one parameter, say 
to u, we obtain thereby a curve upon that surface, known as a 
curve of constant u. If we allow u to vary but hold the other 
parameter, say v, constant, we obtain a curve of constant v. 
Should we assign constant values to both parameters, say u = Ui 
and V = Vi, we obtain a point on the surface which is said to have 
the curvilmear coordinates (ui,yi). 


Problems 

1. Draw the surface represented by each of the equations: 


(a) a: = 0 . 

(?)) = 4. 

(c) y{z - 1 ) = 0 . 

(d) 2/ 4- 2 = 0. 

(e) a; — 82 ; = 6 . 

(/) A- y^ ^ 25. 

{g) 4?/^ -h ^ 2 ^ = 36. 

{h) {x - 1)2 + {z - 4)2 = 16. 
(i) xz = 12 . 

ij) 2 = 

[k) x^ A y^ A- ~ 16, 

(0 (x - 4)2 + - + 4)2 + iz - 

im) xyz =216. 


(n) 

(0) 


4- A- 27' = 1. 


£! 4. e: _L ^ 
16 9 4 


1 . 


(V) 

ig) 


x~ 

25 


4- 


^ 

y 


A 


25 ' 25 16 

(r) . 1:2 ^2 = 

(s) 4?/2 -f. 9^2 == 36.r. 


4 ; = 1 . 


(0 ^ = 
4)2 = 16. (u) 4^2 


^2 _j_ y' 

= 


.2 + 4 
- x“). 


(v) + Z- = !/-. 
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2. Draw the curves represented by the following pairs of equations: 


(a) 

ih) 

(c) 


\X = 3 , 

(. d ) 

la:2 + 2 / 2 = 9 , 

( 9 ) 

( x2 + + 32 = 25 , 

\y = 5 - 

ja; + 2/ = 3 . 

b + + ^ = 5 . 

2 = 6, 

(e) 

{ z ^ + 2/2 + (z - 1)2 = 16 ^ 

( h ) 

Sxy = 1, 

X = y. 

h" + 2/= + (2 + 1)2 = 16 . 

< 2/3 = 1. 

2/2 = lOs, 

X = y. 

( f ) 

a:2 +2/2 = 2z, 

\y = Z. 

0 ) 

U 2 + 22 = 4 , 

}Sy -\- 4 :Z = 15 . 


3. Draw the curves represented parametrically by the following sets of 
equations. Hint: Eliminate the parameter between pairs of equations, 
as in the text. 



ix = 5 — St, 

(a) 

i - Qy 
( z = 5i5 4” 3. 


i 2 ; = 5 cos By 

(b) 

< ?/ = 5 sin 6, 
[ttz ^ 9. 


( tto: = 0 cos 9, 

(c) 

\Ty = 9 sin 9, 
[TTZ = 9. 



1 


2 


ix 

= 1 - 

COS 29, 


1* 

"" r 

- i 

if) 


= 1 + 

cos 26, 

id) < 

, 

"" r 

3 

-- 2t 


h 

= 2 sin 

= 3/ - 

9. 

Py 


z 

\ 

"" r 

4 

- Si' 

is) 

k 

= 3<2, 

= 3/ + 

P. 


f 

4 

+ 2f2 





ie) ! 

X 

1 

+ t^’ 






1 

3 ^ 

t 







4 + 2f 
^ “ 1 + 


4. Draw or describe the surfaces represented parametrically by the 
following sets of equations. Locate the curves of constant u and the curves 
of constant v. 


! X = U V, 

y - u — V, 

z = 4. 

! x = u 2v, 
y = 2u H- 3?!, 
z = + 4i\ 

w 4" 

y = U — 

Z = IIV. 


{d) 

ie) 

if) 


X = u cos V, 
y ^ u sin v, 
z = 

X ^ u cos V, 
\y^ u sin Vf 
I TTZ — IK 
X = U cos Vy 
y = n sin v, 
z = sin (2v). 


ig) 


(h) 


X 

I 

z 


u + ^ 
1 + uv 
1 — uv 
1 + uv 
u — V 

1 -f 


X = 4 cos i\ 
y = {3 — u) sin r, 
z = u. 


6. Find the ecjuation of the sphere with radius 6 and center at the point 
(3, -4,2). + y- - 6.r -f Sy - 4z = 7. 

6. Find the equation of the right circular cylinder whose radius is o 
{ u = 4 

and whose axis is the line ’ 


7. Find the etpiation of the parabolic cylinder whose elements au' 
paralhd to OY and whose rir-trace is a parabola with focus at (2,0,4) and 
vertex at (0,0,4). 

8. A point moves so that it is always equidistant from the points 

and P> ( — I, —1,2). Find the f^ipiation of the locus and name 
the surface. What rcdation exists between the eoetfi(‘ients of x, y, and z in 
the equation and the direction numbers of the line 
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9 . A point moves so that it is always twice as far from the origin as from 
the point (2,1, -2). Find the equation of the locus. Draw and name the 
surface. Ans. 3.r^ + 3y^ -f — 16rr — Sy + 16^ + 36 = 0. 

10 . A point moves so that it is always equidistant from the point (0,0,6) 
and the xy-plmQ. Find the equation of the surface on which it lies (para- 
boloid of revolution). 

11 . Find the equation of the cone whose axis of revolution is the a:-axis, 

whose vertex is the origin and whose semivertical angle is 45°. Hint: Find 
the equation first in polar space coordinates. Ans. ^ 0. 

12 . Find parametric equations for the line with direction numbers 4, —2,1 
and passing through the point (1,2,3). Hint: If (x,y,z) is a point on this 
line the differences (.x — 1, ?/ — 2, 2 — 3) are a set of direction numbers of 
the line. 

13 . What is represented in cylindrical coordinates by the equation r = 4? 

14 . Find the equation of the locus of a point which moves so that 

(a) the square of its distance from the x-axis equals its distance 
from the x^z-plane; 

(b) it is equidistant from the 2 / 2 -plane and the x-axis; 

Ans. = 0. 

(c) it is twice as far from the x-axis as from the 2 -axis; 

(d) it is equidistant from the point (0,6,0) and the 2 -axis; 

(e) the difference of fche squares of its distances from OX and 07 is 5; 

(/) its distance from OZ is equal to its distance from the x 2 /-plane; 

{g) the sum of its distances from the three planes of reference is 

equal to half its distance from the origin. 

16 . Find the equation of the plane which contains the x-axis and passes 
through the point (0,2,4). Ans. z = 2y. 

16 . Find the equation of the sphere whose center has the coordinates 
and whose radius is a. 

39. Surfaces of Revolution. We are concerned, in particular 
here, with a surface which is generated by revolving, about a 
line in its plane, some plane curve whose equation is given or 
can be found. Let the plane be the xy-plsme. If the line about 
which the curve is to be revolved is not one of the coordinate 
axes, we may readily make it so by suitable translation and 
rotation of the axes. It, therefore, entails no loss of generality to 
deal wnth rotation only about OX or OF. The method is made 
clear by means of an example. Let the curve to be revolved be 
the parabola ?/“ = 4.r. Then any point Q on this curve will have 
coordinates which satisfy the given equation (see Fig. 78). 
As it revolves about OX this point Q will generate a circle whose 
plane is normal to OX. If {x^y^z) is a point on. this circle we see 
from the figure, that = r" and CP = CQ = r. Hen(*e 

the coordinates of Q in the x/z-plam^ are (rr,r), and = 4^, 
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Since = 2/^ + z^, we have the equation 

y- + z^- = Ax, 

which is satisfied by the coordinates (x,y,z) of every point P on 

z 



Fig. 7S. 


the surface. In general we may form the rule, to find the equation 


of the surface obtained by revolving a given curve m the xy-plane 


ahold OX, change y to z- in the equa- 

tion of the curve. 

Similar rules may readily be given in the 
case of rotation about OY, as well as for 
rotation about the coordinate axes of curves 
in planes other than the a-y-plane, but the 
student is encouraged to draw a figure for 
each ease and obtain the desired equation 
by an argument .similar to the one just used. 

We state here certain exercises and exhibit 
certain figures whicli will be useful in the 
section on quadric surfaces appearing next. 

Exercise 1. The oblate spheroid is the surface 
senerated by revolviiis an ellipse about its minor 
axis. If the ellipse has semimajor axis a and seini- 
ininor axis h, findthec(]uation of the oblate spheroid 
it gi'iierates for the two cases, first, when the ver- 
tices are on OX and, second, when the vertices are 



on OF. Draw the figures. 
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Exercise 2. The prolate spheroid is the surface generated by revolving an 
ellipse about its major axis. Find its equation for the ellipses of Exercise 1, 

^2 g ;2 y- 

aiid draw the figures. Ans. ^ + + p = = 

Exercise 3. If a hyperbola is revolved about its imaginary axis, the 
surface generated is called an unparted hyperboloid of revolution. Find its 



equation if the hyperbola is in the ^/^J-plane, if its real axis is of length 2a 
along the ^/-axis and its imaginary axis is of length 26. 


Ans. 




- ™ = 1 . 


Exercise 4. 



yr _ 

If a hyperbola is revolved about its real axis, the surface 
generated is called a hiparted hyperboloid of revolu- 
tion. Find its equation if the hyperbola is in the 
2 / 2 -plane, with its real axis of length 2a along the 
2 /-axis and its imaginary axis of length 26. 

A y'^ . 

P 6* “ 

Exercise 5, If, as a hyperboloid is generated 
by the revolution of a hyperbola about one of 
its axes of symmetry, the asymptotes are allowed 
to revolve, the cone generated is said to be asymp- 
totic to the hyperboloid. Show that the asymptotic 
cone to either of the hyperboloids 


— 4- 


62 


:1 


- 0. 


Hyperboloids and their 
Asymptotic Cone 

Fig. 81 . 


t/2 = 2px about the x-axis. 


has the equation ^ — 

u- 

Exercise 6. If a parabola is revolved about its 
transverse axis, the surface generated is called a 
paraboloid of revolution. Find the equation of the 
paraboloid generated by revolving the parabola 


Ans. A = ^px. 


Problems 

1. Find the equation of the surface generated by revolving the given curve 
about the given line in each case. Draw the figure and name the surface if 
possible, 
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(а) X — 2y = Q: the a;-axis. 

(б) 1 / + 3a; = 0 : the t/-axis. 

(c) z + y = 1 : the 2 /-axis. 

(d) 2x — y - Z: the a;-axis. 

(e) y^ =2x - 8: OX. 

if) + y"^ + ax = Q: OY. 

{g) {x -- a )2 + 2 /^ = 52 , a > 6: OF. 

W ^ F the a:-axis. 

lo 9 

W Y 0 - 1* the y-axis. 

O’) - ^ = 1: the rr-axis. 


(k) 


(X ^ 3)2 


+ ^ = 1: OX. 


(1) xH + = 1: OF. 

{m) xy 2 + 2/^2 = 1: OY. 

XL _ = 1 

144 81 


(w) 


0) = x^: the j;“axis. 

(p) y^ = 2 : the ^-axis. 

(q) y = e^: the a;-axis. 

(r) ^ = 1 + sin a;: OX. 


OY. 


Ans. (a) — 42/® — . 4^2 z= 0. ( 5 ) y- — Ox® — Os® = 0 . 

(c) X- + s® - + 2i/ = 1. 

2 . Find the equation of the surface generated by rotating the line 
X — 2 / = 0 about the line 3x ~ 4^ + 5 = 0. Key: By the transformation 


L, 


4a: + 3y 
y ~ “ 5 

(s' - 


subsequent translation 


, combining the rotation 


4a: + 3y 
5 


\x' = x” I 

h' = 2 /" - li’ 


V" = 


with the 


the line x — y ~ 0 becomes 


x' - 7z/' - 7 = 0 

and the line 3x — 4^ + 5 = 0 becomes y' 0. 
surface becomes 


x' - 7 y''^ H- 2 '^ - 7 = 0, 

which reduces to 


(x' - 7)® 492/'" + 49zL 

We nia^^ now return to the original x- and ^-axes 
in the x^-plane by applying the transformation 


_ 4x + 3y 
® “ 5 

/ 3x - 4y + 5 

y — 


Hence the equation of the 



to the last eciuatiun, which gives the final result 

17x® -f* ^1?/" "h ‘19x® — 48x^ A ^ Ox — 70^ = 0. 

3. Find the equation of the surface generated by revolving the given cu^^ e 
about the given line in each case. Draw a figure. 

(a) x® + y' = 9: the line x = 5. 

( 1 )) y2 — 4 j; directrix. 

4ns. y^ + 8//® — Ibx® — 32x 16z® = 0. 
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^c) 3i - + 5 = 0: the line y = -2. 

id) xy = 12; the line z = y. 

(e) xH + ifii = O.H : the line x = y. 

{/) x'A + yCi = aM : the line x = y. 

4. Pro\'e that the locus of a point, which moves in space in such away that 
the sum of its distances from (0,0,3) and (0,0, -3) is always equal to 10, is a 
prolate spheroid, bv finding the equation of the locus. 

Ans. 25x^ + 25y^ + = 400. 

6. Find the equation of the locus of a point which moves in space in such 
a way that the difference of its distances from (0,5,0) and (0, —5,0) is always 
equal to 6. Show from the equation that the surface is a biparted 
hyperboloid. Ans. 16y^ — 9x^ — 9z^ = 144. 

6. A point moves so that its distance from the point (6,0,0) divided by its 
distance from the i/3-plane is always a positive constant e. Find the equa- 
tion of the locus of the point and draw the surface for each of the three oases 
e < 1, e = 1, and c > 1. Name the surfaces. 

7. A point moves so that its distance from the xz-plaxie is equal to its 
distance from the y-axis. Find the equation of the locus and name the 
surface. 

8 . Find the equation of a point which moves so that the product of its 
distances from (4,0,0) and ( —4,0,0) is equal to a constant, k^. How can 
the resulting locus be generated as a surface of revolution? See Ovals of 
Cassini, page 97. 

40. Quadric Surfaces. A quadric surface is defined as one 
whose equation, in rectangular coordinates, is of the form 

.42:“ + By- -1- Cz^ -h Dxy + Eyz -|- Fzx A- Gx Hy Kz 

A- L = Q, 

where .4, B, C, D, E, F are hot all zero, i.e., an equation of the 
second degree. Certain of such surfaces have already been met 
with in the preceding sections, including cylinders whose cross 
sections are conics, and special surfaces of revolution, viz., 
spheres, spheroids, cones, hyperboloids, and paraboloids. 

In a brief treatment such as this, space cannot be found to 
classify completely all quadric surfaces and show how to identify 
a given equation of the above form as that of a quadric of one 
of those classes. In fact, we shall restrict such discussion as we 
do give to cases in which the coefficients D, E, and F are all zt'ro, 
ca.ses, then, in which the equation of the ((uadric is of the form 

A 2 -“ -h -f 02“ + Gx A- Hy + Kz + L = 0. (63) 

Consider first those cases in which some two of the three 
coefficients .4, B, and C are of like sign. This, of course, includes 
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all cases in which no one of the three is zero. Suppose that 
.4 and B, for example have like signs. We can write Eq. (63) 
in the form 

Aix - my + S(j/ - 7iy + Cz^ + Kz + P = 0, 

where the constants m, n, and P result from completing the 
squares for the terms in x and those in y. Let, now, the axes be 
translated to the new origin (m,n,0). The equations for this 
transformation are 


(x = x' + w 
{y = y' + n 
\z = z' 

and the equation becomes 

Ax'"' + By'"' + C/" + Kz' + P = 0. (64) 

To determine the surface represented by this equation, con- 
sider, alongside it, the equation 

.4;)-'' + Ay'"- -f Cz'"- -f Kz' 4- P = 0. (65) 

It is readily noticeable that this equation represents a surface of 
revolution, and in particular, the surface generated by revolving 
about OZ' the curve, whose equation, in the t/'^'-plane, is 

Ay'" -h Cz'"- + Zz' + P = 0. 


Now this equation is of the second degree and therefore repre- 
sents a conic or one of its limiting forms such as one or two 
straight lines, if it has a locus. Furthermore, this curve has the 
z'-axis as an axis of symmetry, so that its revolution about that 
axis can only generate a sphere, spheroid, hyperboloid (unparted 
or biparted), paraboloid or cone, as discussed in Sec. 39, or a 
limiting form of one of those, including a point (on OZ'), a liiu' 
iOZ') or one or two planes (perpendicular to OZ'). 

In order to conclude, now, what is represented by Eq. (64), in 
these cases, the student is asked, first, to work the following 
exercise : 

Exercise 1. Prove that if the ortliiiate of .a curve D hears a constant 
ratio to the ordinate of a circle witli center at the origin, the ordinates being 
taken to correspond to the same abscissa, the curve D is an ellipse having 
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the coordinate axes as axes of symmetry and eccentricity dependent only 
upon the given ratio of ordinates. 

Returning now to Eq. (64), we note that it represents a sur- 
face like the surface of revolution represented by (65), except 
that, corresponding to an assigned set of values of x' and z', 
the two equations are satisfied by values of y' which are in the 
ratio (-4/R)H. Hence, by the above exercise, the surface (64) 
differs from the surface of revolution (65) in that its sections 



Hyperbolic Paraboloid 
Pro. 83. 


z' = constant, are all ellipses with transverse axes parallel and 
with the same eccentricity. We call such surfaces by the 
terminology already introduced, viz., hyperboloids, unparted and 
biparted, paraboloids and cones, except that they are modified as 
elliptic when not surfaces of revolution. When the equation (65) 
represents a spheroid and (64) is not a surface of revolution, it is 
called an ellipsoid. 

The cases of Eq. (63) not included in the above discussion 
reduce by suitable translations and choice of letters, to one or 
the other of the cases 


and 


- 


( 66 ) 


z* = aa: -f- by. 


(67) 
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If c 5 ^ 0, the surface represented by (66) is called a hyperbolic 
paraboloid. It is shown in Fig. 83, but the details of its dis- 
cussion are left to the student in the exercises below. Also 
we leave to the student the discussion of (66) in the event that 
c = 0 as well as the discussion of Eq. (67), which represents a. 
parabolic cylinder. 

Exercise 2. Show that sections of the surface ” p “ v^'here c 0, 

parallel to the a; 2 :-plane, are parabolas, and find the locus of their vertices; 
that sections parallel to the ^^-plane are parabolas, and find the locus of 
their vertices; that sections parallel to the :r^>plane are hyperbolas, and find 
the locus of their vertices. 

Exercise 3. If a and h are not both zero, show that sections of the surface 
represented by the equation z- - ax by by a plane parallel to either the 
yz~p\ane or the a: 2 -plane are parabolas. Find the locus of the vertices of 
these parabolas. Draw a figure showing the surface. 

Problems 

1 . In each case below, find the traces in the coordinate planes, of the 
surface whose equation is given. Name tlie surface and show it in a figure. 


(a) 

4a;2 

+ y^- 

+ 9s2 

= 36. 


(c) 

4^7^ 


_ 


= 36. 

ib) 


+ y^- 

- 9s2 

= 36. 


{<0 

4.r2 

- 1 / 


9^2 

= 0. 

{e) 

(£_ 

- 1)^ 
9 


- 2)' , 
16 

C + 3)2 
4 

= 1. 






if) 

{x 

+ 1)- 
9 

+ (JL 

-- 3)2 

16 

iz - 5}‘- 
4 

= 1. 






ig) 

■9 

yi 

16 

(e + 2)= 

4 

1. 

(/// ) 

- 

f 2)2 
4 

- 

{y ■ 

-b8)2_ . 
9 

(h) 

(?L 

- 5)2 

9 


+ 4)2 

16 

d 

If 

(rO 

(y 

+ 5)=^ 


4x 

-32+2. 

ii) 


^ 36 

= 4z, 



( 0 ) 

36 

^2 


4. 


U) 

36 

25 

= 



(p) 

2/- 

9 

Z“ 

16 

= 

25. 


{k) 

0*- 

= 2/y 

+ 4.U 



( 9 ) 


= 6x, 




il) 

(x 

- 1 12 

4 


4- 3r- 

9 

7 + 6. 

('•) 

4r- 

+ //“ 

+ 

9.-2 

= 0. 


2. Is the surface, generated by rotating a parabola about a line in its 
plane parallel to its directrix, a quadric surface? 

3. Given the e(iuation xy = A'z, where k is constant, draw the surfac(‘ 
by studying xfiane sections of it i)y ])lanes perpendicular to OZ and planes 
containing OZ; {b) rotate tlie axes in the .r//-plane through the angle 45"^ 
and name the surface by identifying the result with one of the equations 
of the text. 
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41. (a) Planes. The planes thus far encountered in the text 
and problems have been parallel to at least one of the coordinate 
axes. We seek, now, the equation of a plane in any position 
whatever. Suppose that a plane passes through a fixed point 
{xo,yi\,zo) and its direction is defined as perpendicular to a fine 
with the direction numbers A, B, C. If any point on the plane 
has the coordinates ix,y,z), the line which joins it to the point 
ixo,y(i,zo) has the direction numbers x — xo, y — yo, z — 2o, 
and, since this line is perpendicular to a line with direction 
numbers A, B, C, we have 

A{x- X,) + B{y - 2 / 0 ) + C{z - go) = 0 (68) 

as the equation sought. Since the direction numbers, A, B, C 
of a Une cannot all three be zero, this equation is of the first 
degree in x, y, and 2 . 

Consider, now, any given equation of the first degree, as 
Ax By A- Cz + D 

where, since the first degree is given, the coefiicients A, B, and 
C are not all three zero. If any one of these coefiicients is zero, 
at least one of the variables, x, y, and 2 , is missing from the 
equation, which, in view of the discussion on cylinders in Sec. 37, 
represents a plane parallel to at least one of the coordinate axes. 
If no one of A, B, and C is zero, the ‘equation can certainly be 
written in the form 

*I(x — 0) + B{y — 0) + C^2 + = 0. 

This equation is the one which we should obtain if we set out 
to find the equation of the plane passing through the point 
(0,0, — D/C) perpendicular to a line whose direction numbers are 
.4, B, C. We conclude, therefore, that every equation of the 
first degree in x, y, and 2 represents a plane. 

Of especial interest and use is a form of the equation of a 
plane known as the normal form. Let \,)x,v be the set of direc- 
tion cosines of tlie line through the origin perpendicular to the 
plane, selected as follows: 

First, if the plane does not pass through the origin, are 
the direction cosines of the directed segment from the origin to 
the plane. 
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Second, if the plane passes through the origin, then v is taken 
positive unless it is zero. 

Third, if the plane passes through the origin and !» = 0, 
then /i is taken as positive, unless it also is zero. 

Fourth, if the plane passes through the origin and — v = Q, 
then X = 1. 

We now define the quantity p, known as the normal intercept 
of the plane, as a number, positive or zero, such that the point 
(p\,pii,pv) is on the plane in question, which quantity always 
exists and is unique. Manifestly, this point is p units from the 
origin and is the projection of the origin upon the plane. 

In terms of these quantities p, X, y., v, 
i.e., of the normal intercept of the plane 
and its direction cosines, the equation of 
the plane takes the form 

\{x — p\) + y{y — py) + v{z — pv) = 0, 

which reduces immediately to the form 

\x yy vz ~ p = Q, 

known as the normal form of the equation 
, , •' ^ Fig. 84. 

of a plane. 

The above definitions of X, y, v, and p, and the student’s former 
experience with the normal form of the equation of a line in a 
plane, suggest at once that, in order to reduce the equation 

Ax + By + Cz + D — 0 

to normal form, we must divide by ±-\/A^ + + C-, wththe 

sign of the radical chosen : 

opposite to the sign of D if D 7^ 0; 

the same as the sign of C if D = 0 and C 9^ 0; 

the same as the sign of B if D = C = 0 and B 9^ 0; 

the same as the sign of A if D = C = B = Q. 

To illustrate, we exhibit here a few equations of planes before 

and after reduetion to normal form 



Given Equation 
2x - y - 2z -f 12 = D 
y - 82 = 0 
3^ 4- 4^ = 0 
2.r - 0 
2a: + 5 = 0 


N’onnal Form 
■ + s// 4" — 4 = 0 

jjx + ^// = 0 
a- = 0 
-,r - ^ - 0 
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(b) Systems of Planes. If the planes n and t 2 , represented 
be the equations AiX + Biy + Ciz B>i = 0 and 

Asx + B2y + CiZ + D 2 — 0 , 

respectively, are not parallel, the equation 

A\X + Biy + Ciz + Di + k{A2X + B^y + C 2 Z + D 2 ) = 0 (69) 

is of the first degree, regardless of the value of the constant k. 
It is obviously satisfied by the coordinates ix,y,z) of any point 
which is on both the planes tti and 7r2 and hence is the equation 
of a plane which passes through the line of intersection of the 
two. Moreover, by suitable choice of k we may obtain any one 
of the family of planes through that line, except the plane 7r2. 
The details of proof of these statements as well as discussions of 
the exceptional cases are left to the student in the following 
exercises. 

Exercise 1. Prove that if the two planes given above are not parallel, 
Eq. (69) is of the first degree. Hint: If the planes are not parallel the 
coefficients AiBiCi are not proportional to the coefficients A 2 ,B 2 ,C 2 . 

Exercise 2. If the two planes whose equations are given above are 
parallel but distinct, prove that Eq. (69) is of the first degree for all but one 
value of k. 

Exercise 3. Under the conditions of Exercise 2 prove that any plane 
represented by Eq. (69) is parallel to the given planes. 

Exercise 4. If the two planes whose equations are given above are coin- 
cident, prove that all planes represented by (69) coincide with them. 

Exercise 6. If the two planes whose equations are given above are not 
coincident, prove that one of the planes represented by (69) passes through 
any given point which is not on ira. 

42. Distance from a Plane to a Point. Let a given plane t 
have an equation which reduces to the normal form 

\x + yy + vz — p = 0 

and let {xi,yi,Zi) be the coordinates of a given point P. If we 
rotate the axes about the origin so that the new r-axis, OX' 
has the direction cosines X, /t, r, we have the relation (see page 
114) 

x' = \x jjty vz. 

Hence, referred to the new axes, the plane tt has the equation 

x' — p = 0, 
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and, if the new coordinates of the point P are ) 

X\ = Xxi + iti/x -j- vz\. 

Evidently, it is possible for x/ to be greater than, equal to, or 
less than p so that the quantity 

Xi - p 

may be positive, zero, or negative. From the very nature of 
a system of rectangular coordinates we observe that the numerical 
value of this quantity measures the distance of the point Pi 
{xi,yi,Zi) from the plane ir, x' — p = 0, whose every point 
has the first coordinate xi' = p. We note, also, that: 

If Xi — p > 0 the point Pi is in the direction OX' from the 
plane it; 

If Xi — p < 0 the pomt Pi is in the direction opposite to OX' 
from the plane t. 

We may, therefore, adopt the quantity x/ — p as a measure of 
the directed distance from the plane tt, x' — p = 0, to the point 
P(xi ,yi,Zi), directed in the same way as the axis OX'. 

Interpreting, now, in terms of the original coordinate system, 
we conclude that if \x py + vz — p = 0 is the normal form 
of the equation of a plane, the directed distance from that plane to a 
point (xi,pi,Zi), is given by the formula 

d = \xi + pyi + vzi “ p. 

Problems 

1. Find the equation of the plane 

(а) through the point (5, —4,2) with (5,6,2) as direction numbers of 

its normal. Ans. 5r -f- 6?/ + 2^ = 5. 

(б) through (2,1, —5) perpendicular to the line joining ( — 4,2,2 i and 
(3, -1,7). 

(c) with intercepts, 2 on OX, 5 on 01”, and —6 on OZ. 

15.r H- 6// — on ~ 30. 

{(i) through the points (2,3,0), (0,6,2) and (5,0,1), 

dn.s. 9x “f 8// — 3.: = 42. 

(c) through the points (4,3, —9), (2,l,^oh ^^ud (7, — 9,— 6 'l 

if) through (5,3,1) and having etpuil intercepts on the (‘oordinate 

axes. Ans. x A !f ^ =9. 

ig) through (5,3,1) wdiose normal has its three direction angles 

ih) through (0,3,2) and (2, -1,1) and parallel to OX. 

.1 ns, // — 4^ -f 5 = 0. 


equal. 
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{i} through (3,6, -I) and parallel to the plane Zx - 6y + bz = 0. 

(j) 2 units from the origin and perpendicular to a line whose direc- 
tion numbers are (8,4,1). . Ans. 8a; + 4?/ + ^ ± 18 = 0. 

(k) 3 units from the origin and parallel to the plane 

X ~-2y -\-2z ^ 10. 

(l) tangent at the point (6,-3, —2) to a sphere with center at the 

origin. 

(///) through the points (1,1,1) and (2, -1,-3) and perpendicular 
to the plane 2x — 3ij — dz — 0. * Ans. 2x 3y — z = 4. 

(n) through the point (0,2,3) and perpendicular to the planes 

+ i -H — 22 == 7. 

Ans. rr — 2/ + 22 — 4 = 0. 

(o) bisecting, at right angles, the line segment joining (4,3, —6) and 

(0,5,2). 

(p) perpendicular, at ( —3, — 1,0), to a line segment from (5,3, —1). 

(q) parallel to the plane 2a; — 6?/ + 32 + 10 =0 and such that the 
point (1,2,3) is midway between the two planes. 

(r) parallel to the plane a; + 2?/ + 22 = 0 and making with the 
coordinate planes a tetrahedron of unit volume. 

2 . Reduce each of the given equations to normal form. Show the plane 
by a figure and find the distances from it to the given points. 

(a) 2x--y+2z^ 6; (2, -4,2), (0,3, -1). Ans. 2, 

(h) 4x -Zz + 10.= 0; (1,~2,6), (2,3,5). 

(c) 3a; - 6y + 22 + 21 = 0; (4,2, -6), (-3,3,1). 

(d) Zx+4y- 122 = 0; (4,3,4), (5,6,3). Am. 2^13, -^3. 

(e) 4a; - 42/ + 22 + 9 = 0; (1,5,2), (2,3,1). 

if) 5x - 122 A 26 = 0; (8,2,1), (8,2,6). 

ig) 12a; - 5]/ = 0; (4,4,4), (1,3,5). 

3. Find the distance between the two parallel planes 

(a) Sx — 4y A I2z — 5, 4y = 3x + 12z + 8. Ans. 1. 

(b) 2x — y A 2z = d, 2x — y A 2z = 2. 

(c) 8a; — 4?/ + 2 — 7 = 0, 8a; — 4?/ + 2 -f 11 =0. 

id) 4x - Zy = 6, 8a; - 62/ - 27 = 0. 

4. Find the equation of the locus of a point which moves so that 

(a) its distance from the plane 3a; — 6?y + 22 — 28 = 0 is always 
ecfiuil to its distance from the origin. 

ib) its distance from the plane :r — 2?/ + 22 — 12 = 0 is equal to 
its distance from the line through the point (1,0,0) with direction cosines 
(0,0,1). 

(c) the sum of the squares of its distances from the three planes 
X A y A ^ = 0, a; — 2 — Q, x — 2y A z = 0 is always ecpial to 9; 

Am. y'i ^ 

((/,) the sum of the scpiares of its distances from the two planes 
A y A ^ =0 and x — 2y A 2 =0 is equal to the square of its distance 
from the plane x — s = 0. 

* Note that the angle between two planes is equal to the angle between 
their normals. 



Sec. 42| 


SOLID ANALYTIC GEOMETRY 


133 


6. If a, 6, and c are each different from zero, find the intercepts on the 


coordinate axes of the plane - + 7 -f - = 1. 

a 0 c 


6. Express the normal intercept p of a plane not passing through the 
origin, in terms of its intercepts, u, h, and c. 


7 . The :r?/-trace and xz-trace of a plane have the equations | ^ — 4[ 


and 


2; = 0 

2x + z =8 


respectively. Find the equation of the plane. 


Aits, 2x — Ay ^ = 8. 

8 . Find the angle between the planes in each of the following cases. 
Hint: See footnote to Prob. l(m). 


(а) 2x + y — z - 9, X — 2y 2z = Q. Atis, eos"^ --T.-. 

3v6 

(б) Ax — 7ij -T Az - 6, 3x + 42/ = 0. Ans. eos~^ ^ 

(c) 2x + 3// + 6z = 14, 3x -L Ay A- 12z = 13. 

9. Determine k so that the plane x — ky A- 2kz = ISA: shall 

(а) be 8 units from the origin. Ans. k= ±4. 

(б) be parallel to the plane 2x + 2/ — 22 = 5. Ans. k = 

(c) be perpendicular to the plane 3x — 3?/ — 22 = 1. 

(d) pass through the point (4, —8,6). 

(e) pass through the points (0, — 4,7) and (0, — 8,5). 

10. For what value of k will the equations kx — y A- 2z — 6 and 9x + ky 
— 62 + 18 = 0 represent perpendicular planes? 

11 . Find the equations of the planes which bisect the dihedral angle 
between the two given planes, in each case below. Hint: Points on such a 
plane are equally distant from the two given planes. 

(а) X — 21/ + 22 — 1 = 0, 8x — 4?/ — 2 — 12 = 0. 

Ans. 5x + 2// — 72 — 9 =0, llx — lOy + 52 — 15 = 0. 

(б) 3x - 4i/ - 10 = 0, ox - Uy + 2z = 0. 

(c) 3x + Ay -j- 122 “ 0, 12x 02 = 0. 

12. Write the equation of the system of planes which pass through the 
line of intersection of the planes 2x + 4// + 2 — 3 = Oand 


X -h 2i/ + 2 - 1 =0. 

Find the plane in the system which 

(a) passes through the point (1,1,2). .1?^^;. 3x -f 6// “ 2 = 7. 

{b) is parallel to the 2-axis. Ans. x + 2// —2-0. 

(c) is perpendicular to the plane 4x A- Ay + 5-? = Hh 
(cl) is one unit from the origin (two answers ). 

13 . Write the equation of the system of planes passing through tlu^ line of 
intersection of the planes fix — 7// — ^ — 24 = 0 and 


8.r - 26// + 7.^ - 42 - 0, 

Find the plane of the systtan which 

{(i) passes througli the origin; 

(b) is parallel to the //-axis; 


.•\ ns. 2x 1 1// — 72 = 0. 
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(c) is perpendicular to the plane S.'C + 2^ + 4^: - 6; 

{d) parallel to the plane 4a; — 18?/ 4- 62 -f 7 - 0; 

(c) tangent to a sphere with center at the origin and radius equal 
to 2. Ans. 2a; + ?/ - 22: - 6 = 0, and 4a; ~ 8?/ + ^ - 18 = 0. 

14 . Show that the planes 2a; — 3?/ + 2 — 4 = 0, 3a; + ?/ + 2^ — 5 = 0, 
ar + 15^-f20 + l = 0 have a line in common. 

16 . Show that the planes a;~2/"'22; + 3 = 0,2.a; + ?/ + 2:-3=0 ,a:“ 
2?/ + 2: “ 8 = 0, and dx + 3i/ + 2z - 3 = 0 have a point in common. 

16 . Wiiat is represented by the equation 

{4x -y + ^z - l){2x + 3?/ - s - 6) = 0? 

17 . The edge, through two vertices, of a tetrahedron with vertices Pi, 
P2, Ps, and P4, is bisected by a plane perpendicular to the edge through the 
other two vertices. Prove, analytically, that the six such planes possible 
have a point in common. 

18 . Prove that the four points {xiyyi,Zi), (xz^y^yzl), ( 0 : 3 , 2 / 3 , 23 ), and ix 4 ,yi,zA 
lie in the same plane if, and only if, the determinant 

:ri yi zi 1 
X 2 y% 1 
x% yz zz 1 
X4 ' 1/4 Z 4 1 

has the value zero. 

43. Straight Lines, Let a given straight line have direction 
numbers and pass through the point {xo,yo,ZQ). If the 

coordinates of any other point on the line are represented by 
{Xyijyz), it follows, from the definition of direction numbers, that 
the set X — :ro, y — z — zq is proportional to the set Z,m,n. 

We portray this property by the equations 


PC - xo ^ y — Vo ^ z - Zq 
I m n ^ 


(70) 


if no one of the numbers l,vi,n is zero. These equations are 
satisfied by every point {x,y,z) on the line and by no other sets 
{x,y,z), and hence may be taken as equations for the line. They 
are known as the syiyimetnc form of the equations of the line. 
The form is impossible if any one of the numbers l,m,n is zero, 
although we may use the form, even then, if we follow the prac- 
tice of interpreting a formal equality in which one member is 
fl/O as equivalent to the equality, a = 0. 

If we set each of the three members of the set of equations in 
(701 equal to t and clear of fractions in each ease, we obtain 
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i x = xo + U 
y = yo + mt 
z = Zo ntf 

a parametric representation for the line, since, manifestly, t is 
not constant. 

It is obvious that a line may also be represented as a pair of 
simultaneous linear equations, the equations of any two distinct 
planes passing through the line. While this method of represen- 
tation is widely used, it presents some difficulty due to the 
multiplicity of such representations for a single line. Through 
any one line pass infinitely many distinct planes, any two of which 
determine the line. No property of the line, such as its direction 
numbers or the coordinates of one of its points, is recognizable 
at the sight of the two equations of those planes. Hence, given 
two such pairs of first-degree equations, it is not easy, in general, 
to detect whether or not they represent the same line. 

Consider, for example, the straight lines represented by 

^x — y-\-z— 1 = 0 j jix — y+Zz — 5 = 0 
\2x + y z — Z = 0 |5r — 2i/ -h 4z — 6 = 0. 

Since, in each case, the two given planes are nonparallel, each 
pair represents some line. To find where 
the first line is located, we eliminate z 
between the two equations. This gives 
the equation x + 2y — 2 = 0, which rep- 
resents a plane through the given line 
and parallel to OZ. It is, indeed the 
plane by which the given line is projected 
upon the ry-plane. Similarly, the line is 
proj ected upon the rz-plane by the plane 
whose equation, 3x -b 22 — 4 = 0, is found 
by eliminating y between the given equa- 
tions. These planes arc shown in Fig. 85. X 
Their intersection is the given line. 

If we turn, now, to the second pair of equations given above and 
eliminate first z and then y, we obtain, again the equations 
X + 2y - 2 = 0 and 3r -b 22 - 4 = 0, thus pro\'ing that the 
two given pairs of equations represent the same line. 
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To find direction numbers for a line which is represented by 
two simultaneous equations, we may find first two points whose 
coordinates satisfy both equations and find the desired direction 
numbers from these coordinates. An alternative procedure is to 
reduce the equations to the symmetric form as in the following 
example. Let us begin by finding the equations of planes through 
the given line and parallel to two of the coordinate axes. Using 
the case of the last paragraph, this gives 

^ 2y — 2 = 0, 3a; 4- 2s — 4 = 0. 

Solving the first for x in terms of y and the second for x in terms 
of 2, we have 


or 


X = -2y + 2, 


-22 + 4 

' o ^ ^ 


X _ —2y + 2 —22 + 4 

1 " 1 ~ 3 ’ 


which can further be reduced to the form 


x_y~l_z — 2 
1 " 

or, finally, 

x_2/ — 1_2 — 2 
2 ” -1 

This last, being in the symmetric form, shows that a set of 
direction numbers for the line is (2, -1,-3) and that the line 
passes through the point (0,1,2). 


Problems , 

1. Show each of the following lines by a figure and find the equations of 
the planes by which it is projected upon the coordinate planes. Find the 
direction numbers for each line. 

tSx - 22/ + 5z ~ 30 = 0, 

(2x 4 3// — lOz —6 = 0. 

(5,40,13). 

12® + 2)/ - 3r - 5 = 0, 

]® — 3 // + ^ — 6 = 0 . 

2. Show each of the following lines in a figure and find the coordinates 
of the points in which it pierces the coordinate planes. 


(«) 


(W 


ic) 


(d) 


I® + 2?/ + 22 + 2 =0, 

X ~ iy — z — I =0. 

X ~2y - 3z + a =0, 
X + y A- z — I =0. 
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(a) 

ib) 

(c) 

id) 


X - 1 
2 

a; — 6 
“9 

X — 2 

x—Z 


+ 3 _ z — 2 

' T6~’ 

z 

: 


-2 
y -8 
8 

2 / + 1 
3 

.y-7 


/a: = 5 — 42, 
(e) N 2/ = 2 + 32, 

'.3 = -1 - 2 . 


.4«s. 

/a: = 1 + 62, 
(/) <2/ = 3 - 32, 


2 (9, -1,0) 

<(2?S,0,- 

1(0.23,1,- 


■h) 

■%} 




3. Find, in the symmetric form, equations for the line passing 

(a) through the point (3,2,5) with direction numbers ( 1 , — 1,4); 

(b) through the point (2, —3,1) with direction numbers (4,2, —5); 

(c) through the points (2,1,6) and (3,5,7); 

X - 2 ^ y - I ^^-6 

1 4 1 ■ 


Am. 


{d) through the points ( 1 , 2 , 1 ) and ( 5 , — I,!); 

(e) through the point (4, —3,2) with direction cosines, cos a = }/ 2 , 
cos i3 == -K; 

(/) through the point (4, —5,20) and perpendicular to the plane 
.c + 3i/ — 62 — 8 = 0; , 

ig) through the point ( — 7,5, — 6 ) and parallel to the line 


x _ 2 / ^ 

3 4 6^ 


{h) through the origin and perpendicular to lines with direction 
numbers (4,2,1) and (-3, -2,1); Ans. x/i = ^/— 7 = 2 / -2. 


(z) through the origin and meeting the line 


10 


right angles. 

4. Show that the two lines 


Ans. z/13 = y/ — 12 


= - at 

3 2 ^ 

2 /— 8 . 


{x + 7y -z+2 =^0, ) 

+ 3y + 32 - 10 = 0) 


\2x - y + z - 5 = 
\4:X + 2 / — 4 ^ + 8 


=“o! 


and 


meet. 


+ 7y 

+ 3^ + 32 

5. Prove the lines of Prob. 4 to be perpendicular. 

2 . -D wi. r (6:r + 2?/ + 2 + 6 = 0 

6 . Prove that the line ^ 


i! 




, ^ ^ ^ [ is parallel to the plane 

\3x - 2y + 22 + 4 = 0) ^ ^ 

Sx — 2y A- 2z A- I =0. Hint: Prove that the normal of the plane is 

perpendicular to the line. 

7. Find the equation of the plane determined by the intersecting lines 


2 / + 3 z A~ 2 


-1 


and 


(3x + 2^+2; + 2 = 0[ 

\x — y A^ 2z - I = 0 ) 

Ans. 4x + 7^ — 32 + 7 =0. 
8. Find the equation of the plane determined by the line 


X - 1 ^ y A- 2 ^ z_j- 
5 6 7 


and the point (6,2,4 ). 


Ans. 1 Ir — 15// + 5z — 56 = 0. 
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9. Prove that the plane x 4:y — 3^ — 0 contains the line 

j 3a: + 22/ + 2— 2 = 0 
(a: — 2/ + 22 — 1 = 0 . 

10 . Find the coordinates of the point in which the line of Prob. 9 meets 

the plane x — 4?/ + 32 + 6 =0. Ans. (—3, 3. 6, 3. 8). 

11 . Find the equation of the plane which passes through the point (3,2,5) 
and is parallel to each of the lines 

X + 2 2/ — 1 2+3 j X + I 

___ _ __ _ ^ and 6^3’ 

Ans. 2 / — 2s + 8 = 0. 

12 . Find the equation of the plane passing through the points (6, — 1,2) 

and ( — 1, —2,3) and parallel to the line == 

Am. 4 rc — 11?/ + 172 — 69 = 0. 

13 . Find the perpendicular distance from the given point to the given line, 
in each case. 

(a) (10,2,0); ^ 2 ^ ~ ^ 0 ^ ^ Soluiion. The plane per- 

peWicular to the giyen line, 1, and passing through the given point, 

P (10,2,0), 

has the equation 

2{x - 10) + 6{y - 2) + 32 - 0, 

2a: + + 32 - 32 - 0, 

and, evidently, meets Z in a point R. 
such that PR is perpendicular to Z. 
Therefore, PR is the distance sought. 
Now the normal form of the equation 
of the above mentioned plane is 

7^ + ■??/ + -?2 ~ = 0 , 

and the distance from the plane to Q 
(9,6,9), a point on Z, is 

RQ =1(9) + ?(6) +?(9) -iV 
= 49 - ^ 7 . 

The distance PQ is readily found to 
be Vl + Ih + 81 = V98. Hence, 
we obtain, finally, 

PR = a/98 - 49 = a/49 = 7. 



Fig. 86. 


ib) (0.0,0); ^ ^ 


y + 3 
2 


(c) (3, 



2x + y — 10 

3a: — 2 / + 2 =4. 


Ans. 


^V219. 
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14 , In each case, below, find the shortest distance between the two non- 
intersecting and nonparallel lines given: 

(a) one line through (1,2,0), with direction numbers (2,3, — 1); the 
other through (3,0,2), with direction numbers (1, —2,3). 

Solution: Pass a plane through one line, say the first, parallel to the 
other line. The normal to that plane must be perpendicular to both lines. 
If we call the direction numbers of that normal A,B,C^ we have 

2A -h 3B - 0 = 0, T - 2B + 3C = 0. 

From these two equations, we obtain A:B:C = —1:1:1. Hence, the 
equation of that plane is — l(a: — 1) + 1 ( 2 / — 2) + 1( 2 — 0) =0, or 

— x + 2/ -f- 3 = 1. 

The distance from (3,0,2) to that plane is the distance sought. It is readily 
found to be of length 2/'\/3* (The distance from any other point on the 
second line to the plane found wwld, of course, do as well) 

(b) the line | = 2 / — 3 = ^ and the line 

3 — 3 A 14 

^ + 1 = -2,-2 = -^. 

(c) the line ^ 

13i/-2i+7 = 0) 

-h 32 - 2 = 0 y 
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CHAPTER VII 

VARIABLES, FUNCTIONS, LIMITS, AND CONTINUITY 

44. Constants and Variables. A constant is a number such 
as 0, 6, —2, -s/b, and tt, or a ssnnbol which is used, throughout 
one discussion, to represent just one number. A variable is 
a symbol which is used, in a discussion, to represent any one 
of a set of numbers, called its range. Thus, if we say that 
a: is a number which satisfies the equation 

a:® — 6a;2 + 11a: — 6 = 0, 

then a: is a variable whose range is the set of numbers (1,2,3). 
It is convenient, at times, to represent the range of a variable, 
z, by the symbol R(x). If we say that 

n! = 1 • 2 • 3 • 4 • • • n, 

we are using w as a variable whose range, is the set of 
all positive integers. If we state that 

(tt “I" b)^ = "f" 2c[6 “h 6“. 

we may call a and h variables, w’here each of their ranges, R{a) 
and R{b), is the set of all real numbers. 

If a is a constant less than the constant b, the set of all real 
numbers z such that a ^ z and 6 ^ tt* is called the interval] 
from a to b. If c is a constant and « is a constant greater than zero, 
the interval from c — « to c + e is spoken of as the eneighbor- 
hood of e. These terms, interval, neighborhood, open, closed, 
and many other terms used in analysis, are suggestive of geometry 
from which they arc borrowed. Since any real number r may 
be identified with a point on a line, we may say that the interval 
from tt to h consists of all the points on the line between and 


* These inequalities may be written more concisely (j g .r ^ l>. 
t As here defiincfl, the interval .is known more technically as the closed 
interval from a to b. By the open interval from a to h is meant the set of 
all real numbers .r for which a < x < h. 

143 
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including a and b. See Fig. 87 for a representation of the 
interval from a to & and the e-neighborhood of c. By the deleted 
e-neighborhood of c is meant the set of all numbers in the e-neigh- 

-5 0 5 10 15 

I ' ' ' ' I ' '|l I i ' I l|l I I I I 

a b c-€ c c+e 

Fig. 87. 

borhood of c, except c itself. A representation of the deleted 
eneighborhood of c is shown in Fig. 88. 

-5 0 5 10 

- I 1 ' I I I. I ' ' I I | i [ ' I [ I - P 

c-€ c C+e 

Fig. 88. 

The student should note that if x is in the €-neighborhood of 
c then [x — c] ^ € and conversely. Similarly, the set of inequali- 
ties 0 < [x ~ c| ^ e is equivalent to the statement that x is in 
the deleted e-neighborhood of c. We shall often make such 
statements in the form of inequalities for the sake of brevity in 
speech and writing. 


Problems 

1. State the range R{u) for which each of the following is trjre: 

(а) — 5w — 6 = 0. 

(б) u is a multiple of 7 under 40. 

(c) (u + 1)! = (u l)(u!). 

(d) 6 = sin”^ u. Ans, 

(e) CSC 6 = u, 

(J) 2*^ = 2 • 2 * 2 • * ' 2 (u factors in all). 
id) “ o.){u + a) = 

2 . Draw a real axis showing each of the following: 

(a) The interval from 2 to 5. 

(b) The e-iieighborhood of 9 if € - 3. 

(c) The deleted e-neighborhood of —3 if € =2. 

3. Express by inequalities the sets of numbers described in problem 2. 

(b) — 9| ^ 3. 

4. Describe the interval from —1 to 4 as an e-neighborhood of sonu^ 
number, 

6. Draw an axis showing the range of x for each of the following cases, 
and describe the ranges as intervals or neighborhoods. 

(a) lx — 5| ^ 3. 

(b) 0 < |x - 121 ^ 2. 

(c) -7 < X ^ 0. 



Sec. 45) VARIABLES, FUNCTIONS, LIMITS, CONTINUITY 145 


46. Functions. If a variable y is related to a variable x in 
such a way that to each number in the range of x corresponds a 
unique number in the range of y, then the variable y is said to be a 
junction of the variable x. For example, let R{,x) be the set of 
positive integers in the interval from 1 to 10 and be the 
numbers (3, 4, 5). Let the correspondence be established by 
the table 


X 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

y 

4 

5 

5 

^ i 

4 

3 

3 

1 

5 

i 

4 


Then is a function of x. 

If y is a function of x and the range of x is R{x), the function 
y is said to be defined on the range R{x). The variable x of the 
definition is said to be the independent variable, while the variable 
y is called the dependent variable. If the correspondence is 
unique no matter which variable is chosen first, as it is in the table 


u 

3 

5 

8 ^ 

12 

1 

17 

23 

30 

38 ' 

1 

47 

57 

68 

V 

10 

9 

8 

7 

6 

5 

j 

4 

1 

3 ' 

-1 

-6 

-7 


either variable may be taken as the independent one. However, 
we do not have the same function in the two cases, but one 
function and its inverse. For example, let the independent 
variable have the range (1,2,3, 4,5) and the corresponding values 
of the dependent variable be obtained by squaring. This gives 
the table 


! 

Independent variable 

1 

1 ^ 

’ 1 

2 ! 3 

4 

5 

Dependent variable 

1 

4 9 

16 

i 

25 


while the inverse function is given by the table 


Independent variable 

1 

4 1 

9 ’ 

16 

25 

Dependent variable 

1 

2 ^ 

3 

i 

4 

1 

5 
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Obviously, not every function has an inverse, since none exists 
for the function defined by the table 

Independent variable Every real number, r 

Dependent variable Greatest integer ^ r 

It is customary to use such symbols as f{x), g{y), h{z), and 
F{t) to represent the dependent variable and, at the same time, 
to call attention to the independent variable. That is, if a: is 
an independent variable, the symbol }{x) may be used to repre- 
sent the dependent variable. Under this notation, furthermore, 
if we write /(3) we mean that number in the range of the depend- 
ent variable /(a:) which corresponds to the number 3 in the range 
of X. For example, in the table. 


X 

! 1 

2 

3 

4 

5 

6 

7 

• 

8 

9 

10 

9{y) 

f(x) 

2 

4 

6 

8 

10 

12 


16 

18 

20 

y 


/(2) stands for 4, /(5) = 10, /(6) = 12, and /(lO) = 20. The 
function defined by this table evidently has an inverse which we 
may call defined on the range of its independent variable y. 
We have, then, /(4) = 8, and gi(8) = 4. Hence /[fif(8)] = 8 
and p[/(4)] = 4. Similarly g^[/(7)] = 7 and, in general, 

fig (a)] = a, 


?[/(?>)] = h, a property evidently possessed by any function / and 
its inverse g. 

If the range of the independent variable is finite, the cor- 



Fig. 89. 


respondence can be readily given in a 
table, as in the above cases. But if the 
range possesses infinitely many elements, 
some other method must be resorted to 
to establish the correspondence. Several 
methods are discussed below. 

Graphical Method. Let a point have 
the number a, in the range of x, as 
abscissa, and the functional value, /(a). 


as ordinate. One such point may thus be established for each 


element in the range of x. The totality of such points is called 
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the graph of the function. It may, or may not, form a con- 
nected curve. 

Method of Construction. If the numbers of the range of x 
and those of the range of f{x) are represented by the points on 
two lines, it is sometimes possible to so arrange the two lines 
that the correspondence between the numbers of the two sets is 
given by a construction with ruler and 
compass. For example, see Fig. 90. 

Mechanical Devices. These, like 
geometrical methods, are of unlimited 
variety but, of course, not applicable 
to every function. We shall mention 
only one well-known one, the clock. 

If we consider the reading of the 
hands as a function of the number of 

ticks after a given one, the range of the independent variable 
is the set of all positive integers. The dependent variable, 
being the reading of the hands, goes through a finite sequence of 
values repeatedly and affords us an illustration of a so-called 
periodic function, viz., one for which there is some constant p 
such that /(a + p) = f{a), no matter what the choice of a. 

Function Scales. An exceedingly useful device for showing 
functional values consists of a straight line graduated so that 



0 123456 7 

- [ ‘ ' I ' 1 1 ' ■ v ‘ ' i ‘ ( 'i'- A m I I ^ 'i ' i‘ ' | 1 1 " ' i ' ||I ' I ' ' | I — 

10 15 20 25 30 

Fio. 91. 

opposite the graduation a lies the graduation /(a), as shown in 
Fig. 91. A commonly known instance of .such a scale is the 
ordinary slide rule. 

Formulas. From the standpoint of the calculus the most 
useful method of obtaining the functional value /(a) correspond- 
ing to a is by means of formulas, as f{x) = 2a-, /(a-) = k>gio x, 
f(^x) = sin 0 -. Of special importance are the functions of the 
following classification: 

Algebraic Functions:* 

Powers, i.e., functions of the form .r" where n is a constant. 
Not: all algebraic functions are includeil in this list. 
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Polynomials, i.e., functions of the form 

OoX" + + ■ ■ ■ 4 " On-lX 4 - an 

•where n is a positive integer and the a’s are constants. 

Rational functions, i.e., functions of the form 

P(x) 

Q(x) 

where P(x) and Q(x) are polynomials such that Q(a) 0 if a is 
in the range of x. 

Teanscendental Functions:* 

Trigonometric functions. 

Inverse trigonometric functions. 

Logarithmic functions, i.e., functions of the form 

loga X 

where a is a positive constant not equal to 1. 

Exponential functions, i.e., functions of the form 

a* 

where a is a constant. 


Problems 

1 . If the range of x is the interval from —2 to 5 and f(x) = 2x — 3 
exhibit the function (a) graphically; (6) on a function scale; (c) by a 
construction. 

2 . Find a formula for the inverse of the function of Prob. 1. That is, 
if f{x] is represented as y, express i as a function of y. 

3 . Draw the graph of the function defined by the table 


X 

X < -1 

-1 g a; ^ 2 

X > 2 

fix) 

2 

1 - .r 

1 

a- - 3 


4 . On the sa me set of axes draw the graph of the two functions a/4 — 
and —\/i — x^. What single equation involving both x and /(x) is true 
no matter which of the given functions is meant by f(x) ? 

6. Given f[x) = J where x ^ 0, find /(I), /(-I), /(3), /(t,), f(s), 

f[t^} and /(l./x). 

* Not all transcendental functions are included in this list. 
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6. Given F{x) = 1 - x, find F(0), F(~4), F{H), F(al, and 

F[F{x)]. What is the form of the inverse function? 

7 . If the range of x is the set of all integers and f{x) equals 1 when x is 
odd and 2 when x is even, draw the graph of the function from x = -10 
to X = 19. Verify that the function is given by the formula 

fM = .S' + (-i)"W. 

8 . If a value for x and the corresponding value for fix') are found by 
assigning a value to i in the equations 


X = — 5 

f(x) = U + 2t, 


draw the graph of the function /(x). Find an equation between x and /(x) 
which is free of t, 

9 . Devise a mechanical scheme to obtain the values of sin x. 

10. Over what ranges of x can the following define a function which is 
real when x is real? 

(a) x^ “ 6x^ +• X. (e) 


( 6 ) (/) - 4 . 

(c) logic X. (g) Vl + I3x - 5|. 

(d) sin-1 (4^). (/i) 

11 . What formulas are possible for g(x) if x[^(x)]^ = 25? Over what 
range R{x) could ^^(x) be defined? Show graphically. 

12 . Draw the graph of the function f{x) = greatest integer less than or 
equal to x. 

13 . Regarding the time, in hours, after 12 o’clock noon as independent 
variable and the reading of the hour hand of a clock as dependent variable, 
draw the graph of the function from t — Oto t =36. 


46. Limits. Suppose that a variable x takes on consecutively 
the values 


yiy TAy 


^5, 


On a real axis, as shown in Fig. 92, x assumes the consecutive 
positions Pi, Po, Ph Ph P^y ■ • ■ ? ^^.ch of tv Inch is to the right 


0,5 

Pi 


0.6 

a. 


0.7 

JL 


Pz 


*4*- 

P, 


0.8 0.9 

P4 P,P,P. 


Fio. 02. 


1,0 


Q 


of its predecessor but to the left of the point Q whose coordinate 
is 1. The distance from the point ( to the point Q is given by 
the expression 

|1 — a’l = 1 — 4 : 
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and runs consecutively through the values 

H, y4., H, H, ■ ■ ■ 

and, manifestly, can be made as small as we please by following 
the sequence sufficiently far. That is, for any positive quantity 
e (however small) we can find a place in the sequence 

K, • 

beyond which every number in the sequence differs from 1 by 
an amount less than e. Geometrically, we see that for every 
e > 0 there exists an m such that if n > m then lies in the e-neigh- 
borhood of Q. This condition is an illustration of a variable, x, 
approaching its limit, 1, and is represented symbolically by any 
one of the notations : 

limit X = 1 (read “the limit of z equals 1”) 

lim a: = 1 (read as the above) 

• a; 1 (read “x approaches 1”) 

In general, we shall say that a variable u has the limit a 

(that is. It — » a) if tt runs through a sequence of numbers such 
that, corresponding to any positive number e, there is a definite 
place in the sequence beyond which every value of u satisfies 
[u — a| < €. 

We shall, upon occasion, use the notation 

It 

read “u approaches plus infinity” or “u increases beyond all 
bound” to mean that u runs through a sequence of numbers 
such that, any positive number h having been chosen, there 
exists a place in the sequence beyond which every value of u is 
greater than b. 

Similarly, the notation 


read “ u approaches minus infinity” or “u decreases beyond all 
bound” will be used, meaning that u runs through a sequence 
of numbers such that, any negative number b having been chosen, 
there exists a place in the sequence beyond which every value 
of u is less than b. 
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If the notations 


u — > i <* , u, — > 

are used, they are to be interpreted to mean that 

|u| — > + “ , 

no restriction being placed upon the sign of u. 

We shall have use for the following three theorems on limits. 
Theorem 1. If, in running through a sequence of values, a 
variable, x, never decreases and never exceeds a finite constant M, 
then X a'p'proaches a limit a, where a ^ M. 

Theorem 2. If, in running through a sequence of values, a 
variable, x, never increases and is never less than some finite constant 
m, then x a'p'proaches a limit b, where b m. 

Theorem 3. If, in running through a sequence of values, 

ai, Ui, Os, Oi, . . . 

a variable, x, approaches a limit, then, for every « > 0 there exists 
a finite integer n such that |a„ — < e for every positive 

integer p. 

The proofs of these theorems depend upon the foundations 
of our system of real numbers and are beyond the scope of this 
book. 

Suppose now that we have a function of x defined in a deleted 
neighborhood of 2 and that a: — > 2 by running through a sequence 
of values. Then the function runs through the sequence of 
corresponding values. We give two illustrations: 


X 

1.9 

2.1 

1,99 

2.01 

1.999 

2.001 

1.9999 


fix ) 

3 

4 

5 

6 

7 

1 

8 

9 



X 

1.9 

2.1 

1.99 

2.01 

1.999 

2.001 

1 .-9999 ! . . . 

1 

1 

gix) 

\ 

3.2 

2.8 

3.02 1 

1 

1 2.98 

3.002 

i 

2.998 ■ 

3.0002 . . . 


It appears that, in the second illustration, g{x) is approaching 
3 as a: approaches 2. If, furthermore, the sequence of values of 
g{x) has 3 as a limit, for every sequence of value of x having 2 
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as a limit, we %vrite 

lim g{x) = 3. 

x -^2 

In general, we shall say that 

lim f{x) = b 

x-^a 

if f(x) is defined in some deleted neighborhood of a and if, for 
every e > 0 there exists a 5 > 0 such that x in the deleted 
5-neighborhood of a implies that f{x) is in the e-neighborhood of 
6, i.e- that 

l/W - 6| ^ « 

for every x which satisfies 

0 < |a: — a] ^ 5. 

ILLirSTRATIONS OF LIMITS 

Illustration 1. If y = Sx + 2, then lim y — 6. For, let an arbitrary 

X — >1 

e-neighborhood be assigned to 5. To select x so that |5 — ?/| ^ e is to select 
X so that 15 — (3a; + 2)1 ^ €, i.e., so that |3 — 3a;l ^ e. Set 5 = e/3 and 
it follows that J{x) is in the e-neighborhood of 5 whenever x is in the deleted 
5-neighborhood of 1. Note the neighborhoods in Fig. 93. 


Y 



Y 



Illustration 2. If y ^ - 40* + 9, then lim ?/ = 6. For, if x == 3 + ^ 

then 1 / = (3 -t- - 4(3 + J) -[- 9, or 


</ — 6 -f 2f -|- 
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To select so that \y - S e, i.e., so that -j- 2^] < e, it is sufficient to 

select X so that 


i,e., so that 


e + 2\^\ ^ e, 

e + 2iii + 1^6 + 1. 


This will be accomplished if 


1«| + 1 g \/7+l, 

or if 

l$| ^ VT+l - 1. 


Hence, choose 8 = VT+^ — 1, and it follows that y is in the e-neighbor- 
hood of 6 whenever x is in the deleted 6-neighborhood of 3. 

lUnstratioii 3. lim (1 -f 0^^^- If a sum of P dollars is deposited in a 
t~^o 

bank and draws interest at the rate r compounded annually for 7i years, the 
amount becomes 

A = P(1 + r)\ 

If, in particular, the principal is $1, the interest rate is 4 per cent, and the 
period 25 years, the amount is 

(1 + «oo)“" = (1 -f = 2.66584. 

If interest is compounded twice yearly, the amount is 

/ 4 \2C251 / I \oQ 

0+2tVo) =y+F6) 

Compounded quarterly, the amount becomes 

V “^4aOo) "^loo) "" 2.70481. 

Continuing in this way, wc find the amount of 


( 


1 + 


4 \ 12125) 

iTnooj 



2.71377 


for monthly conversion of interest, 


ft 

V 52 • looy 

for weekly conversion, and 
V 365 • 100/ 




for daily conversion. This process leads, naturally, to the ciuestion, what 
would be the amount if interest were converted instautanecnisly, or, in 
other words, what amount is approached as the conversion period is made 
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to approach zero in length. An answer is found in the expression 

lim (1 + 

To show rigorously that this limit exists, is too difficult for a first course 
in the calculus. However, it is comparatively easy to show (see Prob. 21, 
below) that, if it does exist, its value is approximated by adding more and 
more terms of the infinite series 

1 + 1 + ^ ^ ^ + • ■ • • 

The limit is conventionally represented by the letter e, and its value, correct 
to ten decimal places, is 

e = 2.7182818285. 

This hmit is of great importance in the subject of calculus, and a problem 
directing the student through the proof of the existence of that limit, in case 
1/^ is a positive integer, is found at the close of this section. 

Illustration 4. lim ( - ) • This limit is another one of much impor- 

9-^0\ 6 J 

tance for subsequent work. If the angle BOD in Pig, 95 is equal to 2^ and 



Fig. 95. 


the radius equals unity, then CB = sin 9 and the arc AB equals 9. Hence 

sin 9 _ 2 sin 9 _ chord DCB 
6 26 arc DAB 

Now the length of the circumference of a circle is defined as the limit of the 
perimeter of an inscribed or circumscribed regular polygon as the number of 
sides increases indefinitely. This definition amounts to the hypothesis, for 
circular arcs, that the limit of the ratio of the chord to the corresponding 
arc approaches unity, as the length of the arc approaches zero. This 
hypothesis is fundamental to all work bearing upon lengths of circular arcs 
and is either expressly or tacitly assumed. We conclude, therefore, that 



We shall now give four important properties of limits. The 
first three of these are given as Theorems 4, 5, and 6 below, 
while the fourth is stated as Exercise 1. 
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Theorem 4. The limit of a product of two functions of a common 
variable is equal to the product of their limits, or, 

lim [fix) • g(2:)] = [lim/(a:)] • [lim gf(x)]. 

x-~^a x~-*a x—*a 

Proof: Let lim fix) = b and lim gix) = c. Then for any 

x-^a x-^a 

€i > 0 there exists a 5i > 0 such that if 0 < jr — a| ^ then 
(/(x) — 61 g €i, and for any €2 > 0 there exists a 5‘> > 0 such 
that if 0 < [x — aj g Si, then Igf(x) — cl ^ €2. We wish to 
show that for any € > 0 there exists a 5 > 0 such that if 

0 < lx — a| ^ 5 

then l/(x) • gix) — 6cl ^ e. Verify by algebra that 

l/(x) • gix) - 6c| = \{gix) - c}{/(x) - 6} + c{/(x) - 6} + 

6{£f(x) - c}|. 

Making all the products on the right-hand side positive can only 
increase that member, so we have 

|/(x) • gix) - 6cl ^ Isf(x) - cl • l/(x) - 6l 4- |cl • [/(x) - 61 + 

16 | ■ Isf(x) - c|. 

If, now, we keep lx — al positive but less than the smaller 
of Si and 62, then both of the conditions 0 < lx — a| ^ and 
0 < lx — al ^ §2 will be satisfied and hence both of the con- 
clusions l/(x) — 61 ^ €i and Isr(x) — cl ^ 62 will follow. Hence, 
from the above we have 

l/(x) • gix) — 6cl g ei«2 + lc|ei -|- j61e2, 

for any positive values whatever of the quantities ei and e*. 
Now, for any e > 0 we may so choose ei and 62 that each of the 
three terms €i€2, lc|ei, and |6|e2 is less than €/3. The S which we 
seek may be taken as the smaller of the 5i and So determined by 
this choice of ei and €0. 

Theorem 6. The limit of a sum of two functions of a common 
variable is equal to the swn of their limits, or 

lim [fix) 4- gix)] = lim/(x) 4- lim gix), 

X— >-a x—*a X — ►a 

Proof: Let lim/(x) = 6 and lim gix) = c. Let e be any positive 

x-^a x->a 

number and let €1 = <2 = h- From the definition of a limit, 
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there exist positive numbers Si and 62 such that whenever 
0 < Ire - a| g 5 i then |/(x) - fej ^ ei, and whenever 

0 < |a: — aj ^ 52 

then \g(,z) — c| g €2. Both of these sets of conditions will hold 
whenever 0 < |re — a| ^ 5 , where 5 is the smaller of 5 i and 52 . 
We thus have established the existence of a 5 such that whenever 
0 < Ir — a| g 6, then |/(rr) — 5 | g ei and |fit(a:) — c| ^ 62 and, 
therefore, 

|[/(a;) + ?(a:)] - [b + c]| = |[/(rc) - b] + [g{x) ~ c]l 

^ l/W - b\ + \g(x) - c| 

^ «1 + *2 

^ 6. Q. E. D. 


Theorem 6. 


If lim f(x) 7^ 0 then lim 7^ 

x-*a x-*a J \^) 


1 

lim j{x) 


Proof: Let lim f{x) = b 7^ 0, e be any positive number, 

x-^a 

€1 = llfej, and €2 = Corresponding to ei and €2 there exist 

two positive numbers 5 i and 52 such that whenever 


0 < |a; “ «! g 5i 

then |/(x) — 61 g 6i and whenever 0 < jx — a| ^ 62 then 
|/(x) - 6| g €2, and both conclusions follow whenever 

0 < |x — a| ^ 5 , 

where 5 is the smaller one of 5 i and 52- From the form of ei we 
have, under these conditions, f{x) differing from 6 by not more 
than | 16 |, so that/(x) lies between |6 and|-6, whence |/(x)| ^ ||6|. 
Finally, when 0 < |x — a| ^ 5 , we have the relations 


1 1 


b - fix) 

l^> - /(a5)l ^ es 

m b 


b-fix) 

b\ ■ \fix) = b\ ■ | 16 | 


and the theorem is proved. 


Exercise 1. As a corollary to Theorems 4 and 6, prove that 

lim/{x) 

lim ii£2 = 

x~-*a g(x) lim g{x) 


lim g{x) 9 ^ 0. 
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Problems 

1. What limit, if any, is approached by x as it runs through the sequence 

(o) 4, 3, 2, 2g- 2 + p. 2 + p. 2 + • ■ ■ ? 

(6) 1.0, 0.9, 0.8, 0.7, . . . , 0.2, 0.1, 0.09, 0.08, 0.07, 0.06 

0.02, 0.01, 0.009, 0.008, . . . ? 

(c) 4, 4.4, 4.44, 4.444, 4.4444, . . . ? 

(d) 1, -1, 1, -1, 1, -1, 1, -1, ... ? 

(e) 34, 34, 3''8 j 3 16, H2y 3^4, • • • ? 

(/) 1, 3, 5, 7, 9, 11, ... ? 

(g) 2.1, 2, 2.11, 2, 2.111, 2, 2.1111, 2, . . , ? 

2. In each case in Prob. 1, above, what limit, if any, is approached by a 
variable which runs through the sequence remaining after the first, third, 
fifth, and all odd-numbered elements are dropped? 

3. If a; 0, prove that cx — > 0, if c is a finite constant. 

4. If a; — » 0, prove that a:?/ 0, if ?/ is a variable such that |^| < c where 

c is some finite constant. 

5. If X 0, prove that c/x oc , if c is a constant not zero. 

6. li X 0, prove that y/x ^ =c , if y is a variable such that 1^| > c 

where c is some positive constant. 

7. Show by illustration that if a; — > 0 and y 0, then the fraction r -'4 
may approach zero, may approach a finite constant c, not zero, or may 
increase beyond all bound. 

8. If a: — ^ 00 , prove that c/x 0, if c is a finite constant. 

9. If a; oo, and |?/1 < c, where c is a finite positive constant, prove 

that y/x -^0. 

10. Show by illustration that if a; « and y then x/y may 

approach zero, a finite constant different from zero, or increase beyond all 
bound. 

11. Prove that lim (2x — 1) =7. Hint: Follow the method of Illustra- 
tion 1 of this section. 

12. Prove that lim (5a: - 4) = 5a - 4, for every finite number a, 

13. Prove that lim (3a:= - 4x + 4) =3, using the method of Illustration 2 

x-*l 

of this section. 

14. Prove that lim (ax^ + bx + c) = ad'- + bd + c, where a, b, c, and d 
are any constants. 

16. Prove that lim x" = a'', where a is any constant and n is any positive 

j — tfi 

integer. 

Hint: The proof may be made using the binomial tiieoreiii, or by induction, 
using the result proved in Theorem 4 of this section. 

16. Prove that lim P{x) = P{a), where P(x) is any polynomial in x. 

.v—*a 

17. Show that lim (-!)•' does nut exist, hy eoiisidering fii-st that x runs 

j. — yQ 

through a sequence of decreasing fractions of the form 1 p, where p is an 
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odd integer, and second, that x runs through a sequence of decreasing frac- 
tions of the form 2/?, where q is an odd integer. 

18 . Prove that if J{x) = g{x) in some deleted neighborhood of a, then 
lim f{x) = lim g{x), if the limits exist. 

r— ♦a or— 

19. Can lim exist if lim g{x) = 0? 

x~^a QW x-^a 


20. Find the following limits, if they exist. 


(a) lim 


^2 _ 4 


2 X — 2 


Ans. 4. (h) lim • 


Ans. 1. 


(6) lim 

X — 6 


(c) lim 

X — >0 


x^ — 5x^ 


(i) lim 

e-*o ^ 

, ^ /.NT tan 6 

Ans, 2. 0) hm — -• 

e 


Ans. 0. 


Ans. 1. 


(d) lim-y- 
x-^3 


^ - 9 
dx + 6 * 


W T- 

x—^O ^ 

rx\ T X^ + X + 1 
. V .. sin 3^ 

io) 

0^0 sm d 


Ans. 6. (k) lim - 

x-^0 , 


Ans. 0. (Z) lim 




— a/x)- Ans. 0. 


0 

Ans. 3. (n) lim 7 "• 

e-^o tan 6 


21. Prove that lim (1 + exists if 1/i is restricted to values which are 
positive integers. Hint: The limit is the same as lim (l -j- where z is 

2— > 00 \ X/ 

held to positive integral values. Consider the two series 

each to s + 1 terms, and show that the series (B) is the binomial expansion 

of ^ Show next that for any positive value of z any term in the 

series (S) is less than, or equal to, the corresponding term in series (A). 
Show also that, as z increases, the terms of series (B) increase in magnitude 
and in number and approach the corresponding terms in series (A). This 


establishes the fact th: 




increases as z increases but cannot exceed 


the sum of the first z +■ 1 terms of the series (A). Now let the series (A) 
be represented by the notation 

(A^) Uo d“ -j-' «•> “h “b <24 + ■ • • * 


Evidently ao = 1 and ai+i = "x -i every value of i. Hence 

t "T 1 
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flo = 1 = 1.0 

a: = ^ = 1.0 
= I = 0.5 

0.1 = ^ < 0.1666666667 

04 = < 0.0416666667 

06 = < 0.0083333334 

O 

06 = ^‘ < 0.0013888889 

o 

07 = y < 0.0001984127 

08 = < 0.0000248016 

O 

09 = < 0.0000027558. 

Hence 

ao H- ai 4- • • • + as < 2.7182815258. 

Now, since < 0.000003 and == flg/10, 

aio < 0.0000003 
ail < 0.00000003 
ai2 < 0.000000003 


and the sum of any number of terms in the series (A) after ag is less than 
0.000000333333 . . . , which is less than 0.0000003334. The sum of any 
number of terms of series {A) is, therefore, less than 

2.7182815258 + 0.0000003334 == 2.7182818592, 


Since the quantity increases with 2 but is always less than 

2.7182818592, it approaches a limit by virtue of Theorem 1 of this section. 
3^2 „ 2 

22. Find lim ■ Hint: If x is finite and not zero, 

- 0 


3 x^ - 2 ^ ^ P 

4a:- — 5 . 5 

4 — — 
.r- 


As X increases, the numerator approachivs 3 while the 
approaches 4. Hence the limit is ,^4. 

23. Find the following limits if thev e.xist. 

2a: - 1 4 .. . .7. 20''^ - 


(a) lim 


5a: + 2 


A ns. 


(h) lim ~ 


5r“ ~ 6 


denominator 
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(c) lim 


4x — 6 
+ X -f 1 


*4 ns. 0. 


{d) lim 

x-^ oo 


7x^ - 2a;2 + 8a: + 11 
9a:3 + bx^ + 10a; + 15 


47. Continuity. If /(a;) = + a; + 1, we see readily that 

First :/(3) = 13, 

Second: lim /(a;) = 13, 

.r — ^3 

We speak of the function a:* + a: -|- 1 as being continiious at 
a = 3 since it possesses the three properties set forth in the 
following definition: 

If a function, f{x), has the three properties 
First: f (a) is defined, 

Second: lim /(x) exists, 

x~^a 

Third: lim/(x) = /(a), 

x--*a 

the function is said to be continuous at x = a. 

If one or more of these properties fails to hold at a: = a, then 
we say that the function is discontinuous Sit x = a. 


ILLUSTRATIONS 

Illustration 1. The function f{x) — — 5x is everywhere continuous, 

as we may show as follows. If a is any constant, we have the function 
defined, since 

/(a) - 3a2 - 5a. 

To show that lim/(x) exists, and, moreover, that it is equal to 3a^ — 5a, we 

x—^n 

must show that, for every e > 0 there exists a 5 > 0 such that whenever x is 
in the deleted 5-neighborhood of a, then f{x) is in the e-neighborhood of 
— oa. Let x — a = | or x = a -f- Hence 


fix) = 3(a + 1)2 - 5(a + 

== 3a2 -|- 6a^ 4” 3^^ — 5a — 5^ 

= (3a2 - 5a) -f K6a - 5) + 3^. 

If, now, we select 5 > 0 so small that 


6|6a - 5| ^ I 

and 


and keep 


U1 ^ t, 
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we shall have 


l4(6a - 5) + 3|2| g |5(6a - 5)| + 34= g | + ^ = «. 

Hence 

\f{x) - (3a^ - 5a)| g 

and the function is continuous at x = a. Since no restrictions have been 
placed upon a in the proof, the function is everywhere continuous. 

Illustration 2. Let the point [0,/(x)] be determined on the ?y-axis by 
projecting the point (x,0), on the x-axis, from 
the fixed point (4,-3). Then the points [0, 
f{a) + e] and [0, /(a) — e] determine an interval 
on the 2/-axis and a corresponding interval on 
the x-axis from a — to a -f 62. If 5 is the 
smaller of and ^2 then, w'henever 0 < [x — aj 
^ 8, we have 

|/(x) -f{a)\ ^ e. 

This establishes the condition 

lim/(x) =/(a), 
x-^a 

or that the function /(x) is continuous at such 
points as render valid these geometrical arguments. The one point of dis- 
continuity is X = 4, since /(x) is not defined at that point. 

Exercise 1. Obtain a formula for /(x) as used in Illustration 2. Note 
from the formula whether /(x) is defined for x == 4. 



In later sections of this book we shall have need of two prop- 
erties of functions which are continuous on an interval. 

Property 1. 1/ /(x) is continuous on the interval a g x g 6, 

^ and f{a) 9 ^ fib), then for any constant 

c between fia) and fib), there exists an 
Xi between a and h such that fix f) = c. 

Geometrically, this means that the 
line?/ = c has uponit apoint [.ri,/(xi)] 
which lies on the curve y = /(x), if 
the line y = c lies between the lines 
y = /(o) and y = fib) and, moreover, 
Xi lies between a and b. 

Property 2. If fix) is continuous on 
the interval a x S b, then there exist 
an Xi and an X 2 , a S = b, and a ^ x-> ^ b, such that rn = 
fixi) ^ fix) ^ /(xo) = M for every x on the interval. 

The geometrical significance of this property made clear 
by a glance at Fig. 98. 
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These properties seem obviously true, when viewed from the 
geometrical point of view, and the student is asked to accept 
them on faith. A rigorous demonstra- y 


tion that these properties hold is well 
beyond the scope of this book. 



has no upper bound, i.e., no number M stated for Property 2. 
(Is there a lower bound, i.e., a number m stated for property 2?) 
This function fails to meet the hypotheses of Property 2 in that 
that the value 1 is not included in the range of x. 

Problems 

1 . Prove that the sum of two functions of both of which are continuous 
at X = a, is continuous at x = a. Hint: Make use of the result of Theorem 
5 of the preceding section (page 155). 

2. Prove that the product of two functions of x, both of which are 
continuous at x = a, is continuous at x = a. Hint: Make use of the result 
of Theorem 4 of the preceding section (page 155). 

3. Prove that if /(x) and g{z) are both continuous at x = a and g(a) 0, 
then/(x)/p(x) is continuous at x = a. Hint: Make use of Exercise 1 of the 
preceding section (page 156). 

4. Prove that is everywhere continuous if n is a positive integer. 

6. Prove, as a corollary to Probs. 1 and 4, that any polynomial is every- 
where continuous. 

6. Prove, as a corollary to Probs. 3 and 5, that a rational function is 
continuous at every point at which its denominator is not zero. 

7. Prove that aii}^ rational function is discontinuous at any point at 
which its denominator is zero. 

8. In each of the following cases tell for what values of x the given 
function is discontinuous. 
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(a) 

3x -h 1 

x"^ — X 

(e) 

2x — 5 

1 +X2' 


(b) 

X +2 

4x 

if) 

1 2 

0:^—4 xix^ — 4) 

(A 

4:X^ — 2x^ 


(x - l)(x - 

2)2 


X* - 16x2 

KQ) 

(x - l)2(x - 

-2)' 

(d) 

12 

ih) 

X2 

3 


— 8 

(x — 2) (x — 

3) X - 3 


4 

x{x — 2) 


9. Draw the graph of the function 
discontinuous? 


1 

1 + ixf 


For what values of x is it 


^2 

10. If fix) = —Z ' x ' X 7^3 and f{x) = -3 when x = 3, find for 

what values of x it is continuous. 

11. If fix) = 3 when a; ^ 2 and fix) = 2x + I when x > 2, draw the 
graph of the function and state for Avhat range the function is continuous. 

12. If fix) = 0 when x < 0, fix) ^ 1 when 0 < a; < 1, and fix) = 2 
when a: > 1, find the points of discontinuity. 

13. Prove that sin x is continuous for every value of x. Hint: Write 



sin (a + — sin a = 2 cos i 

(“+!) 

1 sin i 

Hence 





sin (a -f 1) = sin a + 2 cos | 

+ 1 ) 

1 sin|. 

Now examine 





liin sin (a + 


14:. Prove that cos x is everyw^here continuous. 

16. Prove that tan x is continuous except at x = •n7r/2, where n is any 
odd integer. 

16. If fix) = X sin ^ when x 0 and fix) = 0 when at = 0^ draw the 

graph of the function and discuss its continuity. 

17. Find the discontinuities of the function 


/(:r) = lini 

u .30 


nx 

1 + nx 


and draw the graph. 

18. Find the discontinuities of the function 


/(x) = — I ^ \ jt 

UV + 1 lO'x -f 1 


and draw the graph. 

19. Find the discontinuities of the, 1 unction 


fix) == lim 

n— 4 -f cc 


X 

o:” + 1 


and draw the graph. 
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20. Find the discontinuities of the function 

f{x) = lim (tan*"^ nx) 

and draw the graph. . . xi. i. ^ -d 

21. (a) Does the function /(a;) = - 1 satisfy the hypothesis of Prop- 

erty 1 of this section (page 161) in the interval 0 ^ x ^ 1? If so, find the 

value of corresponding to c = . s . 

(h) For the function and interval stated in (a) find m, M, and Xi as 

related to Property 2 of this section. 

22. Does Property 2 of this section apply to f{x) = ^ interval 

1 ^ a: ^ 2? If so, find m, ilf, Xi, and X 2 . 
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48. The Derivative of a Function. Let a function, f(x), be 
continuous in a neighborhood of x = xo, and let u be some other 
value of X in that neighborhood. The functional values at 
X = xo and x = u are/(xo) and/(w), and the difference 

/(m) -/(xo) 

represents the change in the function, . induced by causing x to 
change from xo to u. Also the fraction 

fju) - /(xo) 

M — Xo ^ 

represents the average rate of change in the functional value per 
unit change in x, as x changes from xo to u. If this fraction (71) 
approaches a limit as u approaches xo, we may write it as 


lim 


f{u) -/(xo) 

"■? 


U Xo 


and call it the instantaneous rate of change of the functional 
value, /(rr), per unit change in x, Sit x — Xo. This limit, if it 
exists, is evidently dependent upon xq, and considering Xo as a 
variable over the range for which the limit exists, we may write 


/'(xo) = lim 

U— +X0 


fju) -/(Xo) 
U — Xo 


We shall call this function of xo the derived function, or the 
derivative of f{x), with respect to x, at x = Xo. 

We have already made an interpretation of this derivati\'e 
as the instantaneous rate of change of the dependent variable, 
/(x), per unit change of the independent variable x, at a ])articular 
value, Xo, of the latter. If the independent variable is t, repn‘- 
senting time, and if the functional value s{t) represents the 
corresponding distance from some fixed point on a straight line 
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to a particle moving on that line, the difference 

s{t) — s{U) 

represents the distance the particle has traveled while the time 
has changed from k to t, i.e., during an elapsed time 

i - U. 

Hence, the difference quotient 

s{t) - s(fo) 
t - to 


represents the average velocity of the particle between the 
instants k and t. As we let t approach to, this average velocity 
is computed over an ever shorter time after to. Hence we regard 


the derivative of s(t) with respect to t at t = to, as the instan- 
taneous velocity of the particle at the time to. 

The geometrical significance of the 
A derivative is readily grasped. The 

points Po [xo,/(a:o)] and P [u,f(u)\ are 
Y points on the graph of the function 

f \ /(^)i difference quotient 


Y 

(u.fm) 

.\(U)-f{Xo) 


J{u) - J{Xo) 




o] is the slope of the chord PoP. As 

* u xo, the point P approaches Po along 

the curve, while the line PoP turns 
about the fixed point Po and approaches the line tangent to the 
curve at the point Pq. Its slope, 

/(u) - fjxo) 

u — Xo 

approaches the slope of that line. Hence /'(xo), the derivative 
of f{x) with respect to x, at x = xo, represents the .slope of the 
lino tangent to the curve at the point Po. 

Exercise 1. Prove that the existence of the limit defining /'(xu) implies 
\hiiif{x) is continuous at x = Xu, 
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Illustrations 

lUustration 1. Given /(a:) = 1 -h find/(2). Method: 


Hence 


and 


fin) = 1 + /(2) = 5, fin) - f{2) = ~ 4. 


f{u) -/(2) ^ 4 

u — 2 u — 2 


u H" 2 , 


/'(2) = ^ = lim (u + 2) 

u—^2 »'2 


== 4. 


The derivative of the function 1 -f- with respect to a:, at x = 2, is thus 
found to be 4. 

In view of the text above, this signifies that the function, 1 + x-, changes 
at the rate of 4 units, per unit change in x, when x = 2 ; also that the slope 
of the line tangent to the curve y = 1 4 - at the point (2,5), equals 4. 

Illustrations, Find /(^o) for /(x) = 1 -f x^. Method: 


Hence 

and 


Hence 


f{u) = 1 + 7 / 2 , = 1 4 . 

f{u) ~f(Xo) = 7/2 _ ^^, 2 ^ 
fiu)^~ fiXo) 


W — Xo 


u — Xo 


= 7/ + Xo* 


/'(xo) = lim = iini (u + x,0 = 2xo. 

U—^X’13 ^ ^0 U — 


Note that, since Xo denotes any fixed value of x, the last result gives at 
once/'(2) = 4 (Illustration 1), /'(o) = 10, f (a) = 2a, etc. 


Problems 

1 . Find/(xo) when/(x) and Xo are as designated below. 


(а) fix) = 1 + 2x, Xo == 2. A ns, 2. 

(б) fix) = 1 + 2x2, Xo = -1. -4. 

(c) fix) = X’^ + 2, Xo = 1. Arts. 3. 

(d) fix) = Xo = -2. A,u. 

(e) fix) “ 2 x^+ 3 ’ ~ “^^' 5 - 

t/) fi^) = ‘sin X, Xo = 0. Ans, 1. 

ig) fix) = tan x, Xo = 0. Ans. 1. 

2. Fin(l/(xu) wheii/(x) is as designated below. 

(a) fix) = 2 — 3x^. Ans, — 6xu. 



168 


CALCULUS 


[Chap. VIII 



Ans. 

w -fW - a ! 

. Ans. 

(e) f(x) = s/l + X. 

Ans. 


(3 + 4xo)2 
4:Xo — 3X0® 
(2 3xo)^’ 

1 


2'\/l + Xo 

3 . Find the slope of the tangent for each curve designated below, at the 
point indicated. From that find the equation of the tangent. 

(a) ?/ = + 3 at the point (2,11). Ans. ?/ — 8x -j- 5 =0. 


ib) y = • 


at the point whose abscissa is 1. 


2 + X 

Ans. 5x + 9?/ = 20. 

(c) y — \ at the point whose abscissa is —2. 

Ans. 12x -f- 2 / + 15 =0. 
3 

(d) y = s—T - — 2 at the point whose ordinate is 34* 

Z "f" x* 

Am, 2x + 6?/ = 7, 2x — 6?/ -f- 7 =0. 

(e) y = Vi at the point whose ordinate is 3. 

Ans. X + St/ =5. 


49. Derivatives of Algebraic Functions. In this section we 
shall develop a number of theorems that will enable the student 
to write down the derivative of an algebraic function at sight, 
vdthout the necessity of developing the, derivative from its 
definition. 

Theorem 1. The derivative of a constant is zero. 

Proof: By hypothesis 


Hence 

and 


fix) = P. 

f{u) - C, /(Xii) = c 

/'(X.) . = lim . 0. 

U—^Xq U - Xo ti — ^.ro n — .To 


Example. If f{x) = 5, /'(xo) = 0, for every Xo. 


Theorem 2. The derivative of the sum of two functions of x is 
the su7n of the derivatives of the two f unctions. 

Proof: By hypothesis, 


fix) = gix) + h{x). 

Heiu'o 


fill) = giu) + hill), /(to) = gixo) + hixo), 
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f'ixo) = lim ^ 

u—>xq U Xq 

= liui g(^) + H u) - g{xo) - h{xo) 


u — ajo 

g{u) - g{x») h{u) - h{xo) 

U — Xq U ~ Xq 


u--^xo U Xq U .1*0 J 

= lim g(^) ~ gC^^o) ^ iijj^ /t(») - h{xa) 

u-^xo ^ ^0 u—*XQ ^0 

= g'M + h'(xo). 

Corollary. The derivative of a sum of any finite number of 
functions of x equals the sum of their derivatives. 

Theorem 3. If f{x) = ax’*, where a is any constant and n is 
any rational constant, thenf'(xo) = anx^’‘~^. 

Proof: First let n be a positive integer. Then 

,,, , ati’* - aajo" 

f{xo) = lim - 3 — ■ 

U—^XQ ^ *^0 

— Xo'"’ 

= a lim 

n-^XQ ^ ^0 

= a lim -b u^~^Xq + + • • • + uxo’*“^ + a:o'‘~0 

u—^xo 

= anxo”~h 

This result holds if n is any rational number, but the proof for 
that, more general, case is more easily given later. The student 
may use the formula for the present without proof. 

Example. If f{x) = 3\/x = 3a;^", /'(xo) = if Xo ^ 0. 

Theorem 4. If fix) = [gix)\[h{x)], then 

f'ixf) = [( 7 (a;o)][/i'(^o)] + [/i(.rn)][ 9 '(^o)]. 

Proof: From the definition of the derivative, 

-JM 

u-^x, u - Xo 


= lim 


= lim 


giu)hiu) — gj xffi hjxn) 
u — .To 

giu)hiu) - g(u)/?(To) + giu)h{x) - g ixo)h{xo) 

U — To 


= lim g(u)^-^ ^ + lim 

u— >.ro *^'0 u — >j'(i 

^ (/(To) • C(.ro) + h(x) ■ (/'(.i-o). 
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T 1 i.a -Li xin-i K T-f ■ ffr \ — f (r \ — ff (.^ o)h ( Zo ) 

Theorems. If fix) - j^y f {xo) , 

if h{X(i) ^ 0. 

Proof: From the definition of the derivative, 


f(xo) = lim 
= lim 


gju) _ gjxo) 
hiu) h{xo) 


u — ^ ^0 

h{xf)g{u) - g{xo)hiu) 
u_j;„ hiu)hixa)(u — xo) 

= lijj^ Hxf)g{.u) — fe(a:o)g(xo) - g{xsf)h{u) + g{xo)h{xQ) 

tl — >xo }l(XQ)h(Xt) (%i ~~ Xq') 

hixo)[g{u) - gjxo)] - g{xo)[h(u) - A(a:o)] 
h(xo)h(u)(u — a;o) 


= lim 

■u—^rro 


t(^) 9W - SM _ 


= lim 

U-^Xo 


U — Xo 


u — Xo 


h{xo)h{u) 

_ k{xo)g'{xo) - g{xo)h'{xo) 

[h(x,)]^ 

Theorem 6. If fix) = g{v) where v = h(x) and if g'(vo) and 
k'(zo) exist, where vo ~ h{xf), thenf'{xo) exists and is given hy 

f{xa) = g'{vo)h'{xo). 

Proof: Let s = h{ti), and write 

ffa) - 

u—*x(i ^ ^0 

= lim g(^) ~ gfa) 

■u— )-X0 ^0 


= lim 


U—^XQ 


gis) - g{vn) s - Vo 


Va 


U — Xo 


lim ~ 


liin 



_ u-^xii ‘to 


= g'{vo) • h'(xo). 


* Note that h'{xo) exists by hypothesis, implying that v - h {x) is con- 
tinuous at a: = xq and, hence, that s — > 2^0 as u —> Xa. 

The multiplication of numerator and denominator liy s — as per- 
formed here, is legitimate if, in some deleted neighborhood of xq, there is no 
u such that s = h(u) and zio = k(xo) have the same values. If, on the other 
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Corollary. If fix) = a[hix)Y, then f (xq) = an[hizo)Y~^h'ixo). 

Exercise 1. Prove the above corollary. 

Theorem 7. If y = fix) is a function of x having an inverse 

I 

X = giv), then g'iyo) = where yt = fixo). 

Proof: Let w = fiu), then 


and 


U — ^0 


U-^XQ U — Xo 


= lim - gfa.) . iLna 

yo w—^yo 2/0 

= lim — 
w-^yo ya 

U — Xq 

1 


lim 


w - yo 


V3~~*yi 'a Xq 

1 


lim 


w - yo 


u — >x<i y -^0 

1 


fixo) 


hand, there is a w in every deleted neighborhood of Xq for which h{u) - h{xo)y 
then, by taking only such values, we have 


f{xo) = lim 

u-^xo 


/(m) 


U — Xo 


•/(go) ^ ijjjj ffM - ffM ^ Q 


U - Xo 


Then, also, taking only those values of we have 


h'{x^) = lim 

U—^XQ 


h{u) — h(xo) 
u — Xo 


= lim 

u— 


/i(xo) — h(xo) 


Xq 


0 . 


This special approach to Xq by u is legitimate since h'ixo) is defined as the 

limit of regardless of the mode of approach of u to Xo. By 

u — Xo 

hypothesis g'{vQ) is defined, and hence finite, and in the case at hand both 
f'ixa) and h'{xu) are zero, so that the relation 

/'{xq) = g'{vQ)h'{xQ) 


is still satisfied. 
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Note: What justification is there in using m — > xo and w —>■ 
interchangeably? 

At this stage, let us observe that the symbol Xo that we have 
employed in writing f'{xo) denoted any value of x for which the 

limit of as n-^Xo, exists. Should we call that 

U — .I’o 

value just x, the derivative, computed for that value, would 
e\’idently be designated as f{x). In fact, we may define /(x) 

ff'iA — f(x) 

as lim -^> and all the results that have been so far 

u — ^ 

developed will carry over, with the change from Xo to x. With 
that in mind, we recapitulate the seven theorems developed in 
this section as 

Theorem 1. J//(x) = c, f(x) = 0. 

Theorem 2. If f{x) = g{x) + h{x), fix) = g'ix) + h'ix). 
Theorem 3. If f{x) = ax”', fix) = ■nax”“b 
Theorem 4. If fix) — gix) ■ kix), 

/(aj) = gi^) • h'ix) + hix) ■ g'ix). 

Theorem 6. If fix) = |||, fix) = hi^) ' g' 

Theorem 6. If fix) = giv), where v = hix), fix) = g'iv) ■ h'ix). 
Corollary. If fix) = a[/i(x)]", fix) = an[hix)]”~%'ix). 

Theorem 7. If y = fix), where x = giy), g'iy) = 

Exercise 2. If /(x) = g{x) ■ h{x) • s(x), prove that 

f{x) = g[x) • h[x) • s'(x) + g{x) * s(x) • h'{x) + h{x) • s{x) • g'(x). 
Exercise 3. If /(x) = a ■ gix) y where a is constant, prove that 

fix) = a • g'ix). 

Problems 

1. Find fix) in each of tlie following cases, employing the indicated 
theorem : 

(a) fix) = 7. (Theorem 1.) 

(b) fix) = 5x1 (Theorem 3.) 

(c) fix) ~ 2.r'‘ — 3x^. (Theorems 2 and 3.) 



Sec. 49j 


DERIVATIVES 


173 


(d) fix) = 8a:® — 5a:® + 9a: + 2. (Theorems 1, 2, and 3.J 

(e) fix) = (a;® — a:®)(2a:® — x). (.Theorem 4.) 
if) /(*) = ix — x^){x* + X®). (Theorem 4.) 

(g) fi^) = - 2x^1 (Theorem 5.) 


(^)/(x)=^^- An. 

(a) fix) = 10(3x® — 2x)®. (Corollary to Theorem 6.) 

(i) fix) = 7(2x® - 8x®)l Ans. '28(2a:® - 8x®)®(6x® - 16x). 
ik) fix) = 3(4x5 - 8a:®)® + 9(2x - 1)®. 

-I”- (2^- 

(m) f{x) = {x — 

Am. (x - - 23x^ - 24x + 12). 

(n) fix) = ax^p - Zx)\ l^is. ax^i2 - Sxj^S - 27x), 

(o) fix) — \/ X. (Theorem 3.) 

(p) /(^) = 4^y2x^. 

5(2x^)* 

(?) K^) ^ 2^/^~+lc^~+lc. Am. — 

+ -c 


(r) fix) 


= (Theorem 3.) 
x 


is) fix) = (2a:4 - x® + 5)® ' ‘corollary, i 

2. In each of the following cases find the equation of the line tangent 
to the given curve at the given point; 

(a) y — 2x^ — (2,10). Key:/(x) = 2x‘^ — 3x, so/'(x) = 6x- 3. 

Hence, /(2) = 10 and/(2) = 21. The equation of the tangent is therefore 
t/ - 10 = 21(x - 2). 

ih) 2/ = 4x- ~ 3x + 2 at the point where x = 1. 

ox — y = 2. 

(c) y = x'^ — (0,0). Ans. y = 0. 

id) 1 / = 5x4 - 4 _ 6, (0,6). Am. 2 / = 6. 

(e) 2 / = x^ -h ^ + 4, (0,4). Am. 1 / = x + 4. 

(/) 2 / = (x^ - 3x + 1)^ (0,1). Ana. 15x +- 2 / = L 

ig) y = (2,0). An. x + 7y = 2. 

3. Find the equation of the line normal to the given curve at the given 
point, i.e., perpendicular, at the point of contact, to the line tangent to th^ 
curve at the given point. 

(a) y == 3x2 + 4x - 5 at x = 1. Arts, x -f lO/y = 21. 

ib) 7/ = 3x2 + 2x + 4 at (0,4). A x + 2?/ = 8. 

(c) y = -3x''^ + 15x at (0,0). Ans. x + 15// = 0. 

id) y = x4 + x^ - 8x + 3 at (1, -3). A//,s‘. x - /y = 4. 

(e) y = (3x^ Ax— 2)^ at (0,-8). Ans, x A 12// -h 06 =0. 

(/) y = i^^ — X A l)(x2 4- X — 2) at (0,-2;. 

X 4” 3// “j- b =0. 
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4 . Find /(re) in the following cases: 

(a) f{x) = '\/ 4rr- — 3i. (h) /(re) 

6 


(h) fix) - -3 
(c) fix) - V +~x. 

Ans. 

(.d) fix) = I 

(e) fix) = -^43:2 - a:. 

(f) /(*) = ■— F' 

V ^ 


re + 5. 

, 19re +- 75 

Am, 


2x + 1 
2Vre2 + X 


ii) fix) = \/2 m, 

U ) fi ^) ax^\^ a — X . 

arc (4a — 5re) 


Ans. 


(fc) /(^) 


= V- 


2\/^ 


rr + a 


Ans. 


(^) /(a;) 


\/rc 


(a: + a )2 V a; 




+ CL 


+ 1 

Arts. 


il) fix) = 




Qx^^ix + 1) 




■\/4 — X 
Ans. 


(4 — re)^^^:!; — 2 


6 . Find the coordinates of the points on the following curves at which 
the given value of m is the slope of the line tangent to the curve. 

(a) y = 2x^ + 3x^ — lOrc + 6, m == 2. 

Key: We have 


fix) = 2x^ + 3a;2 - lOrr + 6, 


hence 


fix) = 6n;2 + 6rr - 10. 

Setting this equal to the given value of m, we have 


6rc2 -h 6rc - 10 = 2 , 
rr^ + rc — 2 = 0, 
3: == 1, rr = —2. 


At a; = 1, we have y = 1. At rr = —2, we have y = 22. Hence, (1,1) and 
(—2,22) are the required points. 

(5) y = — ^x -f llj rn — 0. Ans. (3,2). 

(c) y = Sx^ — 5x + 4, m = — 

id) y - x^ — frr^ — lOrc^ — 12a; + 12, m = —12. 

Ans. (0,12), (4,-G2p/3), (-2,2%). 

6. Find the angle between the two curves at their points of intersection, 
i.e.y the angle between their tangents drawn at their points of intersection. 

(a) y = X- — b, y — 2x^ — 14. Ans. tan"^ % 3 . 

ih) y = + Ij y = 2rr- -h 1. Ans. 0°, tan“^ % 7 . 

(c) y - 3rr- — 4, '^ = 9a; — 10. Ans. tan"^ % 5 , tan“^ %0 9 

7 . A ball rolling down an inclined plane is found to travel a distance of 

s ft. in t see., where s = 6^-. What is its velocity at the time t? At th(^ 
end of 2 sec.? When will its velocity be 60 ft. per second? What is the 
rate of change of its velocity? Hint. Recall that the velocity is given 
by s'ii). Ans. I2t, 24, 5, 12. 
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8 . A ball is rolled up an inclined plane and found to follow the law 
s = 24i - where s represents distance traveled in feet and t represents 
time in seconds. What is its velocity in terms of the time i? Wliat is its 
velocity at the end of 4 sec.? At the end of 7 sec.? Explain, At what 
time and at what distance does it stop? 

9. Find the equation of the line tangent to the curve y = Zx- — 4x and 

perpendicular to the line x +■ 2i/ = Q. A?is. 2a; — y = 3. 

10. Find the equation of the line tangent to the curve y = x'^ — 4x and 

parallel to the line x -h ?/ = 5, Aws. x -|- ^ = ±2. 

11 . Find the equation of the line normal to the curve y = x^ — dx and 

parallel to the line 2x + 2y == 7. Ans, x + ^ -f 1 = 0. 

12. Find the equation of the line tangent to the curve y = 2x- — 1 and 
passing through (4, 13). Hint. If (UjV) is the point of tangency, the slope 

of the tangent is Au. That slope is also equal to ^ A second equation 

4 — li * 

arises from the fact that (u^v) is on the curve. 

Ans. 4x y 3, 28x — ^ = 99. 

13. Find the equation of the line tangent to the curve y = 2a;- -f a; — 8 

and passing through (4,10). Ans, 5a; — y = 10, 29a: — ^ = 106. 

14. Find the area of the triangle formed by the coordinate axes and the 

line tangent to the curve — x at (2,6). Aais. 

15. If y = Six) is defined by x = 3 — 4^- + i/\ find fix). Hint. Use 
Theorem 7. 

16. Find the equation of the line tangent to the curve x = 4 — •«/ + 

at the point (4,1). Ans. x — 3y = L 

17. Find the equation of the line tangent to the curve x = A y — l)^ 

at the point (1,1). Ans. x — I2y -f 11 = 0. 

18. Prove Theorem 3 for the case when n is a negative integer. Hint. 
Put 71 = — w, obtaining /(x) = a/x”\ and apply Theorem 5. 

60 . The Derivative as a Quotient. Suppose a body is moxdng 
on a straight line according to the law 

$ = -f 12^, 

where s represents distance, in feet, from a fixed position, 
t sec. after starting. If we wish to know the distance traveled 
over in the one-half second after t = 37, we can substitute 
/ = 37.5 and t = 37 in the equation and subtract the results. 
However, using the formal relation 

distance = velocity X iinu\ 

and taking as velocity the derivative 10^ -f 12 with f = 37, 
and li as the time, we obtain 

ds = (10^ + 12)(i2) = (370 + 12)(^2) - = 191 ft. 

(The meaning of the symbol, <ls, will be explained presently.) 
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By substituting < = 37 and i = 37.5 directly in the given 
equation and subtracting, we obtain 


5(37.5)^ + 12(37.5) - 5(37)^ - 12(37) 

- 5[(37.5)2 _ (37)2] + 12(37.5 - 37) 

= 5(37.5 -.37) (37.5 + 37) + 12(37.5 - 37) 

5,^.., , 12 372.5 + 12 _ 384.5 

= k ( 74 . 5 ) -\--7y = o = 192.25 


The discrepancy between the two results, 191 and 192.25, is 
due to the fact that the first method assumes a constant velocity 
over the half second, which is not exactly true. However, it 
affords a much faster computation and a good approximation 
to the result. 

In the same way, since /'(a:) represents the instantaneous rate of 
change of f{x) per unit change in x, the approximate change in 
/(x), due to a change dx in x, is given by 

f{x) dx. 

If we represent f{x) by y and write 

y = /W, 

we can then write 

dy = fix) dx (72) 

where dx is an arbitrary change in x, called the differential of 
x, and dy is the approximate change in y, called the differential of y, 
obtained by assuming that the rate of change of /(x) remains 

constant over the whole interval from 
X to X -j- dx. 

In the previous illustration, the rela- 
tion used amounted to 

ds ~ s' it) dt, 

where dt is the change in the vahu' of t 
and ds is the corresponding (approxi- 
mate) change in the value of s. 

From the geometrical point of view, 
if y = fix) is the equation of a curve, then/'(x) is the slopes of the 
line tangent to the curve at the point who.se abscissa is x, and w(' 
may think of dx as an arbitrary change or increment in x. In 
Fig. 101, dx is represented by the line PA and dy by the line dS 
(both lines directed). 


y 
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In view of (72), we may, and will freely, from now on, write 
f'{x) as dy/dx, where y = f{x). For example, if ?/ = /(x) = 
we shall represent the derivative of /(r) with, respect to x indif- 
ferently &sf{x) — 3a:^ or dy/dx = Sr®. 

In this quotient notation for the derivative we now restate 
Theorems 1 to 7 of the preceding section: 

Theorem 1. If y = c, dy/dx = 0. 


Theorem 2. 
Theorem 3. 
Theorem 4. 

Theorem 5. 
Theorem 6. 


I dy du , dv 

If y = ax", dy/dx = anx"~^. 
rj- dy dv , du 

du dv 


^ V dx 




If y 


f{u), where u is a f unction of x, 

dy _ d[/(w)] du 
dx 


dx 


du 


Corollary. 
Theorem 7. 


rr „ ly „ 4'^ 

If y = au", -f- = anu"~^—- 
^ ^ ’ dx dx 

dy 


Exercise 1. Prove: li y ^ Jix) and yo == fixo), then as x increases from 
Xu, y increases from ?/o, if f{xu) is positive. 

Exercise 2. Prove: If y — f{x), yu = f{xu) and/'(a;u) are negative, then as 
X increases from y decreases from ?/o and as x decreases from xq, y increases 
from ?/(). 

Exercise 3. Prove: 

(a) If ?/ = c, dy = 0. 

{h) If y = aid\ where w is a function of x, or of any independent variable 
whatever, then dy = du, in other words, d(aiy^) = naiy^~^ du, 

(c) d{u -i- v) = dw 4“ dv,'\ 

(d) d{uv) = ii dv V du,\\\here u and v are functions of any inde- 

™ pendent variable whatever. 

Problems 

1 . Find the approximate change in the square of a number x caused by 
increasing x by the amount Koo- 

Key: Let // = x'K Then dy = 2.r dx. Putting dx = ^lOo, we liave 
dy = 2x/U)0 - a'/50. 
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2. Find the approximate change in the cube of a number n, caused by 

increasing the number by Hooo* Ans. Sn^/lOOO. 

3. Find the approximate change in the volume of a sphere of radius r, 
caused by increasing the radius 1 per cent. Hint: dr = r/100. 

Atis. 7rr^/25. 

4 . A circular plot of garden has a radius of 100 ft. Find the approxi- 
mate increase in area if the radius is extended 1 ft. Ans, 200t sq. ft. 

6, Find the approximate change in — ox^ when x changes from 10 to 
9,97. Hint: Find d{x^ — if a? = 10 and dx = —0.03. Ans. —6. 

6. Find the approximate value of 

(a) -yK02. 

(5.01)“ + 5.0f 

7. Approximately how much can x be increased above 10 without chang- 
ing the value of — 2x more than 0.1? Ans. 

8. In measuring a cube its edge is found to be 15 in. but is in doubt by 

0.01 in. By what approximate amount is its volume in doubt ? The area of 
one of its faces? Ans. 6.75 cu. in,; 0.3 sq. in. 

9. If the length of a pendulum, in feet, is given by the formula iirH = gV\ 
where g = 32.2 and t is the time, in seconds, for one complete cycle, find the 
length of a pendulum which swings through one cycle per second. If a clock 
with a pendulum 1 ft. long gains 5 min. per day, by what approximate 
amount should the pendulum be lengthened? 

10. Find dy in terms of x and dxy and also dy/dx, for each of the following: 

(а) y == — 7x\ {d) y = — 8x^){lQx'^ + x). 

Ans. dy = (ISx^ — 14:x)dx. (e) y — (3x — l)^(4a:2 — 2)^. 

(б) y = (8x^ — 2xY. . , 

(c) y = (?«“ - ix + 1 )“ - (2x- 1 )®. V - (. 4 ^ ^ gp- 

61. Derivatives of Higher Order. Up to the present we have 
spoken of the derivative of f{x) at a fixed point [x, f{x)]. How- 
ever, since this derivative depends upon x, it is a function of x if 
the latter is regarded as a variable. As such, f'{x) may itself be 
differentiated, * its derivative being defined as 

u—^jc U X 

if this limit exists. This derivative of f'(x) is called the second 
derivative of /(r) with respect to .r, and is designated by the 
symbol /"(a:)— read “f second of a:.” Continuing in this way, 
we shall call the derivative of /"(j) the third derivative of /(x) 
and represent it by the symbol /'"(.r)— read “/third of z’'— and. 


To differentiate a function means to obtain its derivative. 
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Key: + 2x + c, where c is a constant. 

y ^ \x^ — A- x^ + cx A- h where A: is a constant. 

X = 0 gives y = k ^ 2 and y' = c Z. 

Hence, the required result is ^ = i:r® — a:® + + 3:r 2. 

(b) y'' = 0, 2/' = —5, y = 4. Ans. y = + 4. 

3^3 

(c) y" = 9a: + 4, 2 /' = 7, ^ = 0- Ans. y = -y + 2a:2 + 7x. 

(d) y" - 12a:2 - 6a: + 2, y' - -2, y = 5. 

y = o;^ — a:^ + a:^ — 2a: + 5. 

{1 / x) 

4. Find an expression for — — 

3 

6. Find the nth derivative of ^ with respect to x. 

6. Find the nth derivative of (1 -f x)^'^ with respect to x. 

7. If y = uVj where u and v are functions of a:, prove that 

(а) y^' = uv'^ + 2u'v' + w'V. 

(б) y'" = + 3nV' + ^u'V + u'"v. 

(c) y"’^’ = + Au'v”' + + u^'^v. 

8. Show that Dx^y and DyH are not reciprocals in general, by finding 
them for the case xy = 1. Hin t: y = 1 /a: and a: = 1/y. 

9. Show that if y = {x + V + a:0^ 


{x^ + a^)y" + xy' — n^y = 0. 


10 . Find the equation of the tangent and of the normal to the curve 
^ = ^4 „ 32^2 ..j. 2- _ 0 at the point where y" = 6. 

11 . Find the value of y" at that point of the curve y = 4- 3a; 

where the tangent is parallel to the line 2y — 6a: = 5. Ans. ±6. 

12 . A particle moves on a straight line in such a way that 

s = 16^^ 4" 10 (s in feet, t in seconds). 

Find the velocity and acceleration at the instant when the particle is 74 ft. 
from the starting point. 

13 . A particle moves on a straight line in such a way that 

s = -A 2i^ — t A- I (t in seconds and s in feet) . 

(a) Find at what instant of time — at what value of t—ita accelera- 
tion is 16 ft. /see /sec. A 7 is. 1=2. 

(b) What is its velocity at that instant? 4n,s\ 19 ft. /sec. 

(c) What is its distance from the origin — what is the value of s — at 

that instant? 

(d) How far is the particle from the starting point— tlu' position 

when t = 0 — at that instant? Ans. 14 ft, 

14 . At what rate, per unit change of the abscissa, is the slope of the curve 

y = 4- 1 changing at the point on the curve where a* = 1? Am. 6. 

62 . The Derivative of logo u. To obtain the derivative of 
logu r( where v is a function of x) with respect to x, we tak(' first the 
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Case V = X. To find/'(a:), where /(a;) = loga x, consider 
lim /(^) - fix) ^ logg u - Iog„ a: 


which limit, by definition, is the derivative sought. Since the 
numerator and denominator of the above fraction simultaneously 
tend to zero as a limit SiS u—* x, we proceed, using the properties 
of the logarithm, to throw the fraction into another form, as 
follows : 


C. log, ^ - lim 


= lim ^ 


loga 1 + 


loga ( 1 + 


= lim 


u — X 


lim ( ) • loga ( 1 + 


= lim ( - ) • lim loga 1 1 + 


= - • loga lim I 1 + 


u — X 


Now, the last limit is a case of lim (1 + 0^ treated on page 

t — >0 

154, and therefore equals the number e. We have thus arrived 
at the result: 




log,, P. 


Before considering directly the ease in which v is any function 
of I, let us note that it may now be solved by use of Theorem 5 
of See. 50 (page 177), viz.: 
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|(/wi - ■ I- 

We thus obtain 

Liiog. ,) - Laog. c) ■ 


or, in view of (73), 


A. 

dx 


(log« w) = • log„ <= 


dv 

dx 


(74) 


Examples : ^[log in (6s® - 2a;)] = ^ ~ 2); 

^[logns] =i-log5 6. 

General Case, It seems advisable, also, to obtain directly 

df 

the value of ^(loga v), without the intervention of formula (73). 

To that end, it will be convenient to introduce the symbol A 
which is very frequently met with in the calculus. 

Definition. If a variable has its value changed from x to u, 
we define Ax as u — z, i.e., u = x -{■ Ax. 

The symbol Aa;, thus, designates the change, or increment, 
in the value of the variable whose initial value is x. Likewise, 
Ay designates the change, or increment, in the value of the 
variable whose initial value is y (and, hence, the new value 
y + Ay). 

If, then, when dealing with a function of x, say f(x), we set 
y — f{^)< 8, change, A.r, in the value of ;c causes a change, Ay, 
in the value of y, and we obtain 

y + Ay = f{x H- Ax). 

In this notation, the derivative of /(.r) with respect to x may be 
written as 


^ = iiiu = lim AA 

dr Ar— >0 _ Ar 


(75) 


N.B. In the case of an independent variable, x, i.e., a variable 
whose values are assigned arbitrarily, the increment Ax, as 
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defined above, has precisely the same value as dx, the differential 
of X. Not so vdth a dependent variable, say y, defined as ?/ = /(j). 
For in its case, /\y = f{x + Ax) — f{x), while dy = f{x) ■ dx 
(Sec. 50), and the two are, in general, not the same. 

Hlvstratioii. For y = x, compute Ay and dy for a: = 1 and 

Ax — dx — J '2 

(hence x + Ax = %). 

Computation : 

Ay = [(x + Ax)2 + (a; + Ax)] - (x^ + x) 

= [(M)^ + HI " (1^ + 1) = 

dy = -^(x^ -i- x) - dx = (2a; + 1) • djj = 3 • | 

The exact change in y, as x changes from 1 to is, of course, the value of 
Ay^ i.e., %. The value, %, of dy is an approximation to that change. It is, 
indeed, the change which y would have taken on if the rate of change of y 
with respect to x had remained equal to 3, its value when x = 1. 

Exercise 1. Show, in the case y = x^ + x, that Ay ~ dy - 
Exercise 2. Show, in the case y = x^ — 2x, that Ay — dy 3x Ax^ + Ax®- 
Exercise 3. Verify for both Exercise 1 and Exercise 2 that 

lim = 0. 

Ar-^0 Ax 

Exercise 4. Prove that for any function, of x, lim ^ = 0. 

Ar->0 Ax 

Let us now employ this notation to differentiate 


y = loga V, 

where v, and hence y, are functions of x. In starting with a 
certain value of '.T: and the corresponding values of v and y, we 
let X take on the increment Ax. Designating the corresponding 
increments in v and y by Av and Ay, respectively, we obtain 


or 


y Ay loga {v + At;), 


Ay = loga iv + Av) — loga V, 


Aj ~ Ax 


and 



184 


CALCULUS 


[Chap. VIII 


Hence 


or, finally, 


^ (logo v) = ^ = lim = lim 

dx ^ ° dX Ax-*0\AX/ Aa:-»( 

, /y + Av\ 

(— o 


logo jv + Av) — logo V 
Ax 


lim 


= lim 

Ar-+0 

= lim 
= lim 

Aa;--»-0 


Ax 


log, 




Ax 


= lim • lim log* (l + ~V*’l ' 

Aa:— >0 \ V Aa;— >0 L \ ^ / J Aa;->0 \ Ax 

lim (l + — 

Ax^O \ ^ / 


|(log. V) 


lim 

Aa ;-^0 

*.Ad -^0 

V 


1 , dv 


dv 

Tx 


(76) 


From this, in turn, setting v — x, we obtain 

d ,, , 1 , dx 1 , 

jj(log,j:) - j-log.e-gj- j-log.e, 

i.e,, formula (73). 


Exercise 5. By setting a == e in formula (76), obtain 


d 


1 dv 


and 




d , 1 

=F 


(77) 

(78) 


We shall understand by log with no base indicated, loge v. (Logarithms 
to this base are found in any good table.) The last two formulas can, thus, 
be displayed as 

d , 1 dv 
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53. Logarithmic Differentiation. It is frequently convenient 
to take the logarithm of a function before differentiating. 
For example, let 

y = M ■ V ■ w, 

wher« u, v, and w are functions of x. Then 

log y = log u + log V + log w 
and differentiation, wth respect to x, gives 

y dx u dx V dx w dx 

Solving for dy/dx and replacing yhyu-v-w, we have 

dy du , dv , dw 

~ = vw-j — h UW-, — |- wo-, — 
dx dx dx dx 


Similarly, the rules for the derivatives of products and quotients, 
as given on page 177 can be most easily derived by logarithmic 
differentiation. Thus, the formula 

dx 

can be derived very simply by logarithmic differentiation and, 
moreover, the proof holds for any rational value of n. 


Let 

y = 

x’^. 

Then 

log y = 

n log X 

and 


1 


y dx 

ft 7 

X 

hence 




dy _ ny _ nx" _ 
dx X X 
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Employing this method to differentiate a”, where a is posi- 
tive, take the logarithm of both sides, to the base e, in the equality 
y = a”, obtaining 

log y = V log a. 

Differentiating with respect to x, if y is a function of x, we obtain 


hence 


1 dw , dt/ 


dy 1 dv 
dx ^ ® 


that is 


= a® • log a 




In particular, if a = e, we have 


and, \l V = X, 


d f .A „ ^'0 

dx^^^ ' dx 


-(e^) = 


Problems 

1. Find the derivative of each of the following with respect to x: 

(a) log x^. Arts. 2/x. (w) 10®. 

(b) \og{5x^-&x). Ans. ~ ^ 

- 3a; 

(cllog:*. Ans. - 

(d) logs (9x‘). 

,,, z - 1 . 2 (P) log^ -y ■ 

(e) log -zrjrc -i {' '' 1 + x 

X -j- I — 1 5 

(f) log uK “2(1 + a:)(2“ 

(g) log (log x). (q) eioe 51. 

(h) logVl - 5x. Ans. . (r) 

3(1 “ oo:) 

(i) Ans. 

(j) e-*. _ 

(k) (s) log (fV'q. 

(1) log (e® + e“®). 
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2. Find dy/dx by logarithmic differentiation for each of the following 
cases: 


(o) y = 2 *^+ 2 =.. 

(5) y = x^. 

(c) y = a;®. Ans. a:®(l + log a). 
id) y = {2x- 1) 

(e) y = - xfK 

,jr\ _ tl a;® — 2 
^ Va:2(a: + 1)=' 


ig) y = {x + 3)®(x - l)®(4i:2 - Zx) 

(h) y — uvwt, 

{i) y = 

A715. €=^ • 

(i) 2/ = (log x)^\ 


An(pav\ 

3. Find a formula for — ■ 

4. Find a formula for — - 

dx^ 

5. Find the points on the curve y = log where 

(a) the line tangent to the curve has slope ; 

(b) the normal has the slope *-1. 

6. Find the equation of the tangent and of the normal to the curve 

y == g2x-3 point where a; == L 

7. Show that the curves y = log (x — 3) and ?/ = — 6a; + S have the 

point (4,0) in common. Find the angle between them at that point. 

8. Find Ai/ and dy for the functions indicated below at the indicated 
values of x and dx = Aa. 


(a) y = — 2xy X = 1, Ax — 0.2. 

(h) y = log x^y X = By Ax — —c/10. 

(c) y = a = J4, Aa; = Ke- 


54. The Derivatives of Trigonometric Functions. Let x be 

measured in radians. Then, if we set y = sin x, 

, ^ = lim f = lim f! ? + f ) - 

dx — ►o \^x / aj — ► o \ ^x j 


= lim 

Ae— >0 


= lim 

Aa:"-+0 


, Ax \ . Ax) 
2 cos ( X + \ sill 

Ax 

. Ax 

oosU+^l--^ 


lim cos 
L ax-4>o 


= COS X, 


(*+f) 


Ax 


sin ■ 

lim — — 

Ax . Ax 
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since lini — = 1, as shown on page 154, Hence 

9-»0 p 

-^(sin x) = cos X. 
cu: 


Using the formula 

and the result just derived, we find that 




Abm «) - (cos .) • ~ 


(82) 


(83) 


Exercise 1. Obtain formula (83) directly, without the intervention of 


formula (82). 

To find the derivative of cos 



and, hence. 


jj(cos ») - 


note that 

■ (i + 

- sin X, 

— sin X, ( 84 ) 

dv ,or\ 

- Sin Pw-- ( 85 ) 


Exercise 2. Obtain formula (84) by setting y — cos x and finding 
lim (Ay /Ax). 


The derivatives of the remaining trigonometric functions 
follow readily from their expressions in terms of sin v and cos v. 
Thus, 


i(tan V) 


d sin V 
dx cos V 


dx 


(ctn d) 


d cos V 
dx sin V 


cos^ V + sin^ V dv 
cos^ V dx 

1 dv ^ dv 

= — r-- ■ J- = sec^ V ■ -y-’ 

cos- V dx dx 

— sin^ V — cos^ V dv 

sin- V dx 


— 1 dv 
sin- V dx 


— CfSC^ V 


dv 

d^-’ 


( 86 ) 


( 87 ) 
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dx 


(sec v) 


A 

dx 


(cos v) 


-1 


■ (cos v)~- • ^(cos v) 

^nv dv dv 

= sec V tan v ■ (88) 


cos^ V dx 


and 

A 

dx 


(esc v) 


d d 

(sin v)-^ = - (sin v)-- ■ ^(sin v) 


dx 


cost dv dv 

— = — esc V ctn v ■ (89) 


sin^ t> dx 


The derivatives of the inverse trigonometric functions are found 
as follows: If 

y = sin“^ V* 

then 

sin y = V 


and, upon differentiating, we have 

dy _ dv 


cos y 


Hence 


dy _ 1 _ ^ _ 


dx dx 

1 


dv 


dv 


i.e.. 


dx cos y dx _ gin^ y dx dx’ 


d , . , . 1 dv 

') - ■ S' 


(80) 


Note that the substitution of the positive quantity -v/l — sin- y, 
for cos y is legitimate in view of the restriction upon sin""^ v. 

The formulas for the derivatives of other inverse trigonometric 
formulas are similarly derived. The work is left to the student 
in the following exercises. 


* Here sin"^ v is understood to be a single-valued function of v. ri:.. that 
angle between -~7r/2 and +x/2, inclusive, whose sine is equal to v, and which 
is known as the principal value of siii"^ v. For such values of y, cos y is 
positive and equals — sin^ y. Similarly, cos“^ lu sec“^ i\ and csc“’ v are 
understood to designate the principal values of those angles, as 
indicated in Exercises 3, 6, and 7. For su ch values it followe^ that 
sin (eos“^ v) = tan (sec“^a) = \/r- — 1 and ctn (cse“0*) - \/v- I. 
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Exercise 3. Prove that 
d 


(cos ^ y) 


0 ^ cos~^ V ^ TT, 
Exercise 4. Prove that 


Exercise 5. Prove that 


g(ctn-^v) 


Exercise 6. Prove that 
d . 


(sec ^ v) = 


-1 dy 

\/ 1 — 

(91) 

1 dv 

1 4- ^ dx 

(92) 

_ — 1 dt; 

"" 1 H- da: 

(93) 

1 dv 

P's/ — 1 

(94) 

— TT S sec~'^ V < 

■— 7r/2whenv ^ —1. 

~1 dv 

V's/ — 1 

(95) 


Exercise 7, Prove that 

if 0 < csc~^ V S 7r/2 when ^ 1, and — tt < csc“^ v ^ --ir/2 when v ~1. 

Problems 

1, Find the derivative with respect to x, of each of the following functions: 


Ans. l/\/a^ — 

\ . 1 


(a) 

sin 

(2.V). 

Am. 2 cos 2x. 

(r) 

(«) 

•%/( 

(f>) 

cos 

(ox/2). 

Ans. 

sin (5a:/2). 

10 

sin”^ 

(c) 

tan 

(1 - x). 






Ans. 

■“ sec^ (1 — a:). 

(0 

cos"^ 

(d) 

ctn 

(x/3). 




(«) 

sec 

(2x - 4). 


(m) 

tan“^ 

(f) 

CSC 

(5x/2). 



(ff) 

sin 

(x2). 


(«') 

sec"^ 

(h) 

cos' 

^ (5a:). Ans. —5 sin 10a:. 


(-i) sin 5 {x^^), 
(j) tan* (4r). 


t\/ — 1 




x\/ 


Ans, 12 tan^ 4x sec^ 4a:. (w) tan (sin“i 2x), 


(k) log (tan x), Ans. 2 esc 2a:. 

(l) log (sec X + tan x) . 


('«) (r~3- 


(n) X — tan x. 

(O) 3T^ 3 ^.siu 3X (.Qg 3 ^. 

(p) \ I — COS x. 


Ans. 2/(1 - ix^yA. 
(x) cos“i ^ctn 0* 
iy) (sin 

Atis. (sin a:)'^(:c ctii x + log sin x). 

(,) etn- (t^)- 


(q) \/tan g. Am. 


>(tan |y“ 


+ 1 
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2. Show that if i/ = sin 2x, then ^ - 6^^ -f- 13« = 0. 

ax'- ax 

3. If 2 / = x^{2 cos log — sin log x”), find the value of 


13i/ 


- dy , 


2^. 

dx- 


4. Find ^ for y = tan”i 


+ e-^ \ 
- e~V* 


6. Show that when x is measured in degrees “(sin j) = -r^ x. 

dx ISO 

d 

6. Find ^(tan x) if x is measured in degrees. 

d 

7. Find ^(sin”^ v + cos~^ v) and show that the result is consistent with 
the relation known to hold between sin“"^ v and cos"^ v. 

8. Find “(tan“^ v + ctn"^ v) and show that the result is consistent 

with the relation known to hold between tan"^ v and ctn"^ v, 

9. From the formula sin 2x ^ 2 sin x cos x, obtain, br differentiation, a 
formula for cos 2x. 


10 . Verify by differentiation that tan~^ — ^ = 2 tan”^ x. 

11. Verify by differentiation that cos"^ ^ — - \ — sin“i x 


is a constant. 

12. Show that the curves y ~ sin bx and y = are tangent to each 
other at every point that they have in common. 

13. Find the angle between the curves y = tan 2x and y = sin 2x at the 

origin. Ans. 

14. A particle moves on a straight line so that its distance s from the 
origin and ihe time t that it has been moving, are related by s = 5 — 2 cos 3/. 

(a) Find its velocity and acceleration at the end of x/2 units of time. 

(b) Show that its acceleration at an}' instant is proportional to its 
distance from a certain point on the line and directed toward that point. 
What is the point? 

(c) What is the numerical value of the greatest velocity and the 
greatest acceleration that it ever attains? 

Note: The property proved in (6) defines the motion as simple harmonic 


motion. 

16. Show that the motion on a straight line defined by 


s = 2 sin 3t — 3 cos 3^ 


is simple harmonic motion. (See note to Problem 14.) 

16, Find Ay and dy for each function indicated below and the indicated 
values of :i' and Ax = dx. 

(a) y = sin 3x, x = 7r/6, Ax = tt/IS. 

(b) y ~ tan 4.r., :r = 7r/4, A.r — — 7r/16. 
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66. H 3 ^erbolic Functions and Their Derivatives. The func- 
tion 

•gX _ g-X 
2 

often occurs in mathematics, and is called the hyperbolic sine of x. 
It is written as 


sinh X = 


— e~ 


The hyperbolic cosine, hyperbolic tangent, etc., are defined as 

, e® -h e~’^ 
cosh X = X — ) 


and 


, , e® — e ® 

taiih X = — — I -j 

gX g-X 

, a® "H e~® 

coth X = -> 

gX _ g~X 
2 

gX _|. g-x’ 
2 


sech X = 


csch X = 


These functions possess relations very closely analogous to 
those for the trigonometric functions, and the formulas for their 
derivatives follow those for the derivatives of trigonometric 
functions quite closely. The derivation of these formulas from 
the definitions is left to the student to verify in the form of 
exercises. 


Exercise 1. Verify that 
d 


dv 


= (sinh V) - (‘osh v ■ -y- 
dx dx 


Exercise 2. Verify that 
d 


dv 


, (cosh v) = sinh v ^ 
dx dx 


(96; 


(97) 


Exercise 3. Verify that 
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Exercise 4, Verify that 


“(coth v) 


. ^ dv 
— csch^ r • -T-- 
dx 


Exercise 6, Verify that 


-(seeh v) = — seeh r tanh v ■ 


Exercise 6. Verify that 


-(csoh v) 


— esch V coth r • 


Problems 

1. Prove the following identities: 

(a) cosh^ X — sinh- x = 1, 

(5) 1 — tanh^ x = sech^ x. 

(c) coth^ X — 1 = csch^ X. 

(d) sinh (x ± y) = sinh x • cosh y ± cosh x • sinh y. 

(e) cosh {x ± y) = cosh x * cosh y ± sinh x • sinh y. 
(/) sinh 2x = 2 sinh x • cosh x. 

{gy cosh 2x = cosh^ x + sinh^ x. 

{h) sinh~^ X — log (x + \/x^ + 1). 

{i) tanh~^ x = ^ log 

^ l — X 

2. Prove each of the following: 

(a) ^(sinh"'^ v) = — ■ ~ 
dx ' _j- |,2 dx 

(6) ^(cosh"i v) = ^ .... -r • ^ 

dx .y/y2 ^ I dx 


(c) ^(tanh"^u) 


1 dv 
I — V- dx 


3. (a) Find ^ if ^ = tan~^ (sinh v) and is a function of x. [Thisfunc- 

dx 

tion is called the Guderniannian of v and is usually denoted by 

< I 

A ns. seen v • -~r~- 
dx 

[b] Prove that gd{x) = 2 tan“^ {e^) — 7r/2. 
d'^u 

4. Find if y = (‘osh x-, and state its valiu» for x = 0. 

6. Find if y — tanh and state its value for x = 0. 
aX“ 

6. Find --“[^^hih"^ (3 — x) + cosh“^ (3 — xi|. 

ax 

y2,j ’"^>2x „ 

7 . Find -7^, if n -= tanh ^ -7— — zrr. ■ 

(ix- + e J 
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8 . Show that x = cosh I, and y = sink I are the parametric equations of 
an equilateral hyperbola. (Hence the name hyperbolic, attached to these 
functions. What reason is there for calling the trigonometric functions 
circular, as is sometimes done?) 

9 . Show that if a tangent is drawn at any point of the curve y = a cosh 

the length of the perpendicular drawn to the tangent from the projection 
of the point of contact upon the x-axis is constant. 

66. Implicit Functions. A relation between x and y embodied 
in an equality, as f(x,y) = 0, ordinarily defines y as one or more 
functions of x. For example, the equation 

x'^ + 2)xy — + 5 = 0 

defines y as one or the other of the two functions 

3a; ± VlS^^ + 20 
2 

In such a case we say that the equation defines y implicitly 
as a function of x. That a relation f{x,y) = 0 may fail to define 
2 / as a function of x, is manifest in the instance of 

(x - y){x + j/) + ~ 5x + 6 = 0. 

The conditions under which f{x,y) = 0 defines y as a function 
of X may be found in any book on advanced calculus. 

Proceeding with the above example, we now propose to find 
dy/dx directly from the relation given. It is neither necessary 
nor desirable first to solve this equation for y. Instead, we 
proceed as follows; equate the derivatives of the two members 
with respect to x, obtaining in the case first mentioned 

Solving for dy/dx, the quantity that we am after, we obtain 

% ^ 2x + 3y 
dx 2y — 3x 

To find the second derivative of y with respect to x, we differ- 
entiate the last relation, obtaining 
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^ = (2y - 3a;) (2 + Zy') - (2.r + ‘iy){2y' - 3) 
dx^ {2y - 3x)“ 

_ 13y - 13x2/' 

(2y - Zxy- 

(2y - 3x)- 

_ 2Qy^ - 78xy - 26x2 
(22/ - 3x)* 

The numerator, incidentally, may be simplified to 

(26) - Sxy - x'-*), 

which, in view of the relation holding between x and y, viz., 

+ Sxy — y^ — —5, 
reduces to 26(5) = 130, and we thus have 

^ = 130 

dx^ {2y — Zxy 


Problems 


1 . Find dy/dx and d^y/dx^ in each of the following cases. If a value of x 
is indicated find the derivatives at that particular point. 

(а) X- + = 25, X = 3. Ans. y' = +^4, y" = ±25^4, 

(б) dxy — 2y^ — 2x = 2, x = 4. 


Ans. y' = 


i2i,s; u' = V?s 

, y'" = — ^^i2s 

- Zxy + 4if 

= 8. 

Zv - 2x .. 

112 


A'ws. y' 

%y — 3x’ ^ ( 8 ^ — 


(d) xy = 30. 

(e) + y^ ~ ^xy = 0. 

(/) + 2x +■ Zy = Q, X = \, y = -1. 


(g) 1okvT“ + 2/- = gtan ^ |- 


-3-; _ = _ l.g 

2j 4- i/ 


A ns. = 


_ o 


>J 


v--r 

(h) .r — e * =0. .In.s. y' = '^ + 1. 

2. (a) Is dy/dx defined at x = 0 if i/“ = X'*? If so, find its value. 
Hint: If defined, tlie derivative is liin 

J-— *0 X — u 

(6) Examine whether d-y/dx- is defined at j* = 0. 

3. (a) If -f- 1/-3 = a-3, find dy/iis and state for what points it is 
undefined. Find liin {dy/dx) as the point (.r,//i approaeht's tlu^se points 
along the (‘iirvte 

ih) Find d^y^dx-. 


For what points is it undi'fiiUMl? 
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4 . Find the equation of the line tangent to the curve at the given point, 
(o) r"- + 4//= = 8, (2,-1). Ans. x - 2y = 4. 

(b) xh’ + yii = 11, (64,9). .4ns. Zx + Sy = 264. 

(c) 4x- - 6!/- = 9, (Xi,j/x). 

(d) X- = 12y — y^, (—4,2). 

(c) r’ - 2x-y + xy^ = 48, (3,-1). Ans. ox — 3y = 18. 

(f ) tan-' (xy) + - = (1>1)- X - 3y A- 2 = 0. 

6. Show that the parabolas y- = 8(^ -f 2) and = —Six - 2) cross 
at right angles. 

6. Find the angle at which the line y = x cuts the conic 

+ 2xy + 4:if = 63. Ans, tan-^ 

7 . Prove the following: 

(а) For the tangent drawn at any point of the curve 

xVi -f- yH = aM, 

the sum of the intercepts on the coordinate axes is a constant. 

(б) For the tangent drawn at any point of the curve 

that part of it included between the coordinate axes is constant in length. 

(c) The distance from the origin to the tangent drawn at any point 
of the curve = ciijj is equal in length to the ordinate of that point. 

8. Find the equation of the line tangent to the curve Sx^ — Ay^ = 12 and 

passing through the point (7,6). Ans. x — y — ly ISx — 15y = 1. 

9. Find the equation of the line tangent to the curve 

0)2 + 4i/2 - 4.r - 8y + 3 = 0 

and passing through the point ( — 1,3). 

.4ns. X -h Ay ~ 11, llo; + 4iy = 1. 

10. Find the equation of the line tangent to the conic ~~ xy + = 9 

and perpendicular to the line 8// = 16 — 5o\ .4ns. 8.t — 5ij == ±18. 

11. Find at what point of the curve x + + y = 1, the tangent is 

parallel to the o'-axis. Ans, (1,0). 

67. Parametric Equations- If x and y are two variables 
dependent upon a third variable, t, such that 

=f{i), 
b = s(i), 

then a value fo of t produces corresponding values, Xu and yn, 
of X and y. By pairing these values of a' and y, for a set of 
values of t, we establish a correspondence between x and y, 
whereby we may regard y as a function of x or x as a function 
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of y. To find D^y, in such a ca.se, note that by virtue of Theorem 
6 of page 177 

DxU = Dty ■ Dj., 


or, since 



as we know from Theorem 7, 


I>xy = 


Dty 

DtX 


Illustration. 

we have 

and, hence 


Given the equations 


ix + t 

} ij = 


DtX = 2t 4" 1, Dty = 3/^ — 2t 


DxV = 


3^2 - 2t 
2£ 4- 1 ■ 


To find Dx^y, the second derivative of y with respect to x, we have 


Dx^y = Dx{Dxy) = Dt(Dxy) • Dxt = 


Dt(Dxy) 

DtX 


Continuing the above illustration, we have 


and, as before 


Hence 


DtiPx'y) 


d r3i2 - 2 n _ + 6^-2 

2t + 1 \ (21+ 1)2 


DtX =2^ + 1. 


D.A/ 


6^2 +6^-2 

{2t + iy 


Problems 



Find Dxl/ and D+y in ea(*h <*aKse. 
y = 4 sin 6, 

X = 4 cos 6. 


Ans. Dxij - — ctn 6, Dry 


csc^ e 


(d) 


^y = a{l — cos d), 
lx = n(d — sin 6). 


(b) 


y — 5 sec 
X 4 tan 0. 



ij = 2i^ - SI, 
X = R. 


Ans. 


DAu = 


5 - 4t 


(/■) 


\y = R + 2i\ 
}u- = P - I. 

\i) = <■' sill I, 
}x = (■' cos I. 


Ans. DAu 


r‘((‘OS / 


- sin r 


4 
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o Tf y = <4 _ (2 + 1 and a = + t are the parametric equations of a 

curve, find the coordinates of all points at v'hich a line tangent to the curve 

is parallel to one of the coordinate axes. . . o 

3. Find the equation of the line tangent to the curve y = 5 cos 0, a; = 2 

sin e, at the point defined by 9 = tt/S. Am. 5x^ + 2y = 20 

4. Find the equations of the horizontal and vertical tangents to the 
cun'es below and state the coordinates of the points of contact in each case. 

^ U = 1 - Ans. y = l,x= -1; (0,1), (-1,0). 

W _ 4s. 

( ^ = 3 cos 0 — 4 sin 0 -f 6, 
ja; = sin 0 + cos 0 + 1.. 

^ 1 + Ans. y =-0,y = a-^, x 

Sat 

" 1 + 



CHAPTER IX 

APPLICATIONS OF DERIVATIVES 

68. Maximum and Minimum Values of Functions. Let /(x) 
and its derivative, be continuous at x = a, and let the 
value of /'(a) be p, a positive number. From the definition 
of the derivative as 


lim /(Q + Ax) - f{a) 

Ax-+0 Ax 

it follows that there is a neighborhood of a such that, if 
X = a + Ax is in that neighborhood, the value of 

/(g + Ax) - f{a) 

Ax 


is a positive number. For, we can choose a positive number c, 
such that p — e (and, of course, p + e) is still positive, and 
corresponding to this e there will e.xist a 6 such that whenever 

|Ax| < 8 then will satisfy the inequalities 


p — e < 


/(g + Ax) - /(g) 
Ax 


< P + e 


and hence be positive. Thus, in that interval, /(o + Ax) - f{a) 
is positive when Ax is positive; likewise, the two are negative 
simultaneously. In other words, /(a + Ax) < /(a) for 
a + Ax < g and /(a + Ax) > /(g) for a + Ax > a. The func- 
tion, /(x), thus increases or decreases from /(g) according as x 
increases or decreases from a. We embody this conclusion in 
Theorem 1. If f {a) > 0, there exists an interval about x = a 
in which f{x) increases from /(a) as x increases from a, and /(x) 
decreases from f{a) as x decreases from a. 

If, now, it is given that there is some interval about x = a 
throughout which /(x) increases as x inerea.ses, while /(x) and 
/'(x) are continuous at x = a, then/(Q -f Ax) - /(a) and Ax are 

199 
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of like signs, and their quotient 

f{a + Aa:) - /(a) 

Ax 

takes on a sequence of positive values as Ax 0. Hence the 
limit of the above fraction as Ax — >■ 0, i.e., must be a posi- 
tive number or zero. We have thus proved • 

Theorem 2. If there exists an interval about x = a in which 
f{x) mcreases or decreases from f{a) according as x increases or 
decreases from a, then f {a) is positive or zero, provided it exists. 

The case of the negative derivative may be discussed similarly, 
and the conclusions are stated in the following two theorems. 

Theorem 3. If f{b) < 0, there exists an interval about x = b 
in which f{x) decreases from f{b) as x increases from b, and f{x) 
increases from f(b) as x decreases from b. 

Theorem 4. If there exists an interval about x = b in which 
f{x) decreases from f{h) as x increases from b, and f(x) increases 

from f(b) as x decreases from b, then 
f(b) is negative or zero, provided it 
exists. 

The geometrical significance will 
be made apparent to the student by 
a glance at Fig. 102, the graph of 
the equation 2/ = /(a;). The positive 
value of the slope of the tangent at 
P, and hence of the derivative at 
X X = a, is associated with the rising of 
the curve at P, i.e., with y increasing 
as X increases, while the negative 
value of the slope of the tangent at Q, and hence of the deriva- 
tive atx = b, is associated with the falling of the curve at Q, i.e., 
with y decreasing as x increases. 

We are now in a position to treat the following problem. 
Given a function of x, continuous in the interval a g x g 6, 
to find for what values of x, if any, the function takes on maxi- 
mum values and, likewise, for what values of x, if any, the func*- 
tion takes on minimum values. 

To say that a function fix), continuous at x ~ c, takes on a 
maximum value at r = c, means this; there exists an interval 
about X = c, such that whenever x = c + Ax 9 ^ c is in that 
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interval then /(c) > /(c + Ax). In other words, /(x) increases 
as X — > c from either side. Similarly, to say that /(x) takes on a 
minimum value at x = d, amounts to saying that there e.xists 
an interval about x = d such that whenever x = d + Ax 9^ d is in 
that interval, f(d) <f{d + Ax). In other words /(x) decreases 
as X — > d from either side.* 

The solution of the problem proposed above now rests, in the 
light of the preceding four theorems, on the following: 

Theorem 5. If, in a certain neighborhood of x = c, fix) > 0 
for X < c and fix) < 0 for x > c, fix) has a maximum value at 
X = c. Conversely, for fix) to have a maximum value at x = c, 
fix) must be positive for x < c and negative for x > c in some 
neighborhood of x = c [the continuity of fix) at x = c and the 
existence of f (x) in a deleted neighborhood of x. = c being understood]. 

Theorem 6. If, in a certain 'neighborhood of x = d, fix) < 0 
for X < d and fix) > 0 for x > d, fix) has a minimum value at 
X = d. Conversely, for fix) to have a minimum value at x = d, 
fix) must be negative for x < d and positive for x > d in some 
neighborhood of x = d [the continuity of fix) at x = d and the 
existence off{x) in a deleted neighborhood of x = d being understood]. 

Our search for maximum and minimum values of a function 
is aided by the property of continuous functions stated as 
Property 1 in Sec. 47, from which we conclude that if fix) 
is continuous in the interval a ^ x ^ b and takes on both positive 
and negative values in that interval, then there is at least one 
value of X for which it vanishes (becomes zero). This suggests, 
as the first step in finding maximum and minimum value.s 
of a function (turning points of the corresponding cur\'e, in 
geometrical language), setting the derivative of the function 
equal to zero and solving the resulting equation for x. For 
every value of x thus obtained, i,e,, for every root of the equation 
fix) = 0, we test the sign of /'(-t). in a suitable interval, for 
\'aluea of x less than that root and values of x greater than that 
root. If fix) changes sign when x crosses one of these roots w(' 
draw the conclusion in accordance with Theorems 5 and 6. 

* Evidently, the maximum and minimum values of /(.ri, as defined hens 
are relative and not absolute. That is, to say that/(.r ) takes on a maximum 
value at x = c, does not mean that its value at x = r is the greate.-^t it ever 
takes on; nor does a minimum for fix) at x = d mean that its value at 
,r = d is the least it ever takes on. glance at Pig. 102 will make that clear. 
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mustration 

To test the function ixfi - ox* ~ + 2 for maximum and minimum 

values, we proceed as follows : 

fix) = 4x* - 5a;* - + 2 

fix) = 20x* - 20x‘ - 40a;2 
= 20a!2(x“ - a; - 2) 

= 20i=“(a; + l)(a: - 2). 

f'{x) =0 at X =■ —1, a: = 0, x = 2. 

To study the sign of f'(x) in neighborhoods of x = — 1, x = 0, and x = 2, 
it is well to consider the sign of each factor of /'(x) in those neighborhoods. 
A scheme like the one below will be found helpful. 
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Exercise 1. How many real roots does the equation 
_ 5a;< - 4-2=0 

possess? How- many comple.x roots? What can you state about the values 
of the real roots? 


Let US now inquire to what extent the hypothesis of f'{x) 
being continuous at a: = a is indispensable, for a critical value 
to exist at a: — a. Consider, for example, the function 

y =.ar% 

for which the derivative is 


^ = -I 

dx 3 




> 


and is undefined, and consequently discontinuous, at x = 0, 
However, for x < 0, dy/dx < 0 and for x > 0, dy dx > 0. The 
function, which is defined and continuous at x = 0, thus decreases, 
as X increases, for all negative values of x, and increases, as x 
increases, for all positive values of x. This is all that is essential 
for the function to possess a minimum value at x = 0. To be 
sure, Property 1, Sec. 47, cannot now be invoked, as it was in the 
discussion above, to insure the vanishing of the derivative 
for some value of x. But the essential condition, once more, 
is the change in sign of the derivative. If that condition is 
met (as it is in our illustration at x = 0), a critical value of the 
function is present. 

The experience with the illustration just displayed suggests 
that in case the derivative becomes undefined for some value of 
X, but the function itself is continuous there, an examination of 
that value of x for a possible critical value of the function should 
be made, in accordance with Theorems 5 and 6. 


Problems 

1. Examine each of the following functions for critical values. Esc the 
results of that examination to sketch the corresponding curve. 

(a) y ^ — 4x. Ans. Min. at {2,-4), 

(b) y + 1. 

(c) 2/ = 6x — — 3. 

(d) 2/ = 3x + 5. 

(c) y = + 2. 

Ans. Max, at (0,2), min. at (3, —25). 

(/) y — 3x- — 9x. 
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1 , 9 ) 

1/ ^ 

3x‘^ + 4x^ ““ 36x" + 7. 





Ans. Min. at (--3,— 

182), (2, 

-“57); max. at 

(0,7) 

(h) 

Sy = 

= 4x^ - 9x2 „ i2x + 17. 




U) 

12^ 

= 3x^ — 16x® + 24x2 — 5. 

Ans. 

Min. at (0, — 

M 2 ) 

U) 

d = 

(X - 3)^ + 1. 




{k) 

1/ = 

x^ + 192x2 - 800x. 




il) 

20^ 

= 4x^ + Sx'* — 40x® 4" 9- 




(m) 

1/ = 

i + 




(,«) 

1/ = 

(X - 2)\x + 3)^ 






Ans. Max 

. at X = 

— ^^ 7 , min. at x 

= 2. 

(. 0 ) 

y == 

x2(x — 2)H. 




iv) 

y == 

(x + OV-x. 

Aws. 

Max. at X = 

-Vs. 

(9) 

y = 

V3 - X 

Ans. Min. at x 

= 1. 

(r) 

y = 

X - 1 

x2 - 2x + 2 




(s) 

y = 

1 +|1 -4* 




(0 

1 / = 

tan X. 




(m) 

y ^ 

4x- + 2x + 

An5. Min. at x 

= 0. 

(?)) 

y = 

X 




(w) 

y = 

cosh X. 




(x) 

y = 

xe^. 




(y) 

y = 

log (1 + x“). 




(^) 

y = 

X log X. 





2. Examine the function {x — a)", where n is a positive integer, for 
critical values. 

3. Show that the quadratic function ax^ + 2hx + c {a 9 ^ 0) has a 
inaximuni or mininiuni value, depending on the sign of a, but not both. 

4. Given the curve y = 2ax^ + + ^cx — d, show that it has one 

inaximuni and one minimum point (z.c., one point of maximum ordinate and 
one point of minimum ordinate) if h- — 4ac > 0, but neither if 

52 _ ^ Q 

5. Find the dimensions of the rectangle of largest area which can be 
inscribed in a given circle of radius r. 

Key: The quantity to he made a maximum must be expressed as a 
function of a suitable independent va riabl e. Plvidently, if we call one of the 
dimensions x, the other will be and the area A is given as a 

function of x by 

A = x^/Ar^ — xh 

To find what value of x will cause A to have a maximum value, we find first 

dA _ 4 ?’" — 2x^ _ 2{r^/2 — x){r\/2 + x) 
dx V 4 r- - A/4F2 _ a;2 

* Hint: y - 2 ~ x for x < 1 and y - x for x > 1. 
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This derivative vanishes for x = r\/2 and changes sign from positive to 
negative when x changes from less than rv'^ to greater than r\ 2. Hence, 
a; = rV2 is one of the dimensions sought. The other dmiension, iw., 
V4r2 is found also to be r\/% and the figure is a square. Why do 

we not employ also the value x = —r'\/2 which likewise causes the vanishing 
of the derivative? 

Alternative Method: Let us call one dimension of the rectangle x and 
the other dimension y. The area A is given by the equation 

A = xy, 

where the product xy is a function of one independent variable, say x, in 
view of the equality 

A — 4r2. 

Differentiating with respect to x, we have 
dv 

y +• x-^ — 0 (zero because A is to be a maximum), 
dtv 

2x + 22 /^ = 0 (zero because r is constant). 

Eliminating dyfdx between these equations, we find that 

^2 = y2 

or 

X ^ y. 

Hence the figure is a square and its sides are easily found to be r\ ‘2. 

6. A rectangular field which is to contain 1800 sq. yd. is fenced off along 
the bank of a straight river. If no fence is needed along the river, what 
must be the dimensions of the field to use the least amount of fencing 
material? 60 yd., 30 yd. 

Hint: If the dimension parallel to the river is x yd., the other dimension 
is 1800/x, and the length of the fence is 


I - X -V 


3600 

X 


7. A rectangular box is made by cutting out squares from the corners 
of a rectangular sheet of metal 6 in. by 16 in. and bending up the sides. 
What size square should be cut out to produce a box of inaxinuim volume? 

Aa.s*. of side in. 

8. Find the ininiumni distance from the point (S,0) to the parabola 

y 2 ^ ][2x. A ns. 2\ 15. 


9. Find the minimuin distaiua* from the line3.r — 4?/ = 15 to the parab- 


ola x^ — 4//. 

10. The range of a projectile is given by 


?v;_sm_2j£ 

g 


Arts. '^ 2 ()- 
wliere is the initial 


velocity, g is the ac(‘eleration of gravity, ami v? is the angh' wliicdi the gun 
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makes with the horizontal. If ro and g are constants, find the angle tp which 
produces the maximum range. 

11 * A piece of wire is cut into two pieces. One piece is bent into an equi- 
latefal triangle and the other is bent into a square. What should be the 
ratio of their lengths in order that the combined area of the two figures 
should be a minimum? Ans, 9:4\/3. 

12. From a piece of wire 20 ft. long a frame is made for a drum-shaped 
lamp shade consisting of two equal circles, two diametral wires at the top, 
and four vertical spacers from bottom to top. What should be the dimen- 
sions of the shade to have maximum cubical contents? 

13. A page of print is to have 54 sq. in. of printed area, a margin of 2 in. 
at the bottom, and a margin of 1 in. at the sides and top. What are the 
dimensions of the smallest sheet of paper which will accommodate? 

14. A rectangular field has a fence entirely around it and tW'O other fences 

crossing it parallel to the ends. What should be the ratio of the two dimen- 
sions of the field in order that it may require the least fence for a given total 
area? Ans. 2:1. 

16. A closed tin can is to be made of given capacity and minimum mate- 
rial. What should be the relation between its height and the diameter of 
its base? Ans. Height = diameter. 

16. A vessel is cylindrical in form and open at the top. Find the relation 
between its dimensions in order that it may have the greatest capacity for 
a given amount of material. Ans. Height = radius. 

IT. If the stiffness of a beam varies as the breadth and the cube of the 
depth, find the dimensions of the beam of greatest stiffness which can be 
cut from a log 16 in. in diameter. Ans. Breadth = 8 in. 

18. A man is in a boat 6 miles from a straight shore and wants to reach 

a point A, on the shore, 12 miles from the nearest point on the shore. If he 
can row 4 miles an hour and walk 5 miles an hour, where should he land in 
order to reach A in the least time? Ans. 4 miles from A. 

19. The sum of two positive numbers is 15. If the product of one of the 

numbers by the square of the other is to be a maxi- 
mum, what are the numbers? Ans. 5,10. 

20. What size sector should be cut from a circle in 
order that the remainder will form the surface of a cone 
of maximum volume? 

21. A weight is to be held 8 ft. below the horizontal 

line AB by a F-shaped wire. If A and B are 6 ft. 
apart, what is the shortest total length of wire which 
can be used? Ans, 8 + 3\/3 ft. 

22. A tablet 6 ft. in height is mounted on a wall 
with its lower edge 4 ft. above the eye of an observer. 
How far back from the wall should the observer stand 
in order that the tablet subtend the greatest possibh^ 

vertical angle at his eye? Ans. ■x/40 ft, 

23. A man is at S, a distance of a miles out in the water from a straight 
shore and wishes to reach a point, P, a distance of h miles inland from th(‘ 
shore and not opposite his loca,tion in the water. Tf his rate on water is rj 



rwi 

Fig. 104. 
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miles per hour and his rate on land is ro miles per hour and he makes the 
trip from aS to P in the least possible time, landing 
at 0, show that the angles w and X of Fig. 105 are 
connected by the relation 

sin 0 ) 7\ 

sin X 

24. (a) A steamer burns a + bx^ tons of fuel 
per hour in running x miles per hour relative to 
the water. Find the speed at which the least 
amount of fuel is used in traveling a given dis- 
tance in still water. 

(5) If the number of tons of fuel burned per hour in (a) is 50 when the 
speed is 8 miles per hour and SI. 5 when the speed is 6 miles per hour (both 
in still water), find the most economical speed in traveling against a current 
% miles per hour. Am. 6 miles per hour. 

26. A direct current of I amp. is driven through a resistance of ;i 5 ohm 
by a battery of 24 dry cells, arranged in x blocks of cells in parallel, each 
block consisting of y cells in series. Find the number in series, i.c., find y, in 
order that the current be a maximum, if the internal resistance of each cell 
is 0.05 ohm. Hint: Let e = the e.m.f. of each cell. Then the total e.m.f. 
of the battery is P = ey. The internal resistance of one block of y cells is 
5?// 100. The total internal resistance of the battery is the reciprocal of the 
sum of the reciprocals of the resistances of the blocks, or 

1 

100 ,100 , ,100 




After obtaining the answer, compare the total internal resistance with the 
given external resistance. -Ois. y = 8. 

26. If a generator of direct current has an e.m.f. of E volts and ait internal 
resistance of r ohms, what external resistam-e R will eoiisume the most 
power? Hint: The total resistance is r -f P ami, Inniee, by Ohm’s law, the 
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current is 

E 

" " r A- R’ 

while the power is the resistance times the square of the current, or 

P - 

^ " (r -h RA 

Here P is to be a maximum and E and r are constants. Ans. R = r. 

27 . {a) Find the largest possible area for an isosceles triangle in which 
each of the two equal sides is 10 in. long. 

(6) Find the largest possible area for a triangle inscribed in a 
circle, one side of the triangle being a chord 10 ft. long and cutting off a 
70^ arc. 

28 . Determine the dimensions of the right circular cylinder of greatest 
volume that can be inscribed in a given sphere of radius R. 

29 . Determine the dimensions of the right circular cone of least volume 
that can be circumscribed about a given sphere of radius R. 

30 . Find the coordinates of the vertices of the rectangle of greatest area 
which has two vertices on the .x-axis and two on the curve y = 

31 . Tangents are drawn to the ellipse of semiaxes a and h. Show that 
the least length of any tangent, intercepted by the axes of the ellipse, is 

32 . Find the equation of that tangent to the curve y = + 2z 

which has the least slope. 

33 . Show that the shortest distance bet'W'eeii a curve and a fixed point 
external to it is measured along a normal to the curve which passes through 
the given point. 

34 . A w'all 8 ft. high is 3 ft., 4^-^' in. from a house. Find the length of the 

shortest ladder that will reach from the ground to the house when leaning 
over the wall. /Ins. ft. 

35. A light is placed directly above the center of a circular plot of ground 
of radius 20 ft. What must be its height above the ground in order that 
the edge may get a maximum illumination, given that the intensity of light 
at an 5 ^ point of the edge is proportional to the cosine of the angle of incidence 

the angle betw^een the ray of light and the verti(uil) and invers(dy 
proportional to the square of the distance from the source of light? 

36 . Rectangles are drawui wdth two vertices on the right-hand bramdi of 
the hyperbola — Zy^ — 36 and t\vo on the chord joining the points (12,6) 
and (12, -”6). If they are made to revolve about the r-axis, find the vertices 
of the rectangle that will produce the maximum volume. 

37 . A manufacturer offers to deliver to a dealer 300 radio sets at $90.00 a 
set and to reduce the price per set on the entire lot by 25^ for each additional 
set above 300. Find the amount of the largest possible transaction, in 
dollars, betw^een the manufacturer and the dealer under those conditions. 

38 . A window is in the form of a rectangle surmounted by a siunicirehu 
If its perimeter is 30 ft., find its dimensions so that it may admit tiie maxi- 
mum amount of light. 
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59. Derived Curves; Concavity; Points of Inflection. In 
Fig. 107 are shown the graphs of three equations, y = f{x] 
y = /'(^) and y = f'{x). The curve y = f(x) is known as the 
first derived curve of the curve y = f{x). The first derived 
curve, y =f'{x), of the curve y =f'(x), is called the second 
derived curve of the original curve, y = fix). 

From the relationship among these curves it follows that the 
turning po-ints B, D, and F of the curve y = f{x) correspond to 
{i.e., have the same abscissa as) the points 
B', D', and F' where the first derived 
curve, y = f'{x), crosses thea;-axis. Like- 
wise, the turning points C and E' of the 
curve y = fix) correspond to the points 
C” and E" where the second derived 
curve crosses the x-axis. 

•We inquire, now, into the significance, 
upon the original curve, y = f{x), of the 
sign of f'ix). Let K" be any point on 
the curve y = f'ix) at which f'ix) is 
positive. Then the tangent line to the 
curve y = fix) at the corresponding 
point K' has a positive slope. Conse- 
quently, by Theorem 1 of the preceding 
section, fix) increases as x increases in 
some neighborhood of its value at K'. 

Therefore, in some neighborhood of the 
corresponding point K on the original 
curve, y = fix), the slope of the tangent 
line increases as x increases. In other words, in some neighbor- 
hood of K, the tangent line turns counterclockwise as x increases 
and, hence, the curve is concave upward. Similarly, if H" is 
a point of the curve y = fix) at which /"(x) is negative, and H' 
and H are the corresponding points of the curves y = fix) and 
y = fix), then, in some neighborhood of H’, fix) decrea.ses as x 
increases, by Theorem 3. Hence, in some neighborhood of H, tin* 
tangent line to y = fix) turns clockwise as x inerea.ses and the 
curve is concave downward. 

The two conclusions drawn from the foregoing arguments may 
be summarized l^riefly as follows: 

If fix) is posiiivc at x = k the curve y = /(x) is cuncave upward 
in some neighborhood of the point [A,/(fc)]. 
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If f'{x) is negative at x = h the curve y = f{x) is concave down- 
ward in some neighborhood of the point [h,f{h)]. 

At the point C of Fig. 107 the second derivative, f'(x), changes 
sign, as may be seen by a glance at the corresponding point C" 
of the second derived curve. Hence, as a point moving on the 
curve y = f{x) crosses this point the curve changes from concave 
upward to concave downward. Similarly, at the point E the 
curve changes from concave downward to concave upward. A 
point, such as C or E, at -which a curve y = f(x) changes from 
concave upward to concave downward or vice versa, is called a 
point of inflection. To find a point of inflection of a curve 
y = f{x), we need only find a point at which f{x) is defined, 
f{x) is defined, or infinite, and/^'Ca;) is either zero or undefined and 
at which /"(a:) changes its sign. 

Note carefully that the significant property of a point of 
inflection is that the second derivative changes sign at it. The 
mere fact that the second derivative vanishes at a point does not 
mark the point as a point of inflection. Thus, for both y = ad 
and y — ad, the second derivative is zero at the origin. For the 
former, indeed, the origin is a point of inflection, since 6a:, the 
value of y”, changes sign there. For the latter case, the value, 
12a:^ of y" does not change sign at the origin, and the origin is not 
a point of inflection. We may express this state of affairs by 
saying that in an interval where /(a;), f{x) and/''(a:) are continu- 
ous, the condition f'{a) = 0 is a necessary but not a sufficient 
condition for a: = a to be a point of inflection. The student has 
met a similar condition, i.e., one that is necessary but not suffi- 
cient, in studying the behavior of the first derivative, viz., in an 
interval in which /(x) and f'{x) are continuous the condition 
f'{a) = 0 is necessary but not sufficient for /(a) to be a maximum 
or minimum value of/(x). The condition /'(a) = 0 does not of 
itself make certain of either a maximum or a nrinimum value of 
/(x) at that point. Hero, again, the significant property is tlu' 
change in sign of the derivative. 

Exercise 1. Prove: li f(x), f(x) and /"(x) are coiitiiuious in a neighbor- 
hood of X = a,f'{a) = 0, and /"(a) < 0, then/(;E) has a maximum value at 
X = a. 

Exercise 2. Prove; If f{x),f'(x), and/"(*) are continuous in a neighbor- 
hood of x = a,f'{a) = 0, and /"(a) > 0, then/(x) has a niininmn) value at 

X — a. 
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Note that Exercises 1 and 2 suggest a test for maximum and 
minimum values of a function, alternative to the test already 
employed. To illustrate, if f{x) = — 2x- + 3, then 

fix) = - 4a; and /"(z) = 12x^^ - 4. The roots of the 

equation /'(x) = 0 are x = — 1, 0, 1. The values of fix) and 
fix) and the conclusion drawn for each of these points appear in 
the table 



/'(x) 

/"(x) 


X = -1 

0 

■ 8 

Alinimiini by Exercise 2 

X = 0 

0 

-4 

1 ^Vlaxiniuni by Exercise 1 

X = 1 

0 

8 

i 

j 

1 Minimum b}" Exercise 2 


The test fails, however, for a value of x which makes both the 
first and second derivatives vanish. In other words, from the 
conditions /'(a) = 0, fia) = 0 nothing can be concluded as to 
whether /(x) has a maximum or minimum value or neither at 
X — a. Observe again the behavior, in that respect, of the func- 
tions X® and x^, for both of which the first and second derivatives 
vanish at the origin. While one of them has a minimum value at 
the origin, the other has no maximum or minimum points. 

Exercise 3. Prove that the tangent to a curve at a point of inflection 
crosses the curve at that point. Hint: Note that a curve concave upward 
lies above any of its tangents while a curve concave downward lies below 
any of its tangents. 

Problems 

1. Reproduce each of these curves on squared paper to larger size and 
construct the first and second derived curves. 


Y 



Pig. 108o. IhSh. 
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7 



7 



2. By taking as ordinate, at the point whose abscissa is x, the area bounded 
by the line ?/ = 2, the rr-axis, the 2 /-axis, and the line segment from (x,0) to 
{Xj2), plot a curve. Find its first derived curve. Prove that the derived 
curve is the original line 2 / = 2 


7 




3. By taking as ordinate, at the point whose abscissa is x, the area of the 

trapezoid bounded by the axes, the line y — lx ^ and the line from (:r,0) 
to (x, hr + 2), plot a curve. Find its equation and prove that the derived 
curve is the given line t/ = + 2. 

4. Find the points of maximum and minimum ordinate, the points of 
inflection, intervals of upward and downward concavity, and sketch the 
curve for each of the following equations: 

(а) Sy = 4x‘^ - - 12x + 17. (i) y - (;r + l)V"^;c. 

(б) y = (.X - 3)'’ + 1. O') y = 

Am. ij) Points of inflection at ,r = 1 — x == 1, x = 14- a/S. 


(c) ?/ = .r‘ 4- 192^2 - 800 . 11 . 


id) y = tan x. 
(e) y = 

/ j'\ 2 

(/) 2 / = 


(g) 


1 4 - 
y = sinh x. 


(h) 



( A- l // = 4 

(1) y = 

(m) y =10'^ + 10“-^. 

(w) y = sin 2.r + cos 2:r. 
(o) y = sin x -p 4 cos x. 
ip) y = sin 2a' 4~ cos 4x, 
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9 ^ 

5. Show that the curve y = ^ has three points of inflection which 

lie on a straight line. 

6. Find the equation of the inflectional tangent fi.e., tangent at the point 

of inflection) for the curve x''^ — xy = 1. A/ts. y = Zz — Z. 

60 . Curvature. Suppose the length of the curve C, defined by 
the equation y = f{x), from a 
fixed point A to a fixed point J 
Po be designated by So, and the 
length from i4 to a variable 
point P designated by s. Then 
the length of the are PnP is the 
difference \s — so]. If the lines 
tangent to the curve C at the 
points Po and P have the inch- 
nations do and 9, the difference 

— 0ol is the angle between those tangents. The difference 
quotient 

s - Soi 

e - 



represents the average change in arc length, s, per unit change 
of angle 9. If we de.signate by R the limit of this fraction as the 
point P approaches the point Po along C, we have 


R = lim 

A' — 


So 


= lim 


t70i 

So] 


X ~ Xo 


X 

lim- 

ur— +j'o ^ 


Sq 


Xo 


lim - ^ , 

X--+X0 .lo! 


ds/dx 
~dd dx 


kT^ 


In case the curve C is an arc of a circle, as in Fig. 112, the 
normals at Po and P meet at the center Q, and tlie angle between 
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them is - fiol- But, on a circle, arc/angle = radius, so that, in 
that case 


s — So 


= r 


} 


a constant, and the quantity R as defined above is equal to the 

radius of the circle. It is therefore 
natural, in the case of any curve, to 
speak of R as the radius of curvature 
of the curve at the point. 

To evaluate the quantities \ds/dx\ 
and \dB/dx\, recall that dsis the incre- 
ment which s would have taken on 
if the rate of change of s per unit 
change in a: had become constant, 
i.e., if the curve had become a straight 
line. 





Fig. 112. 


Hence 


and 


ds® = dx^ + dy^ 


( 102 ) 


=v*+(iy 


The derivative dO/dx can be evaluated directly from the relation 



whence 


de _ 

d-y ! 

dx 

1 + {dy/dxY 

and 


R = 

[1 +_(#/y^)^]' 

\dhjldx^\ 



where the derivatives dy/dx and d'-^y/dx'^ are to be evaluated at the 
point where the radius of curvature is desired. 

It is customary to define the curvature of a curve at a point as 
K = 1/R, where R is the radius of curvature, that is 


K = 


\d^y/dx' 

fTTr-'/y'dryT' 


( 104 ) 
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Exercise 1. Prove formula (102) from the fact that lim = l. 

arc— *0 \ / 

Hint: Call the end points of the arc (x,y) and (x + Xc, y + lij). Then 

(chord) 2 = Ax^ + Ay“. Divide through by As^, where A^ is the length 
of the arc, and pass to the limit. 


Problems 

1. Find the curvature of the line y = mx -f b. 

2. Find the radius of curvature of the curve y - 4x^ at the point (0,0) 

and at the point whose abscissa is x. Ans, J'g, 

o 

3. Find an expression for the radius of curvature of the hyperbola xy = 

at the point whose abscissa is x, and find the coordinates of the point at 
which it is least. Ans. (a,a), ( — a, —a). 

4. Find the greatest and least radius of curvature for the ellipse 

X ~ a cos 6, y = b sin 0, where a > 6 > 0. 

6. Find the radius of curvature of the following curves at the point 
indicated: 

(a) X = — Ztj y = at ^ =0. Ans, 

(5) X = a{d — sin e)^ y - ail — cos 0) at (x,//). 

(c) y = at X = 0. Am. 2V 2- 

(d) A- = 6x1/ at (3,3). Ans. 3V2/8. 

(e) x^‘i + at (x,y). Ans. Z{axy)h, 

(f) y = CSC X at (x^y). 

(g) y == cosh ? at (x,y). 

(h) y - sin x at the points where y has maximum or minimum 

values. 

6. For what points on the curve Sy = x^ does the radius of curvature have 

the value 32? Arts. ( ±4\/3, 6). 

7. Find R and K for the curve ^ = x- — 4x + 6. 

8. Find R and K for the curve xla + yh> = abi at (a/ 4, a/4) and at (x,i/). 

9. If a curve is represented by x ^ f{t), y = 9(0^ derive an expression 
for the radius of curvature in terms of /'(O; g'ii)y f"{i) 

. [(f(i)y + 

- g'(t)-r(t') 

61. Circle of Curvature; Evolutes. The circle of curvature at a 
point P of a curve is defined as the circle tangent to the curve 
at P, with center on the concave side of the curve and radius 
equal to the radius of curvature of the curve at P. The (*enter 
of the circle of curvature is called the center of curvature. 

Let us find the coordinates a and of C, the center of curvature 
at P, in terms of x, y, and the derivatives at (x,y). To that end, 
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we employ the two equationx: 

(X - + (2/ - 

y ~ ^ ^ - «)> 


tiie reason for which is quite obvious. Eliminating (rr — a) 
from the two equationSj we obtain 


Y 



y'\y - + ( 2 / - ^Y = 

or 

\y-^\ = - 7 =^=. 

V 1 + y' 

and, since i2 = (1 + y'‘y^/\y"\, 


\y - / 3 | 


1 + y'‘ 
v" 


Note now that if the curve is concave upward in the neighborhood 
of P, as in Fig. 114, y - ^ is negative, while y” is positive. 
Hence, 


and 


y - ^ = 


1 



iS = y + 


1 + y'^ 

y" 


Let the student examine the case of a point P in whose neighbor- 
hood the curve is concave downward, and satisfy himself that 
the above exm'pssion for jS still holds. Substituting now in the 
second of the pair of equations employed above, we obtain 


The evolute of a curve i.s defined as the locus of its centers of 
curvature. In other words, if a given curve is the locus of the 
points (x,y), its evolute is the locus of the points (a,|8) treate<l 
above. Its equation is found by eliminating x and y from the 
equation, y = f{x), of the given curve and the above eejuations 
for a and /3- 
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Exercise 1. Prove that the normal to the curve at P is tangent to the 

evolute at the corresponding point C. Hint: Show that ^ _ dd dx _ _1 

da da/djc y 


We now prove an important property of the evolute, which 
we state as follows: If Pi and Pj are two points on a curve and 
Cl and C 2 are the corresponding points on the evolute, then 
the length of the evolute between Ci and C« is equal to the difference 
between the radii of curvature at Pi and P 2 , provided the radius ol 
curvature is continuous on the arc P 1 P 2 . 

Proof: From the relation (a: — a)- + {y — |5)“ = R\ we obtain, 
differentiating with respect to x. 


(x — a)( 1 — 


+ (V - «(?' - f ) = 


Again, by (y — ^)/(x — a) = —1,/y' (since CP is normal to the 
given curve), we have ^ 

{x - a) + (y - ^)y' = 0, ' 

and, in view of this, (A) becomes V'' 


j JO ju \Cia.0) 

+ (» - " -€■ <«' \^P. 

y ~ jS dS . \y^Pix,y) 

Employing the relation ^ (since 

' 

each member of this measures the slope 
of the line tangent to the evolute), or 

’vve set (‘aeh of the last two ratios equal to // and 

:r ~ a y — p 

obtain daUlx = a(.i* — a ), dfi/dx = u{ii — jS), whence Kcj[. {B) 
takes the form 


Fig. 115 . 


u{x - a)- + uiy - isy = -ly 


Solving for u we obtain 


{x - ay + {y - iS)~ 
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Now call s the length of the evolute measured from Ci in the 
direction of C%. Then, by (102) and the above relations, we have 

\dxj \dx/ 
ds _ ^ dR 
dx ^ dx 


Since 


1^1 

dx 


the rate of change of s, relative to x, is always 


equal to the rate of change of R, relative to x. Hence, the total 
change in s over the arc CiC^oi the evolute equals the total change 
in it! as P traces the arc P 1 P 2 , or |Pi — P 2 I = arc C\Ci. 


Problems 

1. Find the coordinates of the center of curvature for each of the curves 
at the given points. 

{a) y = (0,0), (-1,8). Am. (0,He), (256,38,516). 

(b) y = r® + 2r= - 4s + 5, (0,5), (1,4). 

(c) r.i/ = 18, (-3,-6). Ans. 

id) y — cos X. 

(e) {x — 1)^ + (j/ + 2)2 = 5 at any point. Am. (1, —2). 


2. Find the eciuation of the evolute of 



or 

= %7(a - 4)2 
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3. Find the equation, or parametric equations, of the evolute for each of 
the following curves. Draw the curve and its evolute. 


(6) xy = a^. 

(c) + y^i = d^i. 

(d) y = cosh X. 

X = 3 ^, 

y + 2. 

= 5 cos t, 

= 5 sin L 

{X = 18^, 


= 2 cos t + cos 2t, 
^ ^ 2 sin i + sin 2t. 


Ans. (aa)"^ + ibl3)H = {a^ - 62^-^ 

Ans. (a + — (a — = (4a)^^j. 

Ans. (a H- + {a — = 2a^s. 



A/is. 


4^3 

a ^ * 


Ans. 


a 


(i) 


Ari5. (4a) = 25*’^^. 


\x = 4z sec ty 
( 2 / = 3 tan t. 

4. Find the length of the evolute between two of its points Ci and C‘> that 
correspond to the points Pi and F> on the curves below: 

17\/T7 ~ 1 


(a) y = a:2,Piis (0,0), P. is (2,4). 




(6) y - sin :t, Pi is (7r/6,H'), P, is (7r/2,l). Ans. ^ ^ 

(c) X == 2t A ly y = P — 1, Pi is (1,-1), P 2 is (3,0j. 

Ans. 4 \ '2 — 2. 

5. If X ~ f{t) and y = g{t) are the equations of a curve, find formulas for 
o! and /S, the coordinates of the center of curvature, in terms of fit), git), 
fit), g'(t),f'(0, and ?"(«)• 

6. Show that the evolute of the cycloid iT = aid — sind),y = a(l — cos ^) 
is another cycloid. 

7. Prove that y", computed for the circle of curvature at a point P of a 
given curve, has the same value as ?/" computed for the curve at P. 

8. Verify that the curve x - (i(cos <9 4- ^ sin $), ij = a (sin B — 6 cos a) 
is an involute of the circle x- A y’^ ~ Note. A curve A is said to be 
an involute of a curve P if B is the evolute of A. 


62. Meaa Value Theorem. We shall treat in this section a set 
of very useful theorems on derivatives, the first of which is known 
as 

Rolle’s Theorem. If f{x) and f{x) are continuous in the 
interval a S x Si citid f{a) = f{b) = 0, then there exists at least 
one constant a < ^ < b, such that = 0. 

Proof: If f{x) = 0 for every x on the interval a S x S ij 
the theorem obviously holds. If f{x) is not everywhere zero, 
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it must take on both positive and negative values between x — a 
and X = h. For, if f{x) > 0 in the entire interval, then, by 
the preceding text (Theorem 1, Sec. 58) /(a) < /(5), contrary to 
hypothesis, and if /(a;) < 0 in the entire interval, then (Theorem 
3) /(a) > /(6), also contrary to hypothesis. Since, in this case 
fix) takes on both positive and negative values in the interval 
and is continuous, it takes on the value zero, by Property 1 of 
Sec. 47. If i is the value of Xi called for in that property we have 
= 0, and Rolle's theorem is established. 

As a corollary to Rolle’s theorem we may easily establish : 

The Theorem of the Mean. If fix) and fix) are continuous 
on the interval a x ^ b, there exists at least one constant ^ such 
that fib) = fia) + (?) — a)fii). 

Proof. Consider the function 

<pix) = fix) - fia) - ix - 

Obviously, tpix) is continuous and has a continuous derivative 
in the interval from a to b. Also 

ipia) = fia) - fia) - (a - a) ^^^^ _ ■ = 0 

and 

<pih) = fib) - fia) - (?) - Z = 0. 


Hence, Eolle’s theorem applies, and there exists at least one 
constant between a and b such that (p'H) = 0. Now 


<p'ix) =fix) 


fib) - fia) 

r ^ ' 


and 


This reduces to 


0 = f (?) 


fib) - fia) 
b — a 


fib) = fia) + (?) - a)fi^). Q.E.D. 


This theorem is true for any value of b, say x, such that fix) 
and/'(x) are eontimious in the interval from a to x, so we may 
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regard x as a variable, subject to these restrictions, and write 

f{x) = /(a) + (x - a)f{i), a < k < X. (105) 
It may also be written in the forms 

^ /(a + /i) = /(a) + hf{a + dh), 0 < 0 < 1, 
and 

f{x + Ax) = /(x) + Ax/(:r + dlx), 0 < 0 < 1. 

Exercise 1. Show that the function ^(x), employed in the proof of the 
theorem of the mean, represents the directed distance QP, where P is a point 
on the curve y = /(x), with abscissa x satisfying a ^ x ^ h, and Q is a point 
with the same abscissa and lying on the secant line connecting the points 
[a, /(a)] and [bj(b)l 

Exercise 2. . Show that at the point on the curce y = /(.x), whose abscissa 
is the quantity J called for in the theorem of the mean, the tangent to the 
curve is parallel to the secant line through the points [ajiai] and 

Exercise 3. Prove that if p(x),/(x), g\x), and fix) are continuous in the 
interval a ^ x ^ b and/(6) 9 ^ /(a), then there exists a constant ^ such that 


gib) 


gja) ^g^ 
fi^) 


(a.< i < b). 


m -/(a) 

Hint: Apply Rollers theorem to the function 
= g{x) - g(a) - [fix) - 


Note: The formula of this exercise is called Cauchy’s formula. 

Exercise 4. Under the hypothesis that /"(x), as well as/(x) and/(j:}, are 
continuous in the interval a ^ x ^ b, prove that there exists at least one 
constant J such that 

m = /(a) +/(«) -{b- a) +rii) a < b. 


Hint: Apply Rolle’s theorem to the function 
v(x) =fib) -f(x) - (b - x)f'ix) - -f(a) - (b - a)f'ia)] 


and solve the resulting equality far fib). 

Exercises. Under the hypothesis that Axi, /'tri, /"(x), . . . 
are all continuous in the interval a A x ^ h, prove that there exists at least 
one constant S such that 


fib) - /(a) + (b - a)f'ia) + 



(h-aVf'^a) , 

2! 3! 

a)’‘/‘'‘’(al (6 "(ty 

■«!' i'l +'l)l ’ 


(I < i < b. 
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Hint: Apply Rolle’s theorem to the function 

=/(6) -Six) - ib-x)nx) - ^^-^f'x 

- -/(«) - («) 


Note: The formala proved in this exercise is known as Taylor^s formula. 
Note also that the formula of Exercise 4 is Taylor's formula with n = 1 and 
the Theorem of the Mean is Taylor's formula with n == 0. 


Problems 

1. Find the value of ^ called for in Rolle’s theorem for the given function 
in each case. 

(a) f{x) — — Sx. Ana. %. 

(b) fix) - a;3 + - 2rc. 

2. Verify the theorem of the mean for f{x) = .4 + Bx, and show that 
the choice of ^ is immaterial. 

3 . Find the value of ^ involved in the theorem of the mean for 

fix) = 5 ~ 3a: + 4ii:^ a = 0, 6=2, Ans. 1. 

4 . Find the value of ^ involved in Cauchy's fonnula (Exercise 3), 

(ft) for/(:r) = cos x, gix) = sin x, a = 7r/6, b = 7r/2; 

Ans. 7r/3. 

ib) for fix) = log ix + 1), gix) == (x -f 1)'^, a = 0, 6 = e ~ 1. 

5. Find the point on the curve y = A Sx at which the tangent is 

parallel to the secant drawn through the points of the curve where a: = 1 and 
a; = 3. Ans. (2,10). 

S. Find the point on the curve y — at which the tangent is parallel 
to the secant drawn through the points of the curve where .t = 0 and x 

7 . Show that the theorem of the mean does not apply to fix) = 
with a = and b = 2, Explain why. 

8. (ft) Apply Taylor's formula (Exercise 5) to show that an approximate 

value of sin is ^ ’ with an error not exceeding * 

Hint: Set a = 0, 6 = 7r,/36 (radian measure of 5°) and use n = 4 in 
Taylor's formula. 

(6) What is the limit of error in (a) if Taylor’s forniula is employed 
with n ~ b? 

(c) Employ n = 1 in Taylor's formula for sin 5°. By comparing 
the result with the value given for sin 5° in a five-place table, find the value 
of ^ involved in the formula. 

9. Derive, by the theorem of the mean and by Taylor's formula w’ith 
n = 1 and n = 2, successive values of logio (n -hi) as 

logio (w + 1) = logio n - — [n < < m -f- 1 ), 
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logic (w + 1) = logic n + 


0.4343 0.4343 


(«<$•.<«+ 1), 


logic (?^ + 1) = logic n + 


0.4343 0.4343 , 0.4343 


(« < ^3 < W + 1), 


where 0.4343 is the (approximate) value of logic e. Set n = 100 and, by 
means of a table, find g i, Lh and {3. 

10. Express Vl - x as a polynomial in x of degrees 2 and 3 successively 
and estimate the error in each case if x = 0.3. 

Key; Apply Taylor’s formula with n = 2 and n = 3 successively and 
obtain 



(0 < < x), 

"i • X^ (0 < t., < 2 :). 


„ , 0.3 (0.3)» .,. ^ ,. (0.3)’ 

Hence vO.7 = 1 5 — j with an error not exceeding - « - . and 

o lolU./)"'- 

/— , 0.3 (0.3)2 (0.3)’ 5(0.3) 

vO.7 = 1 — TT 5 — \a ■ "’dh an error not exceeding 7X0 ^ - 

o ID IJo (U. /'i'- 

ll. Express Vi + X as polynomials of degrees 2 and 3 successively, and 
by means of them compute -v/Odl. Estimate the error in using each 
polynomial. 


63. Polynomial Approximation. Given a function fix) which, 

along with its first -n derivatives, /(x), f{x) 

continuous at a: = Xq^ consider the problem of finding a poly- 
nomial P(x) of degree n in x such that 


Pi^o) =/(^o), 
P\xo) = fixo), 
p"{xo) = r'{xo), 


If we examine the problem first vsith n = 1, we mar let the 
desired polynomial have the form 

P{x) = Bx^C 

whence 

P'{x) - B. 

Substituting Xo for a- and imposing the conditions of thf‘ problem, 
viz., P{xo) = f(xo) and P'ixn) = /'(xo), we have 

Bxt) + C = fixis). 

B = fix,). 
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Solving these for B and C, we have 

B = fixo), 

C = fixo) — Xdf'ixo), 

and the polynomial takes the form 

P(x) = Xf(x 0 ) + f(X(,) - Xof(xo) 

= /(^o) + (a; - a:o)/'(a:o). 

The form taken by the solution to our problem for the case 
n — 1, suggests that, for the general problem, we express the 
polynomial sought as a polynomial in the quantity x ~ xo. 
Hence, let 

P{x) - Ao + Ai{x — a:o) + Ai{x — XoY + • • • 4- An{x — xo)". 

whence, by differentiating with respect to x, we obtain 

P'{x) = Ai + 2A2 (x — Xq) + ^Az{x — x^y + . . . 

+ nAnix - Xoy-\ 

P"ix) = 2 A 2 + Z\Az{x - Xo) + 4 ■ ZA,{x - Xo)= + • ■ • 

+.n(n ~ l)H„(x — Xo)”~^, 


p(n-l)(j.) — (ji — -f. n\An{x — Xo). 

P^”^(x) = n\An 

Substituting x = xo in these relations, we obtain 

P(xo) = Ao, 

P'ixo) = ^ 1 , 

P"(Xo) = 2^2, 


P<"-»(xo) = (n- l)W„_i, 
P^'‘'(a:o) = n\An. 


From these, and the conditions of the problem, we obtain 
Ao=f{xo), Ai=/'(xo), 42 


A 


Tl 




ni 


and our problem has a unique solution furnished by tlie poly- 
nomial 
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fixo) + (a: - XQ)f'{x!)) + (a: - + • +{x- Xn) 

For example, if/(x) = cos x - sin x, we have/(0) = 1 and 

/'(x) = — sinx — cosx, /(O) = — 1, 

/"(x) = - cos x + sinx, /"(O) = -1, 

f'"(x) = sin X + cos X, /"'(O) = 1, 

/™(x) = cos X — sin X, /"'(O) = 1 

y(«)(a;) = /(»-4)(a;)^ fu)(o) = /(n-4!(0), n > 4, 

and the polynomial approximations to cos x — sin x at Xo = 0 
are 

y = 1 — X of degree 1, 

2/ = l — X — ^ of degree 2, 

2 / = l- x- ^ + ^ of degree 3, 

y = l- x- |iH-~+J-, of degree 4, 

2 / = l- x- |^ + |^+^, “Ij of degree 5, etc. 

In Fig. 117 are shown the graphs of the function cos x — sin x 
and the graphs of the polynomials 1 — x, 1 — x — and 



1 — X — — + — superimpOvSed on thesame.systemof coordinates 
Z ! O I 

To appraise the aeeuraey of this metluKl ot approximation, 
let its error be represented by the constant 


when 
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X - has the value h. We thus have the exact equation 

f{x) = /(^o + h) - /(.t'o) + hf{xo) + ^f"(xo) + . ■ • + 

+ (^mjr 


whence we obtain 


f{xo ■+ h) - f{xo) - hf'(xo) - ^j/"(^o) - - - 

(n 4- 1)! 

Note that the left-hand member of this last equation is ^(0), 
where 

,p(z) = fixo + h) - f{xo + z) - (h - z)f{xo -f- z) - 


so that ^^(O) = 0. By^ substitution we see that ip{h) = 0 and, 
since f{x) and its first (n -|- 1) derivatives are continuous, (p{z) 
is continuous and satisfies the hypotheses of Eolle’s theorem 
vdth a = 0 and b = h. Hence <p'{t) = 0, where ^ is some con- 
stant between 0 and h. Differentiating ^{z), we have 

^'(^) = + 2) 

+/'(ro z) - Qi - z)f"{xo + z) 

+ (h - z)nxo + z)- + 0 ) 

+ + 


{h - 

(a - 1) ! ' 
(A - 2)"-i 


/'”'(a:o -h z) 


+ + 2) - -h 2) 

, (A - zYE 


4 2)]. 

But (p'(r) = 0, where ^ A, hence E — 4 f) = 0, or 

E = /(-+!' (a;o 4 r). 
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We conclude that, for any function /(x) which is continuous and 
has n + 1 continuous derivatives at values of x between and 
including xo and xo +- h, we may write 


/(xo + ^) = /(xo) + hf'{xo) + |-,/"(xo) + 




{n + 1) 


/'-‘'(xo + r) 


where C is between 0 and h. But, since this holds for any value 
of h subject to the above conditions as to continuity, we may 
write Xo + ^ as X, as X — xo, and Xo + T as s', giving 


/(x) = /(Xo) + (X - Xo)/'(Xo) + — 


Xo)' 


2! 


+ 


(X — Xq)'* 




-f'M + • • • 

(x - Xo)'‘+\ 


and this is Taylor’s formula, as displayed in Section 62, with 
a replaced by xo and b replaced by x. 

Exercise 1. Given a function /(. t), prove that in order that a polynomial 
A + Bx Cx^ and its first derivative have respectively the values 

/(O) and/(0) at a; = 0, A must have the value /(O) and B must have the 
value /(O). 

Exercise 2. Prove that in order that the second derivative of the poly- 
nomial of Exercise 1 have the value /"(O) at x = 0, C must equal 


Problems 


1. Show that if f(x) is taken as A + Bx -f Cx- A Dx^y then Taylor^s 
formula with n = 3 and x,. == 0 reproduces /(.r) . 

2. Use Taylor^s formula to express the polynomial X'^ — -f 13x — 7 
in the form A{x — 2)^ A B{x — 2)^ -h C(x — 2) +■ D. Hint: Take Xu = 2, 

Am*, (x — 2)3 -f (x — 2)- -f 5(x - 2) 4“ 7. 

3. Express + lOx- + 12x — 5 as a polynomial in (x -f 1) by 

using Taylor’s formula with x,) = —1. 

4. Express each of the following functions approximately by a polynomial 
in X of the degree indicated and discuss the error involved. Hint: Use 
Taylor’s formula with Xo = 0, 

(a) degree 6. (/■;) see x, degree th 

{h) sin X, degree 9. (7) 


(c) cos X, degree 10. 

(d) tan X, degree 7, 


Alls. 


(g) sinh x, degree 9. 

(h) cosh X, degree 8. 


(a) 1 4" -r + 4- .n + 


4-f 



iU' 
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6. Express log x as a polynomial in powers of {x — 1). What can you 
say of the approximation to log x by a polynomial in a:? 

6. Compute sin 61° correct to five decimal places. Hint: Express the 

function sin x approximately as a polynomial in and take 




the radian measure of 61°. 

7. For how large an angle may we safely use 1 — as an approximation 
for cos X if the error must be less than 0.00005? 

Ans. X < 0.1861 radians. 

8. Compute the value of loge 2.81828 to four decimal places. Hint: 
Express log*., {e + x) approximately as a polynomial in x and set x = 0.1. 

9. Find logio 998 to five decimal places. 


10. Verify the approximate formula log (10 + x) = 2.303 + ^0' 

late the natural logarithms of 9.5, 9.9, 10.1 and 10.5 and compare with the 
values listed in a table. Compare the value for log 1 5. 

^+3 

compare the value of cos 61° obtained this way with the value listed in a 
table, 

12. Draw% on the same axes, the graphs of cos x and its polynomial (in x) 
approximations of degrees 0, 2, and 4. 

13. Approximate — ■ by a polynomial and use it to compute the 

.w ■“ X 

reciprocal of 1.98 to five significant figures. 

14. Prove, in the case of the approximation to cos x by a polynomial in x, 

that the error term j , 0 < J < x, can be made as small as we 

please, for any given value of x, by taking n sufficiently large. 

15. Prove the factor theorem of algebra, i.e., if f(x) is a polynomial of 

degree n and /(a) = 0, then/(x) is divisible by x — a. Hint: = 0.* 

16. Prove that if the equation /(x) = 0, where fix) is a polynomial in x, 
has X = a for a root of multiplicity k, then fix) has x = a for a root of 
multiplicity ic — 1. Hint:/(x) is divisible by (x — but by no higher 
power of X — a. 


11. Verify the approximate formula cos 


^ i ~ (0.8660)x and 


64, Indeterminate Forms. The forms 0/0, oo/cc^ 0*’, 1^, 
0 ' , and CO ± cc are indeterminate in the sense that we can 

exhibit a function F{x) which takes on one of these forms at 
X - a and for which lim F{x) has any preassigned value. If, 

x-^a 


By writing F{x) ^ G{x) we mean tliat F[x) is identically equal to Gix). 
That is, F{x) equals G{x) for every value of x- 
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however, the function is oi the form 44, or can be so written 

g{xy 

f(x) 

we may frequently evaluate lini by the use of 

x^a g{x) ^ 

L’Hospital’s Rule. If lim fix) = lim gix) == b where b - 0 

X — *a x—*a 

or h = CO ^ arid a is any finite constant or x , then 




provided the derivatives and limits exist. 

Illustration 1. In applying L'Kospital’s rule to lim ( we obtain 

x-40 \ 3x / 

lim = lim = 1 

Illustration 2. The function xe~^ assumes the form 0 • ^ as x + x , 
To find its limit, let us write it as x/e^ and use L’ Hospital’s rule. We thus 
obtain 


Illustration 3 


Ltion 3. To find lim !” — X we have 

sec X J 

/ I 1 \ _ Yixa / sec X — 1 \ 

\x^ sec X/ x->o \ x2 sec x ) 

= lim \ 

x->0 \x^ sec X tan x + 2x sec x/ 


= lim ( — 
.r-^O Vx^ 


tan X 

tan X -1- 2x 


This limit is still indeterminate, so we apply the rule again, obtaining 


lim ( ^ 

^0 \x- sec‘- X + ‘2x tan x 2/ 2 


We shall now give a proof of L’Hospital’s rule for the case in 
which a is finite and 6=0 and (/(a) is finite and not zero. From 
these restrictions and the hypotlieses ot the rule w(' havt* two 
functions f{x) and g{x), such tliat /(n) = (jia) = 0, having 
derivatives f{x) and if{x) in the neighborhood of a* = a, such 
that (/'(a) is finite and not zero. It follows that 
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lim 

X-^d 



lim 

-t— >>« 


lim 


lim 


lim ( • 


m 


V(^) 

- d(a)J 


- 

X 

— a 


- g(a) 

X 

— a 

(S{^) 

- fia)\ 


-a J 

( Q{x) 

- 9ia)\ 


fia) 

ff'(a) 

A complete proof of L’Hospital’s rule is too diflB.cult for the 
beginning student and should be deferred until he is taking a 
second course in calculus. 


Exercise 1. Prove L’Hospitars rule for the case f{a) = g (a) =0 and 
f{a) /g'{a) is defined, by using Cauchy’s formula (Exercise 3, page 221). 
Hint: If a < ^ < x and x then ^ a. 

Exercise 2. If/(a.) = f'{a) — g{a) - g'{a) == 0 but/" (a) (a) is defined, 
prove that 


lim 

x-^a 



fia) 

g"{a)' 


Hint: Apply Cauchy’s formula first to the functions f{x) and g{x) and 
then to f'{x) and g'{x). 

Problems 


1. Find the following limits: 


(a) lim /I - eos sy 

\ sin 6 ) 

Ans. 0. 

m lim 

\ tau'^ B / 

A7U. 

(c) lim /I 

Ans. 0. 

“ 4 


id) lim 

V /, 

Ans. hi. 

(e) lim /!-- y r sec t/V 

y-^Q \tan y — sec y 1 J 

if) lim 

Aris. ”1. 

Ans, log 5. 
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(k) lim I 


Ans, 


Ans. 0. 


Hint: Write it as 

'V X + 1 \fx 
(1) lim [cot “ cos x)]. 

x -^0 


(m) lim 


r 



log (cos x) 
log (tan xy 


(n) lim [csc^ x — 

X — >0 


Ans. 0. 
Am. — 1. 


(o) lim (sin x > Q. Ans. 1. 

X — ^0 

Hint: Write y = (sin and take the logarithm of both sides. 

(p) lim (x + Ans. e. 

x--*0 


(q) lim [a;(a^/® — I)]. 

X— > oo 


(r) lim ^ - 7 

x->o V x — Sin xj 


Ans. 2. 


66. Infinitesimals. ^^ariable wliich lias the limit zero is 
called an infmiiesimal. If two infinitesimals are functionally 
related so that the limit of their ratio can be studied, we ha\'e the 
following definition: 

If u and V are two infinitesimals, then 

(а) 'll and v are said to be infinitesimals of the same order if 
lim (u/v) = k, where k is a finite quantity not zero: 

(б) u is said to be an infinitesimal of higher order than v if lim 
{u/v) = 0. 

Thus, if in a certain process a varijiblo x is made to approaeh 
zero {i.c., becomes an infinitesimal), then sin x ainl 1 — cos .r 
also approaeh zero and, hence, become infinitesimals. Now, 
by results previously obtained. 
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We say, then, that sin x is an infinitesimal of the same order as x, 
while 1 — cos ,r is an infinitesimal of higher order than x. 

In particular, if 


lim I 




= 0 , 


while 


lim 

>0 



k, 


where A is a finite quantity not zero, u is said to be an infinitesimal 
of the nth order relative to v. 


Thus, lim 


cos X 


X 


= 0, w'hile 


lim 


/l — cos 1 

V J 


so 


that the quantity 1 — cos x is said to be an infinitesimal of the 
second order relative to (or with respect to) x. 

In subsequent work in integral calculus we shall have use for a 
theorem concerning the limit of a sum of positive infinitesimals, 
known as 

Duhamel’s Theorem. If Ui, ■■■ , Un are a set of n 
positive infinitesimals which increase in number as each approaches 
zero and such that 


lim (Wl + + • • • +Mn) 

wi— >0 

* QO 


exists and equals S and if j f urther, • • • ,Vn are a set of positive 

infinitesimals so related to the u^s that, given any positive number 
a, we can take m sufficiently large so that, for every n > m, each of 


the quantities 


Vi — Ui\ 


^2 ” U 2 

\ 

Vn Up 

Ui i 

i 

112 

’ ■ ■ ■ t i 

j 

lip 


then 


is less than a, 


lim {vi + V 2 + • • ‘ + Vu) 

vi—^O 
11 00 


also exists and equals S. 

Proof: Let Vi = Ui + eiUi {i = 1, 2, 3, • • •, n) (in other words, 
Vi = Ui “h eiUi, V2 ~ U2 ~h ^2^2, * * * ). Then 




Sec. 65J 


APPLlCATIONti OF DERIVATIVES 


233 


and, for sufficiently large values of n, 

— a ^ 6i ^ a (i = 1, 2, 3, • • • , «) 

Hence, 

— aUi ^ iiUi ^ aUi {i = 1, 2, 3, • ■ • , «,). 

(The multiplication preserves the signs in the inequality, because 
Ui, by hypothesis, is positive, for every i.) It follows that 


n n 


or 


whence 


i = i l=s:l 1 = 1 

n n n 

-a'^Ui g ^€tU,- g a^Ui, 

1 = 1 1 = 1 1 = 1 

n n n 

■a lim X Wi ^ lim 


n— 4 00 . - /t— r ou . 

Ui — >0 Ui — >0 


ui-~*0 


1 = 1 


and 


—aS^ lim 


00 

wi—>0 


1 = 1 


The conclusion is that 


lim '^€iUi = 0, 


i=i 
ui-*0 * ' 


and since 


we finally have 


n n n 

= X“'' "*■ 

2 = 1 l” = 1 1 = 1 


lim ~ X*^” Q i^-0. 

Ml — ^0 

Problems 

1. Show that tail x is an infinitesimal of the same onler as sin x. (Both 
are infinitesimals as x 0.) 

2, Show that a; - sin x is an infinitesimal of the third order relative to x. 
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3. For each pair of infinitesimals given below, find the order of the first 
with respect to the second. 

(а) log {x + 1), X, Am, First, (d) + 1, x + 1. (As x -1). 

(б) tan X — sin Xy sin x. 

Ans, Third, (e) the volume of a cube and its edge. 

(c) sin 2a:, sin x. Am, First, (f) x sin x, tan x. Am, Second. 

4. Show that \/x is an infinitesimal of low^er order with respect to x, 
(An infinitesimal u is said to be of lower order than an infinitesimal z; if is 
of higher order than u,) 

5. Show that the sum of two positive infinitesimals of the same order, is 
another infinitesimal of that same order. Can the same be said of their 
difference? 

6. Show that in a circle the difierence between an infinitesimal arc and 
its chord is an infinitesimal of the third order relative to either the arc or 

the chord. 

66. Newton’s Method of Approxima- 
tion. Suppose we wish to find values of 
X for which/(x) = 0, where/(a:) is a func- 
tion w^hich vanishes for at least one value 
of X and has continuous derivatives of 
orders 1 and 2 in the neighborhood of 
its vanishing point. By drawing the 
graph of the function and observing 
where it crosses the a;-axis, we can obtain a first approximation 
to the solution. Let this approximation be x == ai. Then, by 
Taylor’s formula, w-e have 

fix) = /(ai) + (X - a,)/'(«i) + 

where is between ai and x. If ai is sufficiently near to the 
correct solution, we may neglect the last term of the right-hand 
side, and, since we are trying to solve the equation fix) = 0, 
write 



/(fli) -H (x - «,)/'(« i) = 0, 

or 

/(oi) 

a second approximation. If the first approximation, ai, is 
sufficiently good, the second approximation ao will be better. 
From the second approximation we may at once form a third 
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etc. 


a; = 02 — 


S\a,) 




Illustration. To solve ctn a; — 2a: = 0, we consult a table and find, for 
X = 0.65, 


ctn a: = 1.315, 2a: = 1.300, ctn x - 2x ^ 0.015. 

Hence, we take ai = 0.65 and obtain 


az = 0.65 


0.015 

— csc^ (0.65) — 2 


= 0,65 + 


0.015 

4.730 


= 0,653 


Checking, we find 

ctn a 2 = 1.307, 2a. = 1.306, ctn a. - 2^2 = 0.001 

A repetition of the process gives az — 0.6532, but the k.st place cannot be 
checked from a table showing only four significant figures, so we drop it and 
take as solution x = 0.653. 

Exercise 1. Find an expression for the a:-intercept of the tangent to the 
curve y = f{x) at the point [ai,/(ai)l, and give a geometric interpretation 
of Newton^s method. 


Problems 

1. Determine graphically the number of distinct roots of the following 
equations and in each case approximate that one which is least in absolute 
value but different from zero. 

(a) + 60:^ -f 11a: - 8 = 0. Ans, 0.55. 

(h) 3 sin a: — a; = 0. Ans, 2.279. 

(c) cos (x/4) + a: ” 3. 

(d) 1 + a; + tan a: == 0. 

(c) 5 cos X 2x = 0. 

(f) — ctn a: = 0. Ans, 1.306. 

2. Find the maximum and minimum values of the following functions. 

(a) 2e^ + (;r -h 2)-. (d) cos x, 0 < a: < 27r. 

(h) 6 cos X A- (x - 1)^. (e) - x logio x ~ Sx. 

(c) X sin 3x, 0 < :r < 27r/3. 

67. Rectilinear Motion; Rotation. We have already seen 
that if s = f{t), where t measures the time after a given instant 
and s measures the distance on a straight line, from a given point 
on. the line, ds!dt = /'(O, measures the velocity, i\ and 

dH 'dP = /"(O, 

measures tlie aeeeleration, j. For e.xaiuple, assuming that a 
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body falls from rest under a constant force of gravity, to find 
how far it will fall in t seconds, note that if s = F{t) is the result 
sought then 

= S = constant. 

Hence F{t) is a function of t whose second derivative is the 
constant g. Thi.s is true of the functions 

s = F{t) = + Cit + Ci, 


where Ci and ca are constants. For, by differenti-ation, 
V = F'{t) = gt Cl 


and 


F''(t) = g. 


In order that the distance and velocity be zero when t = 0, 
we must have Ci = C 2 = 0, or the motion is given by 

s = hgi^. 


Of especial interest is a type of rectilinear motion known as 
simple harmonic motion, ordinarily defined as the motion of a 
particle on a straight line having an acceleration directed toward 
a fixed point on the line, called the center, and proportional to 
the distance from that point. That is, 

S = ( 106 ) 


w'here we have used —k^ as the constant of proportionality to 
direct the acceleration toward the center, or origin, i.e., to give 
to the acceleration a sign opposite to that of s. This relation 
(106) is a differential equation which, fortunately, we can solve 
by inspection, since s is some function of t whose second deriva- 
tive is —k'^ times the function itself. The experience of the 
student in differentiating trigonometric functions should enabh' 
him to pick out sin kt and cos kt as two functions having that 
property. He may readily show that the function Ci sin kt + 
C 2 cos kt also has that property, regardless of the values of the 
constants Ci and c.>. This function, in fact, is the most general 
one that satisfies Eq. (106). Hence, the most general equation 
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for simple harmonic motion is 

s = Cl sin kt + Co cos kt 

if s = 0 is its center. By putting one of tlie constants Ci, and 
Ci equal to A and the other equal to zero, we see that the equations 

s = *4 sin kt, 
s = j 4 cos kt, 

where A is some constant, also represent simple harmonic 
motion. 

Exercise 1. Show that the period in the case of simple liarmoiiie motion 
represented by any one of the equations above is equal to 2x k. i By the 
period is meant the time interval between two successive instances when s, 
V, and j all take on the same values.) 

A type of motion which is very closely analogous to rectilinear 
motion is circular motion or the motion of a particle in a circle 
of given radius r. We may designate the position of such a 
particle by an angle d which the radius to the moving point P 
makes with a fixed radius. We have, then, 

9 = fit). 

By the instantaneous angular velocity u at the time t is meant 
the derivative of 6 with respect to t, or 

-m 


The length of arc, s, traveled over in time t is found to be 
s = re = rf(t), 


the velocity in the path is 

ds 


V = 


_ M ^ 

dt ^ dt 


rf'it), 


and the acceleration, in the path, is 


j 


dv dw 

-j: = ^17 - 
dt at 


rfit), 


where a designates the angular acceleration. 
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Problems 

1 . A body is shot vertically upward against a constant force of gravity. 

Tf the equation of the motion is s = —16^^ + 320^, find (a) the initial 

velocity, (b) the height to which it will rise, (c) its velocity upon returning 
to the starting point. What is its acceleration? Explain the sign. 

Ans, (a) 320; (6) 1600; (c) -320. 

2. A body falls according to the law s = 32(^ + — 1). Find the 

values of r, and j when t = 0 and their limits as ^ -f oo . 

3 . A body moves according to the law s - U — +-4. Find 

the maximum and minimum values of s, r, and j. Am. Min. v = —3. 

4 . A particle moves on the x-axis according to the law x = 6 — 6 sin 4 ^. 
Show that the motion is simple harmonic. Find the center, the period, and 
the acceleration. 

6. Describe the motion and state the force acting on a body of mass 
10 lb. moving according to the law 6* = 5 sin where t is in seconds and 

5 is in feet. Find the period. Hint: Force = mass X acceleration. 

6 . A body moves on a straight line according to the law s = 10 (sin 

Find its velocity and acceleration as ^ . Is it periodic? (Such motion 

is called darnped harmonic motion.) 

7 . A belt of negligible thickness runs over a pulley which is revolving 
200 r.p.m. What is the velocity of the belt if the pulley is 1 ft. in diameter? 

8. A particle moves on a circle with a constant linear velocity of 47r 
units per second. Find the angular velocity if the radius of the circle is 
2 units. 

9. A point moves with constant angular velocity on a circle of radius r. 
Prove that the projection of the point upon a diameter moves in simple 
harmonic motion. 

10 . A spoke of a wheel turns according to the law 6 = sin Find the 

angular velocity and angular acceleration. 

11 . Show that the motion on a straight line represented by 

« =5sm(|i+|) 


is simple harmonic. Find the period. Am. Period = 6. 

12. A particle moves in simple harmonic motion. Find the equation of 

the motion, given that when t = 0, « = 3, v = —8, and j = —12. Hint: 

Assume s = Ci sin hi + Ci cos let, and determine Oi, C 2 , and k. 

Ans. s — —i sin 4- 3 cos 2t. 

13 . A particle moves in simple harmonic motion. Find the equation of 

the motion given that at the beginning of the motion == 2, v = 3, and 

after a quarter of a period j ^ —9. Ans. s = sin Zt 4 2 cos Zt. 

68. Curvilinear Motion. Let the position of a point P {:x^y) at 
the time t be given by the equations 
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•r = m, 

y == g{t), 

f(t) and g(t) being continuous, at least in some interval. Let 
s measure the distance along the path from a fixed point of it. 
Then, if v represents the velocity in the path, at the time t, v^, 
the x-component of velocity, and Vy, the y-compo7ient of velocity, we 
shall understand that v, Vx, and Vy are y 
defined by the equations | 



We have already shown (page 214) that ds = y/ {dx)- {dyY, 
so we find at once that 


V 


■s/jdxY + {dyy ^ j/dxY , fdy\ 
dt \ \ dt J ydt J 




The particle moves on the curve whose equation is defined para- 
metrically by the equations x = f{t), y = g{t), and, hence, the 
direction of the motion, at any instant, is that of the line tangent 
to the curve at the point determined by the parameter t. There- 
fore, if r represents the angle from the ic-axis to the tangent 
line, we shall speak of r as the direction of the velocity. From 
this definition we have 


and 


tan T = 


dyf'dt 

dx/dt 


g'it) 

fit) 


sin r = g'it)/V[rm + [g'itW- 


The geometrical significance of v, lo, Vy, and t can be seen in 
Fig. 119. 

Similarly, let us define tlu' components of acceleration parallel 
to the axes as 

= x-coniponent of acceleration = ^ 
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and 


h - y-component of acceleration = 


dfy 

dt^ 


9"it) 


and the residtani acceleration as 

j 


i = vm^TTJj^ = = virm + 

The direction, w, of the resultant acceleration is given by- 



tan u = 


d^y/dt^ _ g''{t) 
5^75^2 " flf) 


and 


sin w = g"{f)/V[f"{i)V + W'iW- 

-X By the components of acceleration, 
jt along the tangent to the curve, and j,, 
along the normal to the curve, are under- 
stood two components in those directions, whose resultant is 
coincident with j, the resultant of j* and jy. Referring to Fig. 
120, we see that 


Fig. 120. 


and 


1‘ 

j 

jn 


- = COS (co —■ r) = cos w cos r + sill co sin r, 


sin (w — r) = sin w cos r — cos w sin t. 


Now 


Vx 

cos r = — = 

V 


sin T 


Vy 

V 


cos CO = ^ = 
J 

sin u = h = 
J 


fit) 

VlfitW + [g'{t)V 

g'jt) 

Vlfit)? + 
fit) 

Vlfm + [?ToT^' 

gft) 

Wf{t)Y + 


from which we calculate the results 


fit)f"{t) + g'it)g"{t) ^ Vxjx -f Vyjy 

VifiDY + Wit)Y ^ 
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and 

• - g'{t)r{t) _ v.j, - tUx 

VifitW + 

Exercise 1. Prove that \]„\ — r^/R, where R is the radius of curvature. 
Hint: Use the result of Prob. 9, page 215. 

Illustration. .A. point {x,y) moves according to the law 


At i — 0, the point is at the origin, and as t increases, the point moves 
out on the half parabola y = 2\/x. The components of velocity are 

I'x = 2t, 

= 2 . 

The resultant velocity, or velocity in the path, is 

V = 2VTTp, 

and its direction, t is given by 
r = tan-* 

The acceleration and its components are given by the equations 


y 

A 



Fig. 121. 


jx = 2 , jy = 0 , j = V UD- + {jyY = 2 , 

+ Vi/jy ^ At ^ 2t 

‘ V 2\/l + p V^l + t-’ 

~ ’^0^“ = -4 ^ -2 

2v'l -\-P \/l + C 


and the direction of the resultant acceleration is w = tan”^ Uy/Jr) = 0. 

These results may now be examined in detail for assigned values of t. 
The values at (=0,1 =2 and their limits as ^ ^ + x are displayed below in 

tabular form. 
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We note that Vy, jy, and w are constants, independent of time. 

Exercise 2. Prove that jt — dv/di. 

Problems 

1. A point (Xjy) moves according to the law x ^ y = U, where x and y 

are measured in feet and t is measured in seconds. Find the path, the 
velocity and its components, and the acceleration and its components, and 
exhibit the results in a table for t general, i = 0, i = 1, and their limits as 
^ oc . At what value of t is the resultant acceleration equal to the 
acceleration of gravity, if we take g == 32? Ans. 

2. A particle moves along the line 3a; — 4?/ = 0 so that j = 10, a con- 
stant, while at i = 0, the particle is at the origin and its velocity is zero. 
Express x and y in terms of t and find Vx^ Vy, v, r, jx, jyj ju jn and w. Hint: 
Let X = 4/(0 and y = 3/(0 and, by setting j = 10, find the function f{t). 

A?2,S. X = y = 

3. A particle moves along the curve y = + 1 in such a way that 

the rr-component of its velocity is 3. Find v, / and jt. 

Ans. j = 64x — 18. 

4. A particle moves on the line 2a; + i/ = 2 with a velocity of 5. Find 

Vx, Vyf and j. Ans. Vx — ± \/5, Vy = ^ 2\/5 

5. A particle moves to the right on the upper half of the parabola 

■1/ + =B 

with a velocity of 3 units per second. Find Vr, Vy, jy, jt, and jn as it 
passes the point where y = 2. 

6. A body moves on a circle with uniform angular velocity. Prove that 
jt — 0, j = a constant, and that / is always directed toward the center. 

7. If a point moves on the cubic curve y ~ x^ — ^x^ + 2, find the 

value of X for which Vy = Dt (tan r). Ans. 2. 

8. A point moves according to the law x = 1 + cos y = 1 — cos 

M A 

Draw the path and make a table showing values of x and y and the com- 
ponents, resultants and directions of velocity and acceleration when 
f = 0, 1, 2, 3, and 4. 

9. A particle moves on a circle of radius 4 in. If at a certain instant its 

velocity is 6 in. per sec. and is increasing at the rate of \/ 40 in. /sec. ^ find its 
acceleration. Ans. 11. 

69, Related Rates. An endless variety of problems arise in 
applications of mathematics in which one variable is a function 
of another and both are functions of time. No special theory 
is needed for such problems, the general scheme being that 
such relations as 


a: = /C), 

y = s(t) 



Sec. 69] APPLICATIONS OF DERIVATIVES 243 


are either given or implied and, therefore, y is, in general, a 
function of x. If this relationship is expressed as 

y = 


we have, upon differentiating with respect to t, 


% 

dt 


F'{x) 


dx 

dt 


Illustration 1. Water is ninning into a conical reservoir, 15 ft. deep and 
8 ft. in diameter at the top, at the rate of 1 cu. ft. min. At what rate is the 
level rising when the water is 5 ft. deep? What is the depth when the level 
is rising 9/327r ft./min.? 

Solution. If h is the depth and r the radius of the circular water surface, 
then 


r-.i = fi: 15 



The volume of the cone of water, therefore reduces to 



or h = 5^/2 ft. 

Illustration 2. A kite is 300 ft. high and there are 500 ft. of line out. 
If the kite travels horizontally away from the flyer at the rate of 0 m.p.h., 
how fast is the line being paid out? 

Solution. Here the student should heed a general warning. The amount 
of line out and the height of tiie kite are given at the outset. If the student 
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follows his first impulse he may label both these distances as constants. 
Then all derivatives are zero and no motion takes place. Eather he must 
recognize that one of these quantities is actually constant, viz., the 300 ft. of 
height, while the 500 ft. of line is an instantaneous value of a variable. The 
problem is easily seen to reduce to 


and thence to 


+ 90,000 = P 




Fig 123 Since dx/dt = 6(5280), and at the stated instant, 

I = 500 and x = 400, the instantaneous value of 
dl/dt becomes (^^%oo)(6)(5280). Hence the line is being paid out at the 
rate (2^^) (5280) ft./hr., or mi. /hr. 


Problems 

1 . A rubber spherical balloon is being inflated at the rate of 35 cu. 
in./min. How fast is the surface increasing when the diameter is 14 in.? 

Ans. 10 sq. in./min. 

2 . A rope is tied at a point A, passes through a pulley B supporting a 
weight, and over a stationary pulley C which is 10 ft. from A and on the 
same level. If the free end of the rope is being pulled down at a steady rate 
of 1 ft. /min., how fast is the weight rising when it is 12 ft. lower than the 
point A? 

3 . A stone throwm into still water sends out concentric circular waves. 
If the radius of the outer wave increases at the rate of 3 ft. /sec., how fast 
is the area included growing when the diameter is 12 ft. ? 

4 . A man 6 ft. tall walks on a straight path which is 30 ft. from the point 

on the ground directly under a light 24 ft. above the ground. If the man 
walks 6 ft. /sec., how fast is his shadow lengthening when the man is 72 ft. 
from the point on the path nearest to the light? Ans. ft. /sec. 

6. An aeroplane beacon revolving 5 r.p.m. is 100 rods from the nearest 
point on a straight road. How fast is the lighted spot on the pavement 
moving down the road when it is 240 rods froni the point on the road nearest 
the beacon? Ans. GTOOtt rods/min. 

6 . The top of a ladder 15 ft. long slides down a vertical wall as the foot 
is pulled out at the rate of 1 ft. /min. How fast is the top descending when 
it is 12 ft. above the ground? Find the direction of the motion of the 
midpoint of the ladder and its velocity at that instant. 

7 . An ellipse has a constant area. How fast is the focal width (latus 
rectum) changing when its semimajor axis is 13 units and its semiminor 
axis is 10 units, if the major axis is increasing 1 unit per minute? The area 
of an ellipse is t times the product of its semiaxes. 
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8 . Sand is falling from a spout upon a conical pile at the rate of IS cu. 
ft. /min. If the slant height of the cone is always ^4 of its altitude, how fast 
is the radius of the base increasing when its value is 6 ft.? 

9. The sides ot an equilateral triangle are changing at the constant rate 

of 3 in. /min. each. How fast is the area changing when the sides are 20 in 
long? Ans. 30 v ^ sq. in. min. 

10 . A stone is dropped from a bridge at a point 104 ft. above the surface 
of the water and falls according to the law .s = where is in fe'et and t is 
in seconds. A motor boat was directly under the stone when it was ilropped 
but traveling 40 ft. /'sec. What is the rate of change of the distance from 
the stone to the boat when t = 4 ^ 2 ? When the stone hits the water? 

Ans. 20v"'5b 13 ft. sec., 40 ft,„ sec, 

11 . An observation balloon is at rest 2 miles above a highway. A truck 
passes along the highway at the rate of 40 m.p.h. How fast is the distance 
from the truck to the balloon changing when that distance is 2 I 2 miles? 

12 . A ship leaves a port and travels due east at the rate of 20 m.p.h. 
Twenty-four hours later another ship leaves the same port, traveling south- 
east at the rate of 15 m.p.h. How fast are they separating when the first 
ship has gone 600 miles? 

13 . As a point whose polar coordinates are (r,^) runs around the cardioid 
r = 8(1 — cos e) the angular velocity is w == d6 dt = Jio radian per 
minute. What is the rate of change of r when d = tt 6? When 6 = 3x 2? 

14 . As an angle increases from 0° to 90°, the cosine of the angle decreases 

at the stead}' rate of 0,1 unit per minute. What is the rate of decrease 
of the cotangent of the angle when the angle is 30° ? Is that rate increasing 
or decreasing as the angle increases? A as. "^5 unit per minute. 

16 . Two points start out at the same time from (2,0) and move toward 
the ?/-axis, one along the upper half of the parabola |/- + = *1 and the 

other along the upper half of the parabola 4^^ 2x — 4. If Vx = —15 for 
the first and —2/5 for the second, how fast is the distance between them 
changing when the second point crosses the ^-axis? 

16 . One man starts out from a point A on a circle and walks along the 
circumference at the rate of 5 ft. /sec. Another man starts at the same time 
from the center 0 and walks along the radius OB perpendicular to the diam- 
eter through A . They meet at B, on the circumference, the first man having 
walked one quarter of tlie circumference. At what rate is the distance 
between the men changing when the first man has walked half of the arc AB, 
if the radius of the circle is 50 ft.? 

17 . Two vertices of a triangle are (5,0)jnid (0,3). The third vertex moves 

on the line ?/ = with a velocity of \/' 20 units per second. At what rate 
is the area changing? A/os. 13 units per secoiul. 

18 . })oint traces the curve y = 4x“ with a v'eloeity ot 4 units per second. 

At what rate is the inclination of the line joining it to the focus changing a> 
the point passes through the origin? Anx. 64 radians ])er second. 

70. Polar Coordinates. Wlieii the equation of a curve is 
stated in polar coordinate's, in the form r = f{0), we may wisli to 
find tlu' angle \P from the radius v(‘etor of the point {j\6) to 
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the tangent drawn at that point. To find that angle, let r be 
the inclination of the tangent to the polar axis and note, from 

Fig. 124, that 

\p — T — 6 

and hence 

tan T — tan 6 



tan \p ~ 


1 + tan r tan 9 


If we change over to rectangular coor- 
dinates and avail ourselves of the equalities x = r cos 9,y = r sin 
9, we obtain 


dx 

dd 


d(cos 9) 


= r ■ ' - + cos 9 


d9 


dr 

d9 


-r sin 9 -f- cos 9 


dr 

d9 


dy d(sin 9) ... dr a \ ■ a 

d9 d9 d9 d9 

Exercise 1. Using the last relations above, prove that 

r 


tan t// — 


dr I do 


Hint: tan 

dx dx/dd 

Exercise 2. P rove: ds = •\/ r^{dBy + {dr)^. 

Hint: ds = V (dx)^ + {dy)^; dx = — r sin Odd + cos Sdr; 

dy = r cos ddd + sin 6dr. 


Exercise 3. Prove: K = 


curvature at a point. Hint: K = j 


+2| 

m 

;■ (T-r 

' ’ ' dd^ 

1 [r^ + (dr/den'i 1 



dr /do 


ds/dd 


where K denotes the 




Exercise 4, Obtain the differential of are by using the property that 

lim (chord/arc) = 1, 
arc-^O 

Hint: Call the end points of the arc (r,0) and (r +• Ar, d + A6). By the 
law of cosines, 

(chord)- = r-’ + (? + Ar)- — 2r(r -|- ^r) cos AB. 

This reduces to 

A9 Ad 

(chord )2 = siii 2 — p ^.rAr sin^ -1- {Ar)% 


and use ds/d6 ~ lim {As /Ad) = lim (chord /A0). 
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Problems 


1 . Find tan ^ for the following cur\^es. Find in each case the points on 
the curve where the radius vector is perpendicular to the tangent. 

(a) r cos Sd. Ans. — }4 ctn 30. / n _ 

(b) = 2 sin 30. Ans. % tan 30. ^ 1 -f- cos 0 

(c) r = 2a(l — sin 0). (/) r = 3 sin 0 — 4 cos 0. 

(d) r - a. {g) r — 

2. Find the angles between the following pairs of curves at their points of 
intersection; 

(r = 2 cos 0, ... (r = 6 cos 0, . . ir = 1 -j- sin 0, 

ir = 2sm9: ® ir = 3. ]r = 5 - 3 sin -J. 

90°. Ans. 60°. Ans. 0°. 

3. Find the curvature for the following curves. Compute for the points 
indicated. 

-j- 2 (c) = cos 20, (1,0). Ans. 3. 

+ 1)- (d) r = 1 -f sin 0, 

(6) r — a. (e) r = a(l — 2 cos 0), (a, tt, 2). 

4. If p is the length of the perpendicular from the pole upon the tangent 
at (r,0), prove dp/dr = rK, where K is the curvature at (r,0). 


(a) r == 0, (x,r). Ans. 
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71. Notation for an Antiderivative. In his work thus far the 
student has been supplied with a function, as f{x), of which he 
has been required to take the derivative. The notation for the 

result has been varied among the symbols f'{x), ^/(^), and 

Dxf(x). The inverse of the process of differentiation is known as 
integration. That is, if we begin with a given function, say 
F{x), and find a function, fix), whose derivative, with respect to 
X, is F{x), we have performed, upon Fix), an integration. The 
operation is also called a quadrature by many writers. 

The process of integration, or taking of quadratures, is funda- 
mentally more difficult than differentiation, because it is an 
inverse process. Thus, to find Dxix"^) we take the definition 

'i /2 — ^2 

Dxix^) = lim 

^ ^ /It /i* 


and proceed directly to evaluate the limit. To integrate 
however, we must find a function /(a;) such that 


M— ^ ^ 


= X 




and no direct process for finding this function is at hand. 

Success in integration depends, very largely, upon the experience 
of the student in taking derivatives, augmented by the accumu- 
lated experience of others. Thus, in the above case, it may occur 
at once, to a student who has studied differential calculus, that 
the derivative of la-® with respect to x, is x'^ and that \x^ is, there- 
fore, acceptable as the integral of x^. But his experience would 
probably fail to supply him with a function whose derivative is 
log x. To find such a function he must depend upon formulas 
and methods of integration which have come down from the 
experience of others. 
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In the last analysis, proof that a given quadrature has been 
correctly performed, is effected by differentiation. Thus, by 
differentiating the function x log — x with respect to x, we 
obtain log x, thus proving that an integral of log x is that function. 
The notation for quadratures in common use is of the form 

J/(x)dx 

where /(x) is the function to be integrated. The .symbol / is 
called an integral sign and the differential, /(x) t/x, is called the 
integrand. Historically, / comes from the letter ^ for sum, and 
the connection is made clear in the next chapter. The symbol dx 
is the ordinary differential x. Its immediate use is to indicate x 
as the variable of integration. To portray the above problems 
and their solutions in this notation, we write 

J'x^ dx — fx^, 

and 

J' log X dx = X log X — X. 

72. The Constant .of Integration. Since the derivative of a 
constant is zero, we can write 

J'x‘^ dx = ■j.r’ + C, 

where C is any constant whatever, and is called the constant of 
integration. Any quadrature //(x) dx, w'hen performed, demands 
this arbitrary constant. In special circumstances, however, we 
may desire that the resulting function have an assigned value at 
some chosen value of the independent variable, and accomplish 
the effect by appropriate choice of the constant of integration. 
For example, let it be known that a body falls from rest at the 
time t — 2 and has a constant acceleration g. To find the dis- 
tance, s, through which it has fallen at the time, t, as a function of 
t, we have 

s = f{t), 

where v represents the velocity, and 

dv 

^ dt' 
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Since t; is a function of t whose derivative, with respect to t, 
is the constant g, we write 

V - dt. 

From our experience in differentiation we see that this gives 

V — gt Cl, 

where Ci is a constant. However, since the body is at rest when 
t = 2, we have 

0 = 2gf + Cl, 
or 

Cl = 

and 

V ^ gt - 2g. 

The remainder of the problem is left to the student as Exercise 1. 

Exercise I.** Prove that the expression sought, for s in terms of in the 
above example, is s igt^ — 2gt + 2g. Hint : Express s as / {gt — 2g)dt 
and chose the constant of integration so that s = 0 when t ^ 2. 

Exercise 2. Show that J2 sin a; cos z dx can be written either as 

sin® X + C 

or as — cos® z + K, where C and K are arbitrary constants. 

Exercise 3. Show that the two expressions for /2 sin x cos x dx given in 
Exercise 2 are identical UK = C +1. 

The integral, J2 sin a; cos x dx, of Exercise 2 above could evi- 
dently be written in two different ways, but the student who has 
examined Exercise 3 has seen that the two expressions differ only 
by a constant. The situation illustrated by these exercises is 
general and may be stated in the form of 
Theorem 1. If fF{x)dx == f{x) and fF{x)dx = g(x), thenf(x) — 
g{x) is identically equal to some constant. 

The proof of this theorem is embodied in the following two 
exercises, noting, from the hypotheses of the theorem, that 

Aj(^x)=F{x), Ag{x)=F{x). (107) 

Exercise 4. If we define ip{x) by the equation 
ip{x) =/(x) - g{x) 

and Eqs. (107) hold, prove that (p'{x) = 0 for every value of x. 
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Exercise 6. By use of Rollers theorem prove that (p{x) is equal to a 
constant. Hint: ^(x) = ^(a) + (x — a)v?'{xO where xi is between x and a. 
Exercise 6. Prove that faf{x)dx = aj'f(x)dx if a is a constant. 

Exercise 7. Prove that J[/(x) + g(x)]dx = Jfix)dx -f !gix)dx. 


Problems 

1 * Verify the following integral formulas by differentiation: 

(а) tan x dx = — log cos x + C. 

(б) J* ctn X dx = log sin X -f (7. 

(c) sec X dx - log (sec x + tan x) + C. 

(d) J* CSC X dx = log tan ^ + C. 

. . r dx 1 , X — a . ^ 

(^) — + C. 

= log (x + ± a^) + C. 




dx 


“n/ x^ ± 

2. Write down the derivatives, with respect to x, of the functions x% c*, 
log X, sin X, cos x, tan x, ctn x, sec x, esc x, sin“^ ~ , tali'" ^ and sec"^ ~ and 
use the results to evaluate the following integrals: 
dXy m 9^ — 1 . 

"1 


dx. 

X 

dx, 

sin X dx. 
cos X dx. 
sec^ X dx. 


csc^ X dx. 
sec X tan x dx. 


(a) f 

<«/ 

w f 

(d) J si: 

(ri f 

Wf: 

3. Prove, by illustration, that, in general, 

//(x)g(x)<ix 9^f{x)!g(z)dx. 

4. Verify that / tan x sec® x dx — tan® x -p <7 and also 

J tan X sec® x dx — }i sec® x A C. 


(a) f 

mf: 

<•>/' 

<>> /: 

I 


CSC X ctn X dx. 
dx 

X® + 

dx 


Kxphiin the apparent ambiguity. 

6. If -^Fix) = tan x and F(0) = I, find F{x). [See Prob. luiK] 
dx 

6. = — - - : and Fl.s'i = find F(x). [See Proh. Itch] 

dx X“ -™ 4 4 

73. Formulas of Integration. To facilitate integration the 
student should h(H‘oine as familiar as possible with tlie following 
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formulas which he may readily verify and which have appeared, 
in some form, as problems in the preceding section. 

w" du = + C (n 7 ^ — 1) . 

2. == log u + C. 

3. J €“ du = e“ + C. 

(«^i) 

5. J*sin u du = ~ cos u -j- C. 

6. J* cos u du = sin u + C. 

7. J* tan u du = log sec u C. 

8. J* ctn u du = log sin u C. 

9. J* see^ u du = tan u C. 

10. J' csc^ u du — — ctn « + C. 

11. / sec u tan dw = sec u + c. 

12. J* CSC M ctn u du — — esc « + C'. 


13. 

14. 

15. 

16. 


J 

J 

J 


a a 

du . ^ 

' i=r . = Sin~^ - + C. 

Va' - ® 




du 


= = log +“ ± a^) + C. 


1 1 ^ 1/7 

=; = - sec”^ “ + C. 
a 2 a a 


J u-\/^ 

17. J* sec u du — log (sec u + tan i^) + C. 

18. J* CSC u du = — log (esc -f ctn u) + C. 


1. 


du 1 , 

^•~ra ‘“S 


^ I /y -c ^ • -a.- 

— ) + C II — ; — IS positive. 
u + a/ u a 

20. r — , = — log (— J-— ^ + C if ^ is positive. 

J 2a ^\a-\-u/ a + u ^ 
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[* sinh 

11 

cosh u 




22. J 

fcosh 

u du = 

sinh u 

+ c. 



23. J 

f sech^ 

u du = 

= tanh u C. 



24. J 

f csch^ 

II 

= — coth u + C. 



25. J 

ftanh 

u sech 

II 

— sech u 

+ 

C. 

26. 1 

fcoth 

u csch 

II 

— csch u 

+ 

c. 


An integral not immediately of any one of these forms may 
frequently be put into such form by a substitution. For example, 
consider the integral 

/ sin® X cos X dx. 

This is not included in the above list, but if we make the 
substitution, 

sin X = u, 

and, hence, 

cos X dx = du, 

we obtain, in place of the above integral, the new one, 

/m® du, 

which is of the form of formula 1 of the foregoing list and has the 
value 

IrvJ + C. 

Hence we write 

/ sin® X cos X dx — /(sin x)®d(sin x) = ^7 siiF x + C. 

This device of introducing a new variable is of very frequent 
use in integration. The underlying idea is to choose a new 
variable in such a way that, in terras of it, the integral a.ssuines 
the form of one of the standard formulas in the above list of 26. 
Consider the two additional illustrations: 
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Illustration 2. In integrating J cos^^3? hence, 

have -3 sin Sx dx = du, and sin 3a: dx = —I du. We thus obtain 

C sin Zx dx _ f - I dw _ 1 f du 1 1 V5 - ^ ^ ^ 

J 5 - cos2 3a: J 5 - Sju^-B 3 2 V5 ^ VS + w 

1 T a/S — cos 3a: , „ 

log h C. 

d-y/B a/s 4- cos 3a: 

Problems 

1 . Integrate the following : 


(a) 

xy/x dx. 

Ans. fx^-y/x 

+ c. 

(6) 

f 

J x^V^ 

Ans, 

Sx'y/x 

+ c. 

(c) 

J (2x2 + l)2(ix. 

. 4a:® , 4a:® , 

Ans. -g — 1 — g — h a: 

+ c. 

(d) 

/(s# + 2 - D*. 



(«) 

1 a/2x + 1 da: (Set m = 2x + !)• 

Ires. 3^(2x + 1)“^^ 

+ c. 

Cf) 

J (3x2 _ 2)a; dx. 

Ans. a:^ 

4 

+ c. 

(g) 

J' (3x2 _ 2)?^ X dx, (Set u = 3x^ - 

-2). 




Ares. K5(3x’ - 

+ c. 

(h) 

J* (2x2 + 3)dx. 



(i) 

J (2x2 + 3)^dx. 



O') 

J (2x2 + 3)x2 dx. 


+ c. 

(fc) 

J (2x2 + 3)2"x2 dx. 

.... 

+ c. 

{D 

J" cos’ X sin X dx. 

Xns. 

+ c. 

(m) 

J" sin’ 2x cos 2x dx. 

f 


(re) 

^ tan’ ^ sec’ ^ dx. 

tan^l 
An.6\ — 

+ c. 

(o) 

C^^dx. 

J X 

Ares. 

+ c. 

(P) 

J*log^ 3x 



(9) 

r X dx 

J 4 -h 

Ans. 
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(r) J* ^ jcin “ csc^ ~dx. Ans. — ' -r C. 

2 , Integrate the following: 


(a) 

F dx 

Jx + 2 


ib) 

f dx 

J 1 - X 

-4ns. —log (1 — x) + C. 

(c) 

f cos 2x , 


id) 

ie) 

T X dx 

J 4 + 

T dx 

-4 ns. ~ log (4 + X®) + C. 

if) 

^ sec® |d!x 

J 3+tan| 

Ans. 2 log ^3 + tan 0 -f C. 

ig) 

r (a:^ + l)<ia; 

J + Sx — 1 


ih) 

J* 6®* dx. 

Ans. 4- C. 

0) 

J* dx. 

Atis. +■ 

O') 

^ ^ sec X tan x dx. 


(fc) 

f d. 

J ^/l — X“ 


(0 

r 2x 

J 1 + 4*- 


(m) 


Ans. |e2x'-4x _|. c 

in) 

io) 

r dx 

J TT 

J' 102*+> d*. 

Ans. 5 log (1 + + C. 

o 

2 log 16 + '^- 

ip) 

r 5’"'' spc 3x tan 3x dx. 


Integrate the following: 


(a) 

J* COS |dx. 

-4 ns. 2 sin ^ -t C. 

ib) 

^ tan 4x dx. 

Ans. ^4 log sec 4x + 

ic) 

J* sin 'dx. 


id) 

J* ctn (x + l)dx. 
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(e) / cos (2a: + ir)dx. 
(/) / sec (2 — x)dx. 

(g) J* CSC 
W f sec^ 2x dx, 

(i) J* csc^ (1 — x)dx. 
O') / sec 2a; tan 2a; dx. 

(Jc) J* CSC I ctn ^dx. 


Am. sin (2a; + tt) + C. 


Am. ctn (1 — a;) + C. 


^ X 2: , 

CSC 7 ctn 7 aa;. 
4 4 


/cM 

f^2x 

/tan (2a: + 1)’ 

/•r'AC A / “T 


cos 3a; + C. 


Am. I log sin (2x + 1) + C. 


(o) J*~-^^dx. Hint: Set u = y/x. Am. 2 sin \/x + C. 
ip) J* tan^ 3a; dx. Hint: tan^ 3a; — sec^ 3a; — 1. 

(q) J* ctn^l dx. Am. —2 ctn ^ — a; + C. 


ctn^ ^ dx. 

It 


Am. —2 ctn - — a; + C. 


4. Integrate the following: 


9 + a;2 

/q 

(«) /irl^- 

/V /* sin a; dx . 

(^) I r"t 9 

J 1 + cos^ X 


Ans. I tan-i ^ + C. 
o 6 

1 

Am. 2 taii-i -^ + C'- 


Am. ~tan“i (cos x) + C. 


J sec2 ^dx 

— 

3 + tan^ 2 

. r dx 

. . C sin 3x dx 
* J 4 — cos^ 3x 
, . r dx 
J x{5 - log2 3x: 


1 2 “ cos 3x , ^ 

12^°g 2 + eos3x +^- 


log2 3x) 
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, r sec X tan X dx 

ij) I - ■ - 

A V 4 + 9 sec'-“ a: 

IvBw- 

a) 2x ctn 2x dx 

J -x/Q — 4 CSC- 2x 

(,.) f * 

(«) f - — 

J Bin Sx-y sin^ 3 a: — 
5 . Integrate the following: 


<« f0i- 

,4 f X dx 

'*> Jv? 

(/) ^ xe^^~ 
/•gVS 

‘">/vs 

(/i) 

(i) f - 

•/ X log 
/.X r co^ 

J sin2 c 


dx. 


2a: gec2 2x dx. 


X log X-\/log^ X — 1 
’ cos 3 x dx 
sin 2 3 x — I 
cos dx 
4 4 " sill- e'^ 


1 . 3x 


Ans. .T sin"^ -^ + C. 


Arts. I sec”^ (2 sin 3 x) + C. 


+ 3 log (x 2 - 4 ) + C. 


Ans. — 4 + C. 


Am. + C. 


sec”"^ log X -i- C. 


(i) f cosh 2 sinh (^x + ^dx. 

, r sech^ 2 x dx 

J 4 + tanh2 2x' 

^14“ cosh 3x , 

J 3x + sinh 3x' 


J X log X 

(p) f sii' I t'os 


A?is. - 4 cos^ -T + 
b 


6. Integrate the following: 

(a) r?Lili(/x Hint: In integrating an improper rational fraction, 

^ ' J X 4 - 1 
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reduce it first, b}' division, to the sum of a polynomial and a proper fraction. 
(A rational fraction is said to be proper when the degree of the numerator is 
less than that of the denominator; otherwise, improper.) In the given 

/*/ 3 

problem, the integral becomes * ■* ' 

3 


/(•-i+rri)*' 


+ 4 
- 4x2 


dx. 


dx. 


«/i 

/r+a. 

«o 

(.)/; 

«/; 


Arts. 2x — 11 log (x + 4) + C. 
Alls, — x2 + 3x — 2 log (3 +- 2x) + C, 
Aws. X- + 4 log (x2 — 4) + C. 


4x2 - 1 
e^^dx 


dx. 


+ 3 


Hint; Set w = e®. 


siii2 X cos X , , sin X a/3 , a/3 — 2 sin x , ^ 

dx. Aris. 2 iQ ^ . h C. 


4 sin2 X 


' a/ 3 + 2 sin X 


‘tanh^ X sech2 x , 

taah x 


■dx. 


,,, r(i + x^)x^ 

(t) J - 2+^3 ' 

(,•) r . 2 + log^ X 

J x(l - log xf^"- 

(it) 


A ns. 


•g ~ gx2 + ^ log (2 -f x^) + C. 


C 0 s 2 2x 
7. Integrate the following; 
dx 


f. 


<“» J 

dx 


2x2 - a: + 2 


Hint; In integrating an expression of the type 


ax“ A hx A c 


J \ a 


dx 


we may reduce it to one of the forms 


A' axr A bx Ac 

represented by formulas 13, 14, 15, 19, or 20 by completing the square in the 
denominator. To avoid irrationalities and fractions, it is well to multipl^^ 
the trinomial by 4a, if a is positive, or by —4a, if a is negative. Thus, the 
trinomial becomes 


4a 


(4a2j*- 4- 4ahx + 4ac) 


j~[(2ax + 6)2 + (4ac 


62)] 


~7-(--4a-\r2 — 4a6x 
4a 


4ac) = — 


^[(6-’ - 4ac) - (2ax + bn 


Tn the given problem, the integral becomes 
dx 


fi 


(4x - D- + 15J 


_ r 8dx 
J (4x - 1)2 + 15' 


Set It = 4x — 1, 


Am. tan~> — - ^ + G. 

\/l5 Vl5 
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dx 


w/ 

«'>/: 

J^3xt + 2x -2 
«/i^- 
w /: 

w/ 


+ x - 2 
dx 

+~2x — 2' 
dx 

2x^ + X - I 
dx 


A 1 1 3a; - 2 

5 log 3^3 


"h r'. 


. 1 , X + 1 - ^/3 , ^ 

-Tslog — - \^ + C. 

2\^‘' o a; + 1 + a 

*47is. — ^ tan“^ - ; ■ „ ' - + C. 


^/7 


Ans, log 


V7 


4a; — 
4a; 


+ C, 


5x “ 2x^ 
dx 


1 ^>3: — 5 

Ans. -g log + C. 


'\/ 4:X^ — a; + 2 
dx 


a) f—. 

J 'x/dx^ + 2x — S 
f rfx 

^ J V -x^ + 3 ^ + 2 

/vfe- 
“ /vTO' 

. V f e"® da; 

J e2* - 5e* +- l' 

8. Integrate the following: 


sin"^ — + C. 

v'T? 


Ans. 


' log - j - ^ + C. 


V21 


5 + \/21 


(.)/ 


"x/ 2a; -}- 1 -{- 2 
- I 


dx. Hint: If the only irrationalities present in 


the integrand are rational powers of some linear function of the independent 
variable, say (ax -f (ax + (ax + . . . , the integrand is 

l^n — ^ 

rationalized by setting u = (ax -j- whence w" = ax + x = — - — » 

— . — the given problem the two irrational expressions niiiv 

a 

be written as (2x + !)'*« and (2x + 1)"«, suggesting the substitution u - 
(2x + whence = 2x + 1, and 

dx = 3u® du. 

+ 2 


/ u^ + 2 r 

■ I -Su^ du = 3 1 

integrand is rational. 

fxVT^ 


~h 

T 


(&) 

(c) 


X dx. 


Ans 


i 


(1 — x)''- 
5 


a 


da, and the 


+ r. 


fr-^3 


2x dx. 


Ans. -3.§[?i(3 - 2x)":> - S'lS - 2rVs + - 2x)'"^\ + C. 
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- 


, ,, r dx 

J \ sTSll + v''3 + 4a:) 

ig) f ----- 3 ,--- ^4«s. 

J \ x(2 x) 

fw^Sx)-^ - (4 - 5x)^i' 

(k) f- ^ 

J 4- 2 - 2a/TT2 


.4ns. — a/ 2 tan” ^ 


(4 -- 5x)^i 


X3-f2xr‘^'^^' 


J 4 + X 

{k) f- ^ 

J X + 2 - 2Vs +2 

9. Integrate the following: 

/ dx 

— Key: If the irrationality present in the inte- 

grand is of the form (a), \/ arx^ + ( 6 ), — aV; or (c), \/aV — 62 , 

set, in case {a), ax = b tan 6; in case (&), ax — h sin 6] 
and, in case (c), ax = b sec d. In the respective 
7 eases the radicals become b sec d, b cos 6, and b tan 6, 
iinti the integrand becomes rational in terms of trigono- 
\ ' metric functions. In the given problem we thus set 

3 2x == 3 sec dj whence 

Fig. 125 . 

a/4x^ — 9 = 3 tan 6 , 

and dx = ?2 sec $ tan 0 dd^ and the integral becomes 



ec d tan 0 d0 _ 2 1 

r dd 2 f 

/ f SI 

sc- ^ ■ 3 tan 0 oj 

' sec ^ 9 J 


= ?9 sin e + C. 

Note that the relation between x and 6, viz., sc(‘ e = 2x/ 3, may be exhibited 
by the adjoining Fig. 125 and, hence, -9 sin 0 4 - T, the value of the integral, 
. . 1,2 . _ At? ~ 9 


is, in terms of x, equal to 


(h) f — ^ — 

x\y 9x^ + 4 

r do: 

J x^\/4 — 

J (1 - 4x2)*^'/ 


+ c = ? + c. 

9x 

1 , 2 -j- a/ 9x“ -j- 4 ^ 

+c. 
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x-VSx^ - 4 
(f) f ^ 

J (x^ + 4)^-i 

f V4x2 - 5 , 

J ^ 

(/i.) ( -■ > bv two methods. 

(i) r - by two methods 

J V2 + 3x^ 

74. Integration of Trigonometric Functions. Certain products 
of powers of trigonometric functions are readily integrable 
when account is taken of some well-known identities, such as 
sin^ 6 -f- cos^ d = 1, 1 -f tan^ 6 = sec- d, etc. In what follows we 
consider a number of special cases, some worked out in the text 
and others left to the student as exercises. 

(a) Integrals of the Form / cos’" u du 

(I) If m is an odd positive integer, w'rite the integrand as 
cos™~'- u ■ cos u du. The exponent, m — 1, is even, and the first 
factor, cos”*“^ u, is easily expressible as a polynomial in sin u, while 
the second factor, cos u du, is d(sin u). The integrand thus 
becomes /( 2 >)dz;, where f{v) is a polynomial in v and v = sin ii. The 
integration is now immediate. 

To illustrate, take the integral, f cos“ 2r dx. Following the 
plan described above, w^e write 

J cos^ 2x dx = J' cos^ 2x • cos 2x dx 

= /(I — sin^ 2xy ■ cos 2x dx 
= J'(l — 2 sin^ 2x -f- sin'' 2a') - cos 2x dx 
= J' cos 2x dx — 2f siiri 2x cos 2x dx -f- 

J sin'* 2a' cos 2x dx 

sin 2a sin'' 2a siiri 2a „ 

^ 3 10 “ ^ 

(II) If m is an even positive integer, make u.se of the formula 

cos^ w = ^ -! and the integrand becomes 



, v 3 a --4 , 

A ns. ; i- ( . 


Am. 


■ix 

X 


+ C. 


( 


1 + cos 2u 
2 


) 


m/2 


diU 
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where ?/i/2 is an integer. The coefficient of du is seen to be a 
polynomial in cos 2u. The odd-powered terms of that poly- 
nomial are treated as in (I). The even-powered terms have 
exponents not greater than m/2 and, hence, smaller than the 
original even exponent, m. The repetition of the process just 
explained, applied to these new' even pow’ers, will yield still other 
odd powers, which may be integrated as in (I), and other even 
powers with still smaller exponents. Continuation of the process 
ultimately reduces all powers to integrable forms. 

As an illustration of the process, consider the integral 

— j— 0Qg 2/^ 

/ cos*’ X dx. From the identity cos^ x g ’ write 

Jeos*:,*- 

= ?/(l + 3 cos 2a; -|- 3 cos* 2a; -f cos* 2x) dx 
= I + ^ - + I J cos* 2a: dx + 1 J cos* 2x dx 

^ I 3 sm2a; ^ J* 

g J* (1 — sin* 2a:) cos 2x dx 
_ X 3 sin 2a: . 3a: . 3 sin 4a: . sin 2x 

~ 8 ^ 16“ “^Te 6^ ^“16 

sin* 2a: , ^ 

“i8~ ■*" ^ 

5a: sin 2x sin* 2x 3 sin 4a; „ 

= 16 + “4 48“ + ~W~ + 

(fe) Integrals of the Form f sin''' u du 

An integral of this form, where 7n is a positive integer, may be 
treated in a manner entirely analogous to the discussion in 
(a) . The work is left to the student in the form of three exercises : 

Exercise 1. Write out a description of the method of integrating 
/ siii"^ u duy where m. is a positive odd integer, similar to the discussion in (I) 
under (a) above. 

Exercise 2. If /// is an even positive integer, write a description of a 
process which will express the integral Jsin"^ u dam terms of similar integrals 
with smaller exponents. 

Exercise 3. Illustrate the discussions made in Exercises 1 and 2 by 
completely integrating / sin® x dx. 
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(c) Integrals of the Form J tan’" u du 

(I) If m is an odd positive integer, write the integrand as 

771—1 

tan u(sec^ u — 1) ^ du. The second factor in the coefficient 
of du, when expanded, will be a polynomial in sec u, of which 
the last term will be +1. Making use of the fact that 
d(sec u) = tan u sec u du, we shall write each term, but the last 
one, in the expanded integrand in the form (sec M)’‘d(sec u), where 
r is some positive integer. The last term will integrate by the 
rule for / tan u du. 

(II) If m is an even positive integer, express the integrand 

as tan™''^ u — l)du = tan*”"^ u • sec- u du ~ tan™"- u du 

= tan“~^ u ■ sec^ u du — tan™"^ u • sec^ u du + tan™~* u du, etc. 
The process, thus continued, will lead, in the end, to a last 
term, tan^ u du, which can be rewritten as (sec^ u — l)du and 
integrated, while all the other terms encountered are of the form 
tan’' u ■ sec^ u du and are also immediately integrable. 

As an illustration of (c), with m odd, we present 

/ tan^ irx dx = J tan® trx ■ tan tx dx = / (tan® tx)^ tan ttx dx 
= /(sec® TTX — 1)® tan irx dx 

= / (sec® irx — Z sec* ■jrx -f 3 sec® irx — 1) tan xx dx 

— /[(sec® xx — Z sec* xx + 3 sec xx) sec xx tan xx 

— tan xx]dx 

= — I (sec® xx — 3 sec* xx -i- 3 sec xx)d(sec xx) — 

- I tan XX d(xx) 

- sec® XX _ 3 sec* XX 3 sec®xx _ log sec xx ^ 

6x 4x 2x X ‘ 

For an illustration of (c) with m even, take 

/ tan® 5x dx = / tan® 5x - tan® 5x dx = / tan® 5x(see® ox - l)dx 
= /[tan® 5x sec® 5x — tan® 5x]dx 

= /[tan® 5x sec® 5x — tan* 5x(sec® 5x - l^dx 

= /[tan® 5x sec® 5x — taiF 5.x sec® 5x + tan* 5.r]dx 

= /[tan® 5x sec® 5x — tan* 5x sec® 5x + 

tan® ox (.sec® ox — l)]dx 
= /[tan® 5x sec® 5x — tan* 5x sec® 5x + 

tan® 5x sec® 5x — tan® oxldx 
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= /[tan^ 5a' see- ox - tan-^ 5a' sec- 5x + 


tan^ ox 


tan^ 5x sec^ 5x — sec^ 5x + l]dx 


tan^ 5x tan^ 5x tan 5a: 


25 


15 


+ a; + C. 


(d) Integrals of the Form / cW*' u dti 

If tn is a positive integer, an integral of the form J ctn''' udu 
can 1)0 evaluated in a manner similar to the method employed for 
/ tan"' u du. The details of discussion are left to the student in 
the form of exercises. 

Exercise 4. Write out a description of the method of integrating 

J ctn”' u du 

if 7 n is an odd positive integer. 

Exercise 6* If m is an even positive integer, show how the integral, 
/ ctn”^ u du, can be expressed in terms of a similar integral in which the 
exponent of ctn u is m — 2. 

Exercise 6* Illustrate the description given in Exercise 4 by completely 
integrating / ctn® 4x dx. 

Exercise 7. Illustrate Exercise 5 by expressing the integral, / ctn^^ 2x dx, 
in terms of the integral j ctn^® 2x dx. 

(e) Integrals of the Form j sin^^ u cos^ u du 

Integrals of this form in which m and n are positive integers 
can be handled by methods very similar to those employed for 
cases (a) and (6) above. The details are left as exercises. 


Exercise 8. If n is odd show how the integral / siic^ u cos^ u du can be 
put into the form // (sin ^^)d(sin u), where /(sin u) is a polynomial in sin u. 
Illustrate by integrating completely / sin® 2x cos® 2a: dx. 

Exercise 9. If is an odd positive integer, show how the integral 
J sin”' u cos^‘ u du can be expressed in the form //(cos n,)d(cos ii), where 
/(cos u) is a polynomial in cos u. Illustrate by integrating completely 
/ sin® Zx cos- 3a: dx. 

Exercise 10. If both jn and n are evmn positive integers, show that the 
1 — cos 2?/ , 1 H" cos 2u 


identities sin^ 


and 


will reduce the 


integral / sin”* a cos” u du to a sum of integrals of the form a / cos’" 2u du, in 
each of which a is a constant and r is a positive integer or zero. Illustrate 
by integrating / cos'* x sin- x dx. 


(/) Integrals of the Form J tarV^' u sec^^ u du 

Integrals of this form, in which both ni and n are positive 
integers, are readily integrablc^ if m is odd or if n is even. Details 
are l(‘ft to the student in the following exercises. 
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Exercise 11. If m is an odd positive integer, show that the integral 
J tan"‘ u sec^ u du is equivalent to an integral of the form J/isec u'ui isee u\ 
\vhere/(sec u) is a polynomial in sec u. Illustrate by integrating 

J tali'* d sec^ d dB 

completely. 

Exercise 12. If 71 is an even positive integer, show that the integral 
/ tan”' u sec” u du is equivalent to an integral of the form jfi tan u ui ttan u), 
where /(tan u) is a polynomial in tan u. Illustrate by evaluating 

/ tali'* ttx see^ tx dx, 

{g) Integrals of the Form J u csE^ u du 

Integrals of this form are analogous to those of the form 
J tan”" u sec” u du and may be handled by similar methods. 

Exercise 13. Show how to integrate / ctn”' u esc” u du if vi is an odd 
positive integer. Illustrate with f ctn® 2$ esc'* 2B dB. 

Exercise 14. Show how to integrate / ctn”' u esc” u du if n is an even 
positive integer. 

{h) Integrals Rational in Trigonomdric Fundions 

An integral of the form jF{v)du, where F{u) is a rational 
function of sin ii, cos u, tan u, ctn u, sec w, and esc u, can be made 
to become an integral of the form jG{v)dv where G{v) is a rational 
function of v, by the substitution v = tan u/2. The following 
exercises are given to explain the method. 


Exercise 16. Show that the substitution v — tan ^ leads to 


sin n — 


eos n — 


tan u = 


2v 
1 + 
1 - 
1 + 
2v 


1 - 
du = 


CSC u - 

y sec u — 

ctn u - 


1 + 

2 v “ ’ 

1 + T" 


2dv 
1 + e- 


Exercise 16. By employing the substitutions of Exercise 15, with u = j, 
show that 


r 'tr = r 

J Si X — 2 cos X — 2 J V — 2 


log i/’ — 2! -r t' 


= log (tau 2 ~ “) 
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Problems 

Integrate each of the following; 


1. 

j* cos'^ Sx dx. 


. sin 3a: sin® 3a; 

-r~ 9 

2. 

j* siii*'^ ^dx. 


A 2 „ a: ^ X 

Ans. g cos® 2 ^ 2 

3. 

j* sin® 2a: dx. 



4. 

1* sin- ^dx. 


. X 3 . 2x 

Ans. 2 "" 4 

6. 

•J 

j* sin^ a: dx., 


. 3a: sin 2a; , sin 4a: 

T 4 

®- j 

1* cos^ 2a; dx. 




1* tELR^^dx. 


Ans. 1 tan ^ — a: 

8. 

ctn® X dx. 

Ans. — K ctn^ X — log sin x 

9. 

r ctn^ 3x dx. Am. 

- 

-}4 3a; + }4 ctn 3a; + a; 

10. 

j* tan® a; dx. A ns. 

sec^ X » , 

— 1 — — sec^ X — log cos X 

11. 

1* fsec^ X dx. 


. tan® X , ^ 

Am. — 5 — + tan x 

o 


j* CSC® ^dx. Am. 

3 

5 

ctn® 1 — 2 ctn® | 3 ctn | 

13. 

j 

f dx 

1 sec® 2a; 




j* sin- 2a; cos® 2x dx. 

. sin® 2a; cos^ 2a; , sin® 2a: 

An.. 


j* sin® X X dx. 


. COS^ X cos® X 

Ans. ^ g 


1* sin^ X cos^ X dx. 




1 sin 2 -r cos- -rdx. 
f 4 4 




tan® x sec^ x dx. 


. tan® X , tan'^ x 

Ans. . 4 — 

6 4 

j 

^ tan^ a: sec® a: dx. 



20. 

J 

tan® 2x sec® 2x dx. 


. sec® 2x sec® 2x 

10 6 


j* tan® 3x sec® 3a; dx. 




j* ctn a; CSC® a; dx. 




+ C. 

+ c. 

+ c. 
+ c. 

+ c. 
+ c. 
+ c. 
+ c. 
+ c. 


+ c. 
+ c. 


+ c. 


+ c. 
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23. 

24. 

25. 

26. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 
36, 
36. 


J* ctn^ X csc‘^ X dx. 

J* sin. X cos 2x dx. 

sin^ 2x cos^ x dx. 
J' cos^ u 


Afis. cos X — cos 2 X + C. 


sin u 


-du. 


’'\/9 — 4x‘'^ 


Hint: Write as f 

J 1 — COS- u 


dx. 


f 

/ x^dx 
\/ 4: — 9x^ 

J* tan^ 0 cos^ 6 dB. 
J^x^^/ix^— 1 dx. 

f 

S ^ + 2 sin X 


Ati^. 


. -2^s 


+ ’ 


2x 


0 


+ c. 


An.. I - + C. 


An$. 


sin- 0 


— log cos 0 + 0. 


. (4x2 - , (4x2 ~ i)H , ^ 

Ans. -i + C. 


48 


80 


dx 


sin X — cos X — 1 
dx 


f 

^ 

9 - 


3 + cos X 
sin X dx 


Am. log (tan ^ — 1) + C. 


. X 

1 **^“2 

Ans. — -= tan~* — -jz^ + C. 

\,/2 \/2 


2 sin2 X 
dx 


Ans. 


-V2 ,_„_, /v/2 

2V'7 


tan" 




f 

J* 2 ctn a; + 3 esc x 


tan a: — sin x 
dx 


Ans. — ^ etn- 1 “ g log ta-n ^ + (7. 


75. Integration by Parts. A method of importance and very 
frequent use is the method of integration by parts, embodied in the 
formula 

ju dv = uv — j'v du. (108) 


The origin of this formula is the rule for obtaining the differential 
of a product. Thus, if u{x) and c(jr) are two functions of x, then 
d{uv) = u dv + V du, whence 


u dv = dim) — V du, 

and 

ju dv = jdiuv) — jv du = m — Jr du. 

In practice, the method consists in identifying one factor 
of the integraud as a function ii(x), and the complmentary 
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factor as the differential of some other function, It 

is then applied to advantage if, first, the function v{x) is readily 
recognizable and, second, v du is readily integrabie or, at least, 
more so than the original integrand. No particular rule can be 
stated as to how to break up the integrand into factors ti and dv. 
The student^s experience in using this method will train him in 
applying it properly. 


Illustration 1. / log x dx. The factors u and dv of the integrand may 
be selected as 


giving 


u = log Xj dv = dx, 



V - X. 


(Note that if dv = dxy v ^ x + C, but we are contented with a particular 
value of V instead of the most general value. We shall, of course, append 
an arbitrary constant to the integral obtained in the end.) Applying (108), 
we obtain 


or 



J log X dx = X log X — X + C. 


Illustration 2. fxe^ dx. Suppose, in this case, we pick out the factors 
of the integrand as 


hence 


w = e®, dv ^ X dx, 

du = e® dx, 


Applying (108), we obtain 


/ 


xe^ dx 


X- C x^e^ dx 

2^ J 2 ' 


and it is seen that we now have an integral, hfx-e^ dx, on our hands which is 
more complicated than the one originally proposed. The trouble lay here 
in the choice of u and dv. 

Let us now break up the integrand into factors u, dv as 


heiK*e 


u = X, 

du = dx, 


The formula now leads to 


(Id = fX 


V = e^. 


Jxe^ dx = xe^ — dx. 
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The last integral is, evidently, an improvement on the original one. Its 
value is identified at once as and the result is 

Jxe^ dz = xe^ _ 

Illustration 3. cos x dx. Let us choose u and dr as 
u — dv ~ cos X dx, 

hence 

du = dxy V = sin x. 

By (108), we get 


cos X dx = e® sin x — Je^ sin x dx. 


The last integral, in turn, lends itself to integration by parts, and we break 
up the integrand into factors as 


u — c*, 
du = dx, 


{dv = sin X dx, 
( V = — cos X, 


whence 


Je® sin X dx — cos x + cos x dx. 

Substituting this into the preceding equality, we get 

/c® cos X dx = sin X — (— cos x cos x dx) 

— sin X + cos x — Je^ cos x dx. 

It may seem disconcerting that, after all our lalx)r, we have arrived at an 
integral that is precisely the one we set out to evaluate in the first place. 
But we find its value at once by handling the last equality as an equation 
in one unknown, viz., cos x dx, obtaining 

Jc® cos X dx + je^ cos x dx == c"** sin x + c-" cos x, 
or 

cos X dx — sin x -j- cos x ). 

Appending the arbitrary constant that appears in every integration, we 
finally have 

/ gX 

cos X dx - (sin x -f- cos x) + C. 

Problems 

1. Integrate each of the following: 


{c) ^ sii 

{d) Jxc 


X dx. 

A ns. 

^ (2 log I - n 

+ r. 

: .r dx. 

Arts. 

log J--1- 

-t- (\ 

X dx. 

Ans. X sin 

j -f \ T - j-- 

-r r. 


X cos 2x dx. 


x sin 2x cos 2x 
^ o r 4 


A ns. 
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(e) 

j X sin |(ix. 

4 sin ^ — 2x cos | “t~ 

iS) _ 

a " 

J* dx. 

~(2x — 1) + C. 

ig) 

j* x-c*-^ dx. 

p’ix 

Am. ^(2x2 - 2x + 1) + C. 

Qi) 

J* X- sill 3x dx. 


(i) 

j* tan'^ 2x dx. 

ilws. X tan"^ 2x — — — ^ + C. 

4 

O') 

j* X tan”^ ^dx. 

Am. ^(x2 -|- 4) tan“i - — x + C. 

(fc) 

j* x^ cos |dx. 


(1) 

j* X® log 3x dx. 

Aws. ^(4 log 3a: - 1) 4- C. 

(m) 

1* x®\/4 — x^ dx. Hint: Let u = x^. 

(m) 

j * cos 3x dx. 

q2X 

Am. ^^(2 cos 3x 4- 3 sin 3x) + C. 

(o) 

j* cos X log sin X dx. 


(p) 

|*x sin^ 3x dx. 

. x^ X sin 6x cos 6x , ^ 

An«. -j- ^2 - 72 +^- 

(?) 

sin ax * cos hx dx. 


e) 

j* cos ax • cos 6x dx. 



. a sin ax cos bx — b cos ax sin bx , ^ 
Am. r:; 1- C. 


a“ ~ b 

(s) J*^^=^::^dx. Am. \/2x — -y/l — 2a: sin \/2x + C. 


V2x 

\/r^^ 

tan~^ ~dx. 

X 


«/ 

(m) J* log (1 + Va:)dx. 

(x) J* log (3 — x”)dx. 
iy) J* sill X dx. 


.4ns. 2x ^ 


Ans. ~(sin x — cos x) + C. 


2. Derive the formula: 


/“ 


siiv^ 6 de = 


siir*""^ 9 cos e ^ n — 1 


/ 


Sil|rt-2 0 yiQ 


Hint: Set u = sin«~^ 0, dv - sin 6 dd. 
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3. Use the formula of Prob. 2 to integrate 

(a) sin^ 2x dx. (c) / sin^ X dx, 

(b) J sin^^xdx. (d) j' sin* 

4. In the formula of Prob. 2, replace n by — m 2, and thus derive the 
new formula 


/; 


de 


cos 9 m — ‘1 


sin”* 9 (m — 1) sin"*-! q ~ _ ij sin "*-2 0 




dd 


6. Use the formula of Prob. 4 to integrate 
dx 


<“) Sa 


sin** x 
dx ' 


sin^ 2x 
6. Derive the formulas: 


(d/ 

<“)/ 


CSC® Zx dx. 
CSC® X dx. 


and 


cos” 6 

/; 


dd 


cos”“i 6 sin $ . n — 1 


n 

sill d 


w — 1 r 

H — J cos”“- $ ddj 


cos”^ 6 (m — 1) cos*””^ 6 rn 




dd 


Hint: See Probs. 2 and 4. 

7. By the formulas of Prob. 6, integrate: 


cos^ 


(«)/ 

(6) / cos® X dx. 


ic) f 
(d) J' sec® X 


sec^ 2x dx. 
dx. 


76. Integration of Rational Fractions. In treating integrals 


of the form 


/: 


u(x) 

v{x) 


dx, where u{x) and v(x) are polynomials in 


X, we first reduce the integrand, in case it is an improper fraction, 
to the sum of a polynomial and a proper fraction. (A fraction is 
called proper if the degree of the numerator is less than that of the 

denominator; otherwise, it is improper.) Thus, 


proper fraction, while 


2x 


+ 1 


and 


.r“ + 2x 


r* + 1 
+ 1 


+ 1 


IS a 


are 


improper. The last two can be changed, by division, to 

9t 4- 1 — r- — + 2 

1 - and + 2a: - 1 + ^ ^ — -■ respectively, f.e., 

each to a polynomial plus a proper fraction. Since the integra- 
tion of the polynomial part is immediate, we need concern 
ourselves only with the integration of proptu- fractic-nis. 
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In turning now to the integration of a proper fraction, we 
make it our fir-st task to write the integrand as a sum of (proper) 
partial fractions, in conformity with the following principles: 

Case I. When the deriominator of the fraction is a product 
of distinct real linear factors, as x — a, x — b, etc., each to the first 

power, we set (calling the integrand 

u{x) ^ «(£) ^ B _j_ . . , 

v{x) {x — a){x — h) ■ ■ ■ X — a x — h ’ 

where the numerators are unknown constants, and proceed to 
determine A, B, etc. so that the equation shall be identically true. 

J x- 2x — 1 

Z ' —^^ x, note that the de- 
nominator factors as a; (a; -f- 2)(a: — 3). The given proper fraction 

^2 I ”” 1 

a-(a: -h 2)'(a: ' — ~' 3) evidently, be the sum of proper fractions 

with only the linear factors a:, a: -|- 2, and x — 3 'in their denomi- 
nators. If each of these is taken as one denominator, the 
numerators can only be constants. Hence, we write 

a-2 -f 2a: - 1 a:^ -b 2a; - 1 A , B , C 


X“ — Qx 


= ^ + 

x{x + 2)(x — 3) a: a: -f 2 


+ 


:r - 3 


(109) 


To determine T, B, and C, we clear of fractions and obtain 

x--^ + 2x - 1 = A(x -f 2)(a: - 3) + Bx(x - 3) + Cx(x 2) 

( 110 ) 

= d,(a;“ — a: — 6) -b B(x'^ — 3x) -b C(a;^ -b 2a;), 


or 


+ 2a- - 1 = (A + £ -b C)a-= -b 

(-A -SB + 2C)x - 6A. (Ill) 

Recall that (109), and conseciuently (111), is intended to be an 
identity, i.e., the numerators. A, B, and C are to be so determined 
that these equations are true for every value of x. Now two 
polynomials, in x, are identical, in that sense, if, and only if, 
the coefficients of like powers of z are the same in each member. 
(Reference, any good college algebra.) Hence, from (111) 

A+ B + C = 1, 

-.4 - SB + 2C = 2, 

-6A = -1. 
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These three equations yield T = + h6) S = — ifo and 0=1;* 15- 
Hence, we have 

+ 2a: - 1 ^ I _ t| 

— x " ~ Qx X r + 2 X — 3 ’ 


u C 1 

isj X - 3 


+ 2x - 1 , 1 f 1 f 1 , , 14 r 1 , 

J = 6 J - ToJ JT?'" + isj 

= ye log X - }4o log (x + 2) + I4i5 log (x - 3) + C. 
We may, if we wish to, write the result as 


log — log ^x + 2 + log ^(x — 3) + log C, 


, C4/xV{r - 3)» 


We might, as an alternative, have used the following method 
for determining A, B, and C. Using (110), which, we noted, must 
be true for every value of x, we substitute values that meet 
our convenience. Such values are x = 0, x = —2, and x = 3, 
since each makes two terms in the right-hand member of (110) 
vanish. In fact, we obtain, 


setting X = 0, — 1 = —6*4, hence *4 = }^, 

setting X = — 2, — 1 = 105, hence 5 = —Ho* 

setting X =3, 14 = 15C, hence C = 


It should not be difficult for the student to satisfy himself that 
if the degree of p(x) is n (and hence the number of its linear factors, 
X — a, X — b, etc., is n), then the number of equations from which 
we are to obtain the n proposed coefficients *4,5,,.. will be 
precisely ?i if we follow the method first illustrated [the hypothesis 
being, all the while, that u(x) is of lower degree than i'(x)]. 

Case II. When the denominator of the fraction is a product 
of real linear factors, some {or all) of which occur to a [wu'er higher 
than the first, we .set up, corresponding to the factor, .say, (x — a)'\ 
. ■ . • -4 5 L , 

the partial tractions, T^a’ 

proceed as illustrated in the following example. 
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r 2-2 _ 33. ^ 1 
To integrate J + 2rix 

the integrand as 


we write the fraction in 


x“ 3 a: + 1 _ A , B C 1 D ^ ni2) 

(x + 2y(x - 1) {x + 2Y^ {x A- 2y^ X A- 2^ X - I 


where A, B, C, and D are to be determined so that ( 112 ) is an 
identity. Clearing of fractions, we have 


- 3:r + 1 = A(x - 1) + B{x + 2){x - 1 ) + 

C{x + 2r(x - 1) 4- D{x + 2)^ (113) 

= Aix - 1) + B{x^ + x-2)A- 

Cix? + 3a;2 - 4) + D{x^ + ^x^ + 12a: + 8), 

or 

a-2 - 3a; + 1 = (C + D)x^ A (B A- SC + 6D)x^ + 

(.4 + £ + 12D)a; + (-A - 2B - iC + 8D), (114) 

whence (equating coefficients of like powers of x on both sides) 
we obtain 

C + D = 0, 

B +3C + 6D = 1, 

A+ B +12D = -3, 

-A - 2S - 40 + 8D = 1. 

These four equations yield A = —11/3, B = C = 4^7, 
D= —1/27. We thus have 

3.r + 1 _ -11/3 

(x + 2yix - 1) (x + 2 y (x + 2)2 ^ X + 2 x~^’ 

and 

-11 r dx 10 r dx 
3 J (x + 2)^ ^ 9 J (x + 2)2 + 

j_ r dx _ 1 r dx 
27J X + 2 X - 1 

6(x + 2)2 ~ 9(x + 2) ^ 27 

“ ^ log (x — 1) + 0. 


x2 - 3x + 1 
(x + 2)*(x - 1)“ 


Once again, we might have substituted values for x at pleasure 
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in (113), to determine A, B, C, and D. Very convenient valuen 
are, evidently, x = —2 and a; = 1, since each makes all but 
one term of the right-hand member of (113) vanish. Two other 
values may be chosen, say as x = 0 and ar = -1. By this 
method we obtain 


Setting X = — 2, 
Setting X = 1, 
Setting X = 0, 
Setting X = — 1, 


11 = — 3j 4, hence .4 = —11/3 

-1 = 27D, hence D = -1/27 

1 = -A - 2B - iC A 8D 
5 = -2A - 2B ~ 2C + D. 


Making use of the known values of *4 and D, the last two equa- 
tions reduce to 


2B + 4:C = 
2B 2C = 


from which we obtain 

• B = 


C = 1^7- 


The student may, again in this case, easily satisfy himself 
that if the first method is followed, the number of equations 
obtained for the unknown numerators of the partial fractions 
will be precisely equal to the number of those unknowns, and 
equal to the degree of the denominator. Hint: If i>(x) is of 
degree n and v{x) = (x — a)’’{x — h)'’(x — c.y ■ ■ ■ , then 
p-hg-f-r-]- ••• =n. 

Case III. When the denominator of the fraction contains real 
quadratic factors of the type x- -f- px q, each such occurring to 
no higher power than the first, then, corresponding to such a 


factor we assume partial fractions of the form 


H(2x -f p) 
X- + px q 


and 


; — ’ the coefficients, A and B, to be determined bv the 

X- i- px -f- g 

same plan as in the previous cases. 


, n. ■ . . r6^- -I- 4X - 3 , 

Example. To integrate I ■ , . ^ rix, set 

J X' ~r X 

6x2 + 4x - 3 _ 6x2 + 4a, _ A( 2x +^2) B ^ (f 

x® -t- 2x2 _ 3; x(x- -f- 2x - 1) x2 4- 2x - 1 x2 + 2x - I ' X 


6 x 2 _j_ 43 . _ 3 = .4(2x2 2x) + Bt -1- Plx-’ + 2x — 1 1 

= (2.4 + r).r2 + ('2.4 + B + 2t'ix - C, 


From this 
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whence 

2X + C = 6, 

2.1 + j5 + 20 = 4, 

-C = -3, 

yielding A = B = —5, C = 3. Hence 

6a° + 4 j - 3 ^ i!(2ai + 2) -b , 3^ 

+ 2a:“ — j X- + 2x — 1 i’* + 2x — 1 X 

and 

C&x‘- + 4x - 3j _ 3 f (2x + 2)dx . f dx . o r<i? 

J x3 + 2x= 2jx==+2x-l J x“ + 2x - i J a: 

= 2 log (x- + 2x - 1) - bj " ^ 1)2 _ 2 + 

3 log a: + log C. 

3, .o.rt 5, X -j- 1 - , 

= ^log (X- + 2x - i; - 2 -^ log + 

log Cxi 


Case IV. When the denominator of the fraction contains real 
quadratic factors of the type a:- + px + some {or all) occurring 
to powers higher than the first, we set up, corresponding to a 

factor, say {x- + px + q)% the partial fractions 


+ , X(2i + rt + 

(a*- + px + qy"^ xx px + q 

cieiits in the numerator to be determined in the same manner as 


in the previous cases. 

For example, to integrate 


J 


2x'^ — 7 t^ + 13a:- — 9a: -f 4 
x{x^ — 2x 2)^ 


dx, set 


2x‘‘ — ■ 7x'’ -j- 13a-- — 9a- -f 4 _ .4 (2a: — 2) -j- 5 
a-(a:-- - 2a: + 2)= ~ (j^ - 2x + 2)^ 

C(2a- - 2) -f D S 
x'^ ~ 2x + 2 a: ■ 

Clear of fractions and obtain 

2a-" - 7x-’ -t- 13x- - 9x + 4 = A(2x^ ~ 2x) + Bx + 

C(2x" - 6X--* -h 8x- - 4x) + Dix^ - 2x'' + 2x) -f 

£'(a-* — 4x^ 8x- — 8x -|- 4). 

= (2C + E)x* + (-6C + D - 4E)x-' 
-h (2.4 -b 8C -2D + 8E)x^- + (-2/1 + 5 - 4C + 2£» - 8E)x 

^E. 
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Hence, we have the equations 

2C + E = 2, 

- QC + D -iE = -7, 

2A +SC - 2D + SE = 13, 

-2A + B - iC + 2D - 8E = -9, 

4£’ = 4, 

yielding A = ji, B = 2, C = jo, D = 0, and E = 1. Hence 

2x^ - 7x^ + 13x^ - 92: + 4 _ 1(22: - 2) + 2 
2:(a:'* - 22: + 2)^ (z^ - 22: + 2)- 

U2x - 2) 1^ 

2-- — 2^ + 2 X 

and 


r 22 :^ - 7x^ + 13x2 _ 93 - + 4 i r (2x - 2)dx 

J x(x2 - 2x + 2)2 " 2j (x2 - 2x + 2)2 

9 f 4. 1 f (2:r - 2)dx 

y (x2 - 2x + 2)2 ^ 2j x2 - 2x + 2 J x ‘ 
= -K(^' - 2x 4- 2)-i + 2/ cos2 ede + I 2 log - 2x + 2) + 

log X + log C, 

where we have let x — 1 = tan d in order to integrate the second 
term. Continuing with the integration, we obtain, as the value 
of the original integral 


-1 


2(x2 - 2x + 2) 


+ 




1 + cos 2e)de + 
1 


log (x2 — 2x + 2) + log Cx 


-1 

2(x2 - 2x + 2) 


-1 

~ 2(2-2 - 2x + 2) 


2x - 3 

2(x2 - 2x +” 2) 


+ 9 + I sin 2(? + 

^ log (x2 — 2x + 2) + log Cx 

+ tan-i (x - 1) + 2 ^ 

^ log (x2 — 2x + 2) + log Cx 

+ tan“’ (x — 1) + log ]x2 — 2x + 2) + 

log C'x. 



278 


CALCULUS 


[Chap. X 


Problems 

1. Integrate each of the following: 


{x + ^)dx I log ^ „ I log ( 2 ; 4 . 2) + C, 


X- 4" 2 x 


(i) I log (a: + 1) H- ^ log (a: - 2) + C. 

, , r(x* - 3a;’ - 4x - Z)dx 

w J 

mf 


-4a:2 +9x -27 


dx. 


— 9x 

Am. 3 log X + 2 log (x — 3) — log (x 4- 3) + C, 
c (13x ~ 2)dx 
x^ — X- — 2x 
" ^(4 cos ^ 4- sin ^ cos B)d6 
sin^ 0 — 2 sin 0 

3 log (2 — sin 6) — 2 log sin B ^ C. 

2 . Integrate each of the following: 


mf 


(.)/ 

«/ 
w/ 


( 3x“ 4- 4x 4- 3)(ix 

x^ 4- 2x^ 4- X 
(x — 2 — dx-)dx 
— 2x2 

'2x^ — 9x^ 4- 12x2 — 4x 


A'ns. 3 log X 4~ 


X 4- 1 


+ C. 


Ans. 3 log (x — 2) 4- C. 

X 


— 4x^ 4“ 4x 


•dx. 


x2 - 18x + 27 
6x^ 4- 9x^* 


dx. 


Am. 


Ans. — X + C. 
2 3 


(e) 


mf 


r{2x^ - e,x^- + llx - 2)dx . 

J 2 log 


X 


X — 3 X 
5 


+ c. 


(32’ - 4x"- - 162 - 16)da; 


2(x - 1)’ 


-,+ C. 


xHx + 2 )- 




4x'* 4“ 7x2 15^ 4. 10 


p-iT2 + ^' 


+ 3ar’ + 2a;’ 


dx. 


,, , r 2 e^' + 4 e-^ - 2e* 

(A) J- ,,^-z 


dx. 


Ans. 2{ X 4- log 


3. Integrate each of the following: 


- 1 
6 =^ 4- 


1 ) 


+ c. 


I 


4- 7x2 - 4x ~ 2_, 

- - dx. 


' J X^^ 4- X 

(h) + IHr. 

J (^- 4 - x)(x2 ~ X 4- 1) 


<'>/■ 


, , Cx(x- — X + 1) , 2^ 2a: — 1 

1°S — 7 1 , + -7= tan-> 

(a: + 1)- ^ ^ 


’9a;’ + 13a;’ + 24a; + 36, 
-dx. 


id) 


I 


(x2 — 3x) (x- 4- 4) 

Ans. 12 log (a - 3) - 3 log X + 2 tan-* | + C. 


•3a* + 13a’ - a’ - 6a + 12 


(X'^ -f x2Ux2 - 3x -f 4) 


‘dx. 
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<*>/£ 


(4^+ 18a:)ds 

(a:“ + 3)(a;= - 2x + 3)' 

Ans. 2 log (a;= - 2x + 3) - -\/3 tan'i — ^ + — L taa' 

VS V 2 

J ( 8 a« - 17x= = + 2Qx + 2)dx 


v/2 


+ C. 


(a;2 - X + 2)(x2 - 3x + 3)' 


(,)/■ 


'6^^ + 16x^ + 22x + 1 


(X -h 2)2(x2 + 5) 


■dx. 


Am. 2 log [(x + 2 )(x 2 4 . 5 )] 4 


w/ 


X i- z 5 ^ 


6 “MO^sec^ B de 
t + tan^ 6 

Am. log (tan ^ + 1 ) H — %=. tan"^ - — - + C. 

V3 \ 3 


4. Integrate each of the following:- 


ia) f 


3a^ + - 4x + 12 


dx. 


^5 -|_ 4^3 4 . 4 ^ 

3 log X — — ^ ^ 

(w /(S^4) *■ 

/ N r (3a; — 2)dx 

w J ^ - 2x + 3r- - 

/ (g;^ — x)(ia; 

(a:2 ^ 


tan-i -4= + ^ A + C. 

\/2 2 4 xV 


.4ns. X — 2 tan~^ x + 


2x 


1 +x: 


+ C. 


(d) 

ie) f 

(f) 


+ 1)“ 

H- 2:r — 1 


(x^ - 1)^ 
sin^ 6—2 sin"* 6 


16 + 8 cos2 e 


sec $ sia^ e(3 — cos^ 6) 


d6. 


77. Miscellaneous Problems. In his later work in the cal- 
culus, the student will find it desirable, and at times necessary, to 
employ a table of integrals, such as “A Short Table of Integrals” 
by B. 0. Peirce, or others, found in the better editions of loga- 
rithmic and trigonometric tables. But even when using a table, 
he will be called upon to employ many of the principles and 
methods of integration dealt with in this chapter. 

We conclude the work on integration by appending a list of 
problems that embody a review of the work that has been done 
in the preceding sections. 


Miscellaneous Problems 


Integrate the following: 


1 . 


/ 


X- dx 
1 '+ 


A 7LiS. 


tan“^ ir^ + C. 

o 
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3, 

4. 
6. 
6 . 

7. 

8. 

9. 

10 . 

11 . 

12 . 

13. 

14. 
16. 
16. 

17. 

18. 

19. 

20 . 
21 . 
22 . 

23. 

24. 


m 

r djc 

J2x - 

/i 

/ 

/ 




Ans. llogg^ + C. 


1 

X dx 

2x - r 

dx 

X dx 
2 -f 3 a: — 2 a:- 


- 2 x- + - 1 




P 

- 9x^)= 

Jysx - 

I 
f 


dx. 


dx 


x +2 

dx 

V^(l — 2-^) 


x^ 

_j- 3; 


■dx. 


:dx. 


gtan 20 


:d0. 


COS- 2^ 
x^ dx 

V4 — 3x^ 

dx 

WTW 

dx 


J {X- 3 )« 

J*x^ log (x -- l)dx, 
J* x^a /4 + x^ dx. 

/: 

/ 

/ 

S-. 

f 

fyrs 

/ dx 

- 3e^’ 
r dx 

J (^^^“2x 4- 5)3 

r dx 

J x(l — X 

Jxsi 


sin X 4 " 3 cos x 


'log (log 2 x) 


X 

■3 dx 


■dx. 


Ans. 


M 


3 x 


\/4 ~ 9 x 2 


■ sin“^ 




X- 4“ 


sin^ {X‘)dx. 
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^ cos V x dx. 

— log 

J* cos X sin Sx dx. 
+ 10 

- 3x2 _ 4^ 


x^ - 3x2 . 
rtan^^V" X . 


/ dx 

+ 4x2 

/ sin.^ X dx 
1+2 cos X 

J* sin^ ^ cos X dx. 

/ dx 
sin'^ X cos^ X 

J*x^(log x)2 dx. 

/ dx 

a /2 + X — x 2 

r dx 
J 1 + cos X 

fyj'^i+^dx. 

J x>^ 

dx 

2 CSC X sin x 

/ tan 2x dx 
cos 2x\/l + sec 2 2x 

J" X tan (4x2 + 9)dx. 

^ (3x — l)dx 

J '\/2 + "x — x2 

r .\/3(r+T 

— dx. 

J \/3x + 1 
J* x^\/ x"* + 3 dx. 

/ cos 3x dx 

j x®\/2 - Ax. 

1 + COS 2 2x sin 2x dx. 


sin^ 2 ^ 


r dx 

1 + COS X 

Pa/ 

[• dx 

2 CSC X sin x 


^ (3x — l)dx 

a/2 +"x — x‘ 

r .\/3(r+T 

— dx. 

’ \/3x + 1 


2 (cos sin x) + C* 


, . _ 2x “ 1 , 

sin ^ g h C. 

Am. CSC X ~ etn x + C. 

Ans. (x^ti + 4 )‘*i 2 + C. 

ins. — taii“i (cos x) + C. 

Ans. — |(i — V x)'- + C. 



282 


CALCULUS 


[Chap. X 


48 

49 . 

50 . 


•/; 

h 

P 


dx 


' 1 - 
dx 


-dx. 


2 — cos X 
( 1 + cos x)^ 
sin X 

Integrate the following by the use of a table: 
dx 


Arw. cos X + 2 log sin x + log T -r~ - " + C. 


1 + COS X 


“•/f 


52, 

3 

64 

65 . 

66 . 


‘ /(3 - 

•X 


2xy 

X dx 


x)i2-hx) 

dx 


x^{A - Zx^) 
x^ dx 


X + 5^2 

r 

J x{Z — 2 x + x^) 


61. 

62. 

63. 

64, 

66 . 


X 


dx 

sin^ 2x 

d de 

cos 2$ 


dx 


67 

68 . 

69 . 

60 . 


9 dx. 


J* x^\/l — X 

. J x“\/i^^ 

r x^ dx 

J (4 — X — 

L J*\/2x — X- dx. 

■X 


Xr-" 

^ sin 3a; cos^ x dx. 
cos"^ x^ dx. 
x^ <ia;. 

66. j * (log x)Hx 


p 

p 


cos® ~dx. 


67. 

68 . 
69. 
TO. 


X 

X 

X 

X 


a;® sinh 2a; dx. 
x^ sin 3a; dx. 


^/Zx 


-dx. 


dx 


x2V'2 


• X x^ 

71. Find the equation of a curve at any point of which the tangent has its 
slope equal to 2 Xy where x is the abscissa of the point, and which passes 
through (1, -2). Hint; dy/dx = 2 + ^ and y = —2 when a: = 1. 

Ans. y = ^ 2x ~ - 

72. A curve passes through the point (1,0), and the slope of the tangent, 
at an 3 ^ point (x^y) of it, equals 3 


“• Find its equation. 


Ans. y — Zx — log X — Z. 

73. Find the equation of the curve which passes through the origin and 
has a;^ — a: -f 1 as the slope of the tangent to it at any point {x^y). 

74. A curve passes through the points (0,2) and ( — 1,1), and, at any point 
(x,?/) of it, dry/dx- = 2 ~ 4x. Find its equation. 

Ans. y ^ ~? 3 a;® + .r‘- + 2. 

76. A curve passes through the points (1,0) and (e,2), and, at any point 
Find its equation. 


{x,y) of it, ^ = 1 + ~ 


76. A curve is tangent to the line ^ = 3x — 4 at the point (2,2) and, at 
any point {x,y) of the curve, cPy/dx^ - 2x — x-. Find the equation of the 


Ans. 


y - “'i2 +3' +T 


5x 8 


curve. 
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77. At any point {x,y) of a curve, dry/dx^ = 1 - iS and the line y = 
-X i- 2 touches the curve at (1,1). Find the equation of the curve. 

78. A particle moving on a straight line has its velocity, t sec. after the 
motion started, equal to 3 - h At the end of 2 sec. the particle is at the 
origin. Find the equation of its motion, i.e., find s in terms of i, where s is 

ft 

the directed distance from the origin. Ans. s = 3f - ^ - 4. 


79. The acceleration of a particle moving on a straight line, equals 
+ 2t at the time t. At the start of the motion the particle is 1 unit to the 
right of the origin; 2 sec. later it is 3 units to the left of the origin. Find the 

equation of its motion. .4ns. s = Yq+5--4f + l. 

i A 


80. The acceleration of a particle moving on a straight line, at the time f, 
equals 2t - 3. At the end of the first second the particle is 2 units to the 
right of the origin and its velocity is 3 units per second. Find the equation 
of its motion. 


81. The slope of a curve at any point (x,y) of it equals 2 -f- By how 
much does y change when x changes from 2 to 6? 

82. At the time t, the x-component of the velocity of a point equals t + 2, 
and the ^/-component equals t - 2. The particle starts from the point 
(1,2) . Find the equation of its path, with t as a parameter. 

83. A particle is projected upward from the ground with an initial velocity 
of 20 ft. /sec. If it is subjected to the acceleration of gravity only, which is 
32 ft./sec.^ and directed downward, find how long the particle will be going 
upward, how far up it will go, and how soon it will strike the ground. 

84. The rate at which a substance decomposes is proportional to the 

amount of the substance remaining. If the amount of the substance not 
decomposed changes from 8 lb. to 1 lb. in 3 hr. How much of the substance 
remains not decomposed after 1 more hour? Am. lb. 

86. Find the equation of the family of curves which are orthogonal, at 
every point {x;y) of the plane, to the curve of the family of parabolas. 
X* = iay, passing through that point. Find the particular cur\'e of the 
new family passing through (4,1). Hint: First establish that the slope, 
at any point {x,y), of a cur\'e of the given family passing through that point, 
is 2y/x. x- + 2y- = 18. 

86. Find the equation of the family of curves which are orthogonal, at 
every point {x,y), to the curve of the family x’ + x = ai/ passing through 
that point. Find the particular cun-e of the new family passing through 
(0, 1). .4745. 3x- + 9(/- + 2 log (3r- + ^ =9. 
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78. Introduction and Definition. Let us perform the following 
summation. Starting with the function f{x) = 1, and the 

interval 0 ^ x ^ 1, on OX, we divide that interval say, into 
five equal parts, AiX, A 2 X, AsX, A4X, and A^x, so that the points of 
dinsion have the abscissas 0, 0.2, 0.4, 0.6, 0.8, and 1. Let us 
now compute the values of the function, f{x), at some point in 
each partial interval, say, at its midpoint, i.e., at Xi = 0.1, 
X2 = 0.3, xs = 0.5, Xi = 0.7, and x& = 0.9. These values are 
readily found to be f{xi) = 1.01, /(X2) = 1.09, /(xs) = 1.25, 
f(Xi) = 1.49, and /(xs) = 1.81. We now form the sum 

/(xi)AiX +/(a:2)A2X +/(x3)A3X +/(X4)A4X +/(x6)A5X 

= (1.01)(0.2) + (1.09)(0.2) + (1.25)(0.2) + (1.49) (0.2) 

+ (1.81)(0.2) = 1.330. 

If we next divide the original interval from 0 to 1 into 10 equal 
parts, Aix, A2X, A3X, . . . , Agx, and Aiox, so that at the points of 
division the abscissas are 0, 0.1, 0.2, 0.3, . . . , 0.9, and 1, and 
again compute the value of /(x) at some point in each partial 
interval, say, at the midpoints, where xi = 0.05, X2 = 0.15, 
X3 = 0.25, . . . , X9 = 0.85, and Xm = 0.95, we obtain 
/(xi) = 1.0025, fix.) = 1.0225, /(xj) = 1.0625, /(X4) = 1.1225, 
fix,) = 1.2025, fix,) = 1.3025, /(xj) = 1.4225, /(xs) = 1.5625, 
/(xg) = 1.7225, and/(xio) = 1.9025. Forming the same kind of 
.sum as before, we obtain 


/(Xi)AiX +/(X2)A2X +/(X3)A3X + • • ■ +/(x9)A9X + 

/(xiiOAinX = (1.0025) (0.1) + (1.0225) (0.1) + (1.0625) (.01) + 

• • • + (1.7225)(0.1) + (1.9025) (0.1) = 1.3325 

Exercise 1. Subdivide the interval from 0 to 1 into 20 equal parts, 
Air, Ai.r, A3.r, • ■ • . Aiar. and A-.oX, compute the value of f(x) = + 1 at 

the midpoints ri, x-2, Xj, ■ • • , Xu, Xan of the partial intervals, and evaluate 
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the sum 

"h f(X;i)S;iX "t" * * * 4” /(•Cig* AigX 

Note: A table of squares will be a help in computing the values requested. 

An«. 1.333125. 


The successive sums that we found in the above processes, 
viz., 1.330, 1.3325, and 1.333125, will suggt'st the idea to the 
student that, as we divide the given inter\'al into more and more 
parts and carry out the above summation process each time, the 
values of this sum approach a certain number as a limit. He 
will perhaps even guess that the limit is ;^ 3 , or 1.33333 .... 

A glance at Fig. 126, where the graph of the function j" + 1 
is showm and the ordinates f{xi), 

A^i), A^A, A^i), and /(Js) are . | , 

drawn (for the case of division of \ / 

the interval into five parts), will \ T 

help the student to interpret the \ j i 

first sum obtained, viz., 1.330, as i l i' - 

the sum of the areas of the five : I • ' i | !« 

■ ; i j ' ; 

rectangles shown. Likewise, in ! i 1 ■ ' j | i 

the next twm summations the 1 ' , j 1 ! i 

results would represent the sum 

of the areas of 10 and 20 rec- „ 

Fig. 126 . 

tangles, respectively, situated 

between the lines a: = 0 and x = 1, their bases lying in the x-axis 
and equal to the lengths of the partial intervals, and having as 
altitudes the values of /(a:i), /(x^), etc. 

As the bases of these rectangles are made smaller and smaller 
and their number correspondingly larger and larger, it is tolerably 
clear that the sum of their areas approaches a limit, inz., the area 
bounded by OX, the curve i/ = + 1, and the two lines jt = 0 

and a- = 1. 


One more point is W'orth noting in this examjile. The student 
will readily perceive that the successive divi.sion of the interwil 
0 ^ a: g 1 into eqiial parts was immaterial, as was also the choice 
of a-i, a- 2 , a- 3 , . . . at the midpoints of the jiartial intt'rvals. In 
other words, should we divide the interval into a numln'r of parts, 
Air, Aar, Asr, . . . , equal or unequal, and choose Xi anywiure in 
the partial interval Air, r-. anywhere in tlie partial int('rval A-^r, 
a :3 anywhere in the partial interval Aar, etc., and perform the 
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summation indicated above, then, as the number of subintervals 
is made larger and larger, while their lengths simultaneously 
become smaller and smaller, the sums obtained will approach a 
limit, viz., the number measuring the area bounded by OX, the 

curve y = + 1, the line a: = 0, and 

the line a; = 1. 

We now turn to any function f{x), 
continuous in the interval a ^ x ^ b. 
Once more we divide the interval into 
a certain number, say n, parts of lengths 
■5-X Xio;, A^x, . . - , An-iX, AnX and choose 
an abscissa at random in each subin- 
terval. Designate the abscissa chosen 
in the subinterval A,x by x,- for i = I, 2, . . . , n, and form 
the sum 

f(_Xi)Aix + f(x«)A-iX + fixz)A3X- + ■ ■ ■ 

-h /(x,._i)A„_iX -h /(x„)A„a:. (115) 

If, now, F{x) is any value of ff{x)dx, i.e., any function such 
that F'(x) = f(x), we have, by the theorem of the mean, page 220, 

Fiui) - Fia) = /(fi)AiX (a < < ■Wi) 

(where -Ui = a + Aix), 
F(;U2) — F(ui) — f{^i)A2X («i < $2 < U 2 ) 

(where U 2 = Wi -f A 2 X), 
F{us) — F(U2) — /{^sjAsX {U2 ■< $3 U3) 

(where Mg = M 2 + A^x), 

F{Un-l) - F{U„-2) = /(^„-0A,,_iX (m„_ 2 < ^rt-1 < M„_i) 

(where m„_i = Un -2 + A„_ix), 

F(b) - F{Un-.i) = f{kn)AnX (u„^i < < b) 

(where b = m„_i -|- A„x)_ 

Adding these n equalities, we obtain 

F{b) — F{a) = /(fi)AiX -t-/(f 2 )A 2 X -f /(^8)A3X 

■!■■■■ + /($ 7 >-i)A„-iX -(- /($n)A„X. (116) 

Note that the left-hand member of (116), viz., F(6) — F{a), does 
not depend on the value of n, the number of subdivisions into 
which the interval from a to 6 is divided. Hence the sum on 
the right-hand member will continue to equal F(b) — F{a) regard- 
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less of what values n is made to assume; in particular, if we con- 
tinue increasing n beyond bound. In other words, 

lira [/(^i)Ai* -1- -f f{^z)N 3 X + • • • 

n —> as 
AiX ->• 0 * 

+ = F{b) -F{a) 

In the integral calculus and its applications, a great deal 
of use is made of the limit of the sum (115), as n increases beyond 
bound while all the A, o’ are made to approach zero, provided that 
limit exists and is independent of the choice of the j-, in each 
interval. The scope of this book precludes the possibility of 
arguing out under precisely what conditions the existence of that 
limit and its independence of the choice mentioned are actually 
assured. Here we must content ourselves with the assertion that 
if f{x) is continuous in the interval a ^ x ^ b, the limit does 
indeed exist and its value is independent of the way the r, are 
chosen in the respective intervals. 

Now, if we choose, as the value of r. in each interval, the of 
the mean value theorem, employed above, the value of the limit, 
as displayed in (116), is F{b) — F{a). This, then, is the value, in 
view of the assertion just made, of the limit in ciuestion, no matter 
how the Xi are chosen in the partial intervals. 

The substance of the argument so far carried out ma}’- be 
summed up in the so-called 

Fundamental Theorem of Integral Calculus. Given a function 
f(x) continuous in the interval a ^ x ^ b, if we divide that interval 


* The symbol Xx is intended to represent any one of Aix. A.a-, A.iJ 

We may, likewise, represent any one of the numbers Ji, Xs, Xs. ■ - . by x,. 
With this agreement, we shall represent the sum (115 ) by the symbol 

n 

1=1 

Likewise, the sum in the right-hand member of (1 16 1 can be represented by 


i' = i 

The symbol represents suinmatioii, and the notation put on it in the above 
cases is intended to indiiuite that i ranges from 1 to n. 
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into n parts, Aix, A, a-, . . . , A„;r, and compute the value of fix,) 
for some value Xi in each patiial interval AiX and form the sum 

n 

'^f{Xi)AiX = fixi)AiX +fixi)A2X + • • • 

1 

+ fiXn-l)A„-iX -f fiXn)A„X, 

then the value of that sum, as we increase n beyond hound and 
simidtaneously cause all AiX to approach zero, approaches a limit. 

Furthermore, if Fix) is any function whose derivative is fix), 
then the limit of the above sum is Fib) — Fia). 

The limit involved in the above theorem is called the definite 
integral of fix) from x — a to x — b and is represented by the 
symbol 

j'y(x)dx. 

We shall call a the lower limit of integration and b the upper 
limit. From the figures above it should be clear that in case 
fix) is positive or zero throughout the interval a ^ x ^ b, 

J’’fix)dx represents the area bounded by the a;-axis, the curve 

y = fix), the line x = a, and the line x = h. 

The foregoing theorem is based on the assumption that the 
lower limit, a, is less than the upper limit, h. The cases of 
a > b and a = h are cared for by the following definitions. 

Definition I. If a > b, then j'yix)dx = — Jyix)dx. 
Definition 11. f’^fix)dx = 0. 

J d 

If we also make use of the customary notation Fix) * for 

JCL 

FQ)) — Fia), we may express the second part of the theorem by 
the equality 

n 

lim XfiXi)AiX = rfix)dx = F(z)]' = Fib) - Fia), 

n~~^ 00 . •/o JO, 


= 6 — a, and 

I *= 1 


where 


Fix) = l’fix)dx 
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Illustration. Let f{x) = x, a = 1, and 6=2. Then if 
Air + AiX + • ■ ■ + AnX = 1, 

lim '£j{xi)AiX = rV(x)(lx = f% dx = ^’1“ = ^ - I 
> 00 Ja Ji 2 2 2 


3 

2 * 


We may, in this case, obtain cUrectly the area bounded by the x-axis, the 
curve y = f(x) = x, and the ordinates x = 1 and x = 2, since it is a trape- 
zoid with parallel sides equal to 1 and 2. and 1 unit apart. The area is thus 
obtained as 3 ^ 2(1 )(1 +2) = 

Exercise 2 . Prove that \F{x) -|- C\ 1^' - F(x) 1\ and hence that f^f(x)dx 

Ja Ja Ja ' ' 

is independent of the choice of the constant of integration. 


1- State the value of 


Problems 


lim [xi^AiX + .r.?A,.r + Xs^A^x + . • . + - lim ^Xi^Xx. 

n-* « X ^ 

AiX—^Q AiJ"— +0 £ = 1 

where Aix, Aux, AsX, . . . , A^-ix, AnX are subdivisions of the inter\^al from 

X = 1 to X == 3 and Xi, Xa, Xs x„.i, x„ are abscissas chosen in the 

corresponding partial intervals. Ans. '^^ 3 . 

2 . State the value of 


lim [cos XiAix 4- cos x^A^x + ■ • • 4 cos x„A„xi 

n—^ ao 
J.iX — ^0 


n 


lim V 

tl-~* ao 

Air-^O »*1 


COS Xj AiX, 


where AiX, A 2 X, . . . , AnX are a set of subdivisions of the interval from x = 0 
to X = 7r/2 and Xt, for each value of ?, is an abscissa chosen in the subinterval 
Aix. Am. 1 . 

3. State the value of 


lim [(Vxi 4 I'^AiX 4 (\/x2 4 1)A2X 4 ... 4 4 DA,,xl = 

71— > 00 

n 

lim 'y(\'x,+ 

n—* 3= 

Ai J*— *0 { ~ 1 


1 lA.X, 


where the AjX are siibiritervals of the interval from x = 1 to x = 4 and x* 
is an abscissa in the subinterval A,xfor each value of i from 1 to ft. 


4. Compute the definite integrals; 


(a)J 

1 X 

AfliS. 1. 

(c) j sin X dx. 

W J 

'0 

:: 4 1 )dx. 

{d) dx. 


Am. 1 . 
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- 1: 

TT 

r 

W A 


’3 X dx 


\ 3 + x- 
" ^ 

+ X- 


A ns. ;^iog2. 


A 1 -f 2i: dx, 

sin 2 X dx. 

cos^ 2x dx. 

*3 dx 
sin X cos X 


{k) dx. 

<‘>S 


'tan- 2a: dx. Ans. 


'2 dx 


(,») j; 


V2x -^2 


/o" 

7 . 

, , /’12 cia: 

^ Jo COS’’ 


o; sin 2x 


3a: 


4 

8 


-dx. Am. 


Ans. It (2 

TT — 2 


{'h 

6. Take/(x ) = 1 and verify that J dx ^ h — a, by considering 


lim [1 ■ AiX 4- 1 • Aoo: 4- 1 • AaX + 


1 • Aw— lO: -f" i * A«a:], 


n— > » 


where AiX, A*iX, Ago:, . . . , AnX are a subdivision of the interval from a: = ato 
X = b. 

62 ^2 

X dx — — 2 considering 


lim [xiAio: + a: 2 A 2 a: 4“ x^AsX + 


4“ o^wAw.^], 


n--> X 
A.x-^0 


where AiX, A 2 .r, A,s.r A„x are subdivisions of the interval from x — a to 

X = 6. 

Hint: Take AiX = A 2 X = Agx = - • • AnX = — = A.x, and also 

n 

Xi = a, X 2 - a 4- Ax, Xu =0-4 2Ax, • • • , x„ = a -}- (/j. — l)Ax. Recall 
that 14'24“34' ■ * ■ 4"(^ — ” — s — 

7. If/(~x) = —/(x) (a function having this property is called an odd 
function; e.g.^ sin x is such a function, as is also x^), prove J* f(x)dx = 0. 

79. Properties of Definite Integrals. We now quote some 
important properties of definite integrals as exercises for the 
student to proven 


Exercise 1. Prove that f fix)dx + f f(x)dx = f^ixjdx. 

Ja Jb Ja 
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Exercise 2. Prove that if fixi is positive in the interval a ^ ^ then 

f{x)dx is a positive number, and if /(x^ is negative in the interA’al, then 

i: 


f{x)dx is a negative number. 


Exercise 3. Prove that i: f(x)dx ~ {b where ^ is some number 

satisfying a S i S h. (Theorem of the mean for integration.! 

Hint: Divide the interval from a to b into n equal parts and choose some 
abscissa Xi in each. Then 


+f(xA + 


+ ) -f /Un 




where a S z ^b. This 2 will vary with the choice of n and the choice of 
the Xi but will always satisfy the above inequality as the student may see 
by employing Property 1 , page 161, for continuous functions. Now multiply 
the numerator and denominator of the fraction on the left-hand side of the 
equation by Ax and let n — > = 0 . 

Note: The value /(^) in this exercise is called the mean value of the func- 
tion in the interval a ^ x ^ b. 


Problems 

1. Find the mean value of the function, and the corresponding value of 
the independent variable, in each of the following: 

(a.) f{x) ~ x\ in the interval 1 ^ .r ^ 3. 

(b) fix) = sin 2a:, in the interval 0 ^ a* ^ tt 6 . 3. 2r. 

(c) fix) = log X, in the intervml 1 ^ .t ^ e-. 
id) fix) = sin^ X, in the inter^uil 0 ^ a: ^ tt. 

2. Find the mean value of the ordinate y of the part of the ellipse 


02 



lying in the first quadrant, 

(a) When y is expressed as a function of the abscissa, x. 

(b) When y is expressed as a function of the eccentric angle 

y = b sin 6. Ans. !u) irb 4: ib^' 2h r. 

3. Find the mean value of the ordinate of the parabola .r =2/ - 1, 

y = /,2 _p 3 interval between the vertex and the //-axis, 

(a) When the ordinate is expressed as a function of the abs(‘issa. 

(h) When the ordinate is expressed as a futuuitm of tlit‘ paranicter. 

An,^. '^^ 12 - 

4. Find the mean value of the abscissa of the parabola »»f Prob. 3 in the 
interval given there, 

(a) When it is expressed as a function of the ordinate. 

ib) When it is expressed as a function of the parameter. 
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6. For the part of the (’lin e ;■ = 2 cos i9 in the first quadrant, 

(n) Find the mean value of r (expressed as a function of 6). 

{b’l Find the mean value of B (expressed as a function of r). 

6. Find the mean density of a rod of length 2 units if the density at a 
point of distance x from one end is 1 + At what point of the rod does 
the density attain its mean value? Aws. 2/\/3 units from end. 

7. Find the mean value of y for the upper part of the circle x‘^ + 

[y expressed as a function of s, the length of arc from (a,0) to (x,y)]. 

80. Improper Integrals. In our definition of the definite 
integral pf{x)dx, a and I were understood to be finite numbers 

and the function /(a;) was understood to be continuous, and hence 
finite, in the interval a ^ x ^ b. If either of these conditions is 
lacking, i.e., if the limits a and b are not both finite or if the 
integrand function f{x) becomes infinite an3rw’'here in the interval, 

the definite integral j'^f(x)dz is said to be improper. The ques- 
tion that arises in connection with an improper integral is whether 
it has a numerical value at all, in other •words, whether the limit, 
in terms of ■5\'hich the definite integral was defined, exists. To 
decide that question and to find the value of the integral when it 
does exist, we define an improper integral as the limit of a proper 
integral, as follows: 

f* 

1. I f(x)dx is defined as lim i f{x)dx. 

tt— > PO 

2. f f{x)dx is defined as lim {^f{x)dx. 

3. If the integrand function becomes infinite at the lower l im it 
a, we define 

f^f(x)dx = lim P f{x)dx. 

e— vO •/« + € 

4. If the integrand function becomes infinite at the upper limit 
h, we define 

j^f{x)dx = lim y(x)dT. 

5. If the integrand function becomes infinite for a value c 
intermediate to a and b, "we define 

f'’f{x)dx = lim p ‘/(x)dr -f lim f }{x)dx. 
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If the limit, in any of these cases, exists, that limit is said to be 
the value of the definite integral. 


Illustration 


ion 1. I 

Jo 


dx 


0 (x + 1)2 


By 1, above, we define this integral as 


lim f"" 
u—^ 00 Jo 


dx 

{x -Tip 


lim — rhl"* = = 1- 

* L T" A J 0 U—* 30 \ li -|“ 1 / 


Illustration 


ion 2. 


dx 


Here the integrand fimetioii becomes infinite 


-1^ 

at a: =0. By 5, above, we define it as 

S', X+.:^ - 5, [tJ ‘ 

and both limits are infinite. This integral is, hence, undefined. 

Note that if we took no account of the discontinuity of the integrand and 
performed formal steps uncritically, we would get the false result 


r = — 


11-' = -. 
xJ^ 


3 = --6. 


m /.' 


X dx 


ic) 

id) 


(4 + x^)n 
r 2 dx 

Jo \/2 — X 


Am. 


Problems 

1. In each of the following cases find whether the given integral is defined, 
and if so, find its value. 

-■ Ans. h4- WjoT- 

Ans. 2 V 2 . (&) r. dx. 

. 1 .,. 16V5/3. 

/*0 ifjr 

Am. t/A. (m) J 

S- + -Ij- + 5 

Ans. 1. (o) sin 2x dx. 

Ans. VW. (,,) 


V2“ 

’4 X dx 


J2 -y/x — 2 

. . r* 

Ji 


dx 


x^ix — l! 


Show that f - exists if, and onlv if, /« < 1. Find also the 

Ja {0 - .D'* 


conditions for the exist eiu‘c of 


f p 

Jii \X - I/O* 
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81a. Areas in Rectangular Coordinates. Let it be required to 
find the area bounded by two curves y = fix) and y = gix) where 
fix) ^ g{x),a ^ X ^ 6 (Fig. 128), the area extendingfrom the line 
r = a to the line x = b and so situated that any line, between 
X = a and x = h and parallel to the ^/-axis, meets each of the 

bounding curves once. 

If we divide the interval a ^ z ^ b 
into any number, say n, parts and erect 
ordinates at the points of division, those 
ordinates will divide the area in question 
into an equal number of parts. One such 
part, whose boundary is AB, arc BC, 
CD, and arc DA, is shown in Fig. 128. 
If we choose an abscissa x, intermediate 
to the abscissa of A and D (or, for that matter, equal to either of 
them) and draw the corresponding ordinate, a rectangle is formed, 
of area 

Fix) Ax, 

where Fix) = fix) — gix) and Ax is the length of the particular 
subinterval. The area of this rectangle is called an element of 
area. It is not identic al with the area A BCD, and hence the 
sum of all 71 of such rectangles, i.e., 

XFix,)A,x, 

is not identical with the area sought. But it is clear that as 
we increase the number n of subdivisions indefinitely, while the 
values of Xr simultaneously approach zero, the sum of the n 
elements of area approaches, as a limit, the area in question. In 
view of the fundamental theorem of integral calculus (Sec. 78 ), 
we have, then, as a measure of this area, 

71 

lim '^F{Xi)AiX — rFix)dx, 
where F(x) = fix) — g(x). 

Exercise 1. Show that the area (Fig. 129) bounded by the two curves 
X = f(i/) and X = g(y), extending from y = a to y ^ h and so situated that 


y 
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every line through it and parallel to OX meets each of the bounding eur\’es 
once, is measured by 


n ^ 

lim '^FiyiiSnj = f F[y<dy, 
where F( 2 /) =/(?/) - g(y). 

Illustration 1. Find the area hounded l;>y the two curves ?/ = + 13 

and y = 2x2 + 4. 



y=>b 



Solution. To find the points of intersection, we solve the two equations 
simultaneously, obtaining x — —3 and x ^ 3. These values are the limits 
of integration. The element of area is a rectangle of dimensions Ax and 
Ei^) ==/(^) gi^) = + 13 ) — (2x2 +4) = 9 — x‘K The area requested 

is, then, given by 


n 


lim 

00 


28. 


Xi2)A;X 



9x-|- ^^ = 18~(-18)=36, 


Note that, owing to the symmetry of this area with respect to OF, we 
might have computed the right-hand half of the area, by integrating from 
X = 0 to .r = 3, and doubled the result. 

In other words we might have repre- 
sented the area by 

= 21 9. - f ]’ - 

208 ~ 0) 30. 

Illustration 2. Find t he area hound- 
ed by the curvi' y = sin .r and the 
x-axis in the interval from x = 0 to x = 2r. 

Solution. The clenu'nt of area evidently, isiii x — 0* Ax = sin xAx. 
Inasmuch as tlu' nroa cxttMids from x = 0 to x = 2;r, we might be inelined 
to eompiitt^ th(' area as 
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12t 1 

il 

o 

- COS X = cos X 

Jo J 


2ir 


= 1 - 1 = 0 . 


The result is evidently absurd, the area in question certainly having a value 
different from zero. The fault lies in overlooking the fact that the element 
of area, as used, viz., sin x Ax, is positive in the interval from a; = 0 
to .r = T and negative in the inten^al from a* = tt to a; = 27r. The integral 

sin dx has, then, a positive value and J* sin x dx has a negative value 

(Exercise 2, See. 79). The first represents the area ABC, and the second 
represents the negative of the area CDE. 

Now, 


and 



sin X dx 



sin X dx 


"Jtt 10 

— cos x = cos .T = 1 — ( — 1) = 2, 

Jo -W 


~\2ir It 

— COS X = COS x\ = — 1 — 1 = —2. 


Each area is, therefore, equal to 2 and the total area is 4 units. We might 
have noted that the area of CDE is the same as that of ABC, and computed 
the entire area as 



sin X dx 


-2 cos X 


TT 10 

= 2 cos x\ = 2 — ( — 2) 
0 Jtt 


4. 


lUustration 3. Find the area bounded by the parabola +- 20a; = 96 
and the two lines y - x and y = 2.t, and lying in the first quadrant. 
Solution. Solving the pairs of equations 


+ 20a: = 96, 

(y = 

+ 20a- = 96, 
}y = 2a-, 


simultaneously, we find (4,4) an<l (3,6) as the points in the first quadrant 
in which the two lines intersect the parabola. We pass a line through the 
point C (4,4) parallel to OX, to divide the required area into two portions. 
Portion 0.4C is bounded by the lines y = x, y - 2x and ?/ = 4. Portion 
.4SC is bounded by the lines!/ - 2x,y - 4 and the parabola y- + 20.r = 96. 
In the latter portion the element of area is a rectangle of dimensions Ay and 

/O) - giy) = ~ I’ 


Area ABC 




Sm'. SI.mI 


DKFIXITK IXTKaixALS 


2'.)7 


The eleiuetit of urea in OAC is a roct ails'll- of (liinensions A;/ and 


fiy) - g(.y> = */ - | = |- 

and, hence 

Area OAC = ^dy = ^ ^ = 4 . 

Jo 2 ^ 4 Jo 

The total area OBC is, then, equal to 6^5 
units. 

Exercise 2. Draw a line through the point 
(3,6) of Fig. 132 parallel to OF and compute 
the area of Illustration 3 in two parts, using 
the formula 


f F(x)dx. 

Ja 



Fig. 132. 


Problems 


1. Compute the areas bouiided as follows: 

(a) By the curve x- + ^1/ - 36 and the x-axis. xlns. 72. 

(b) By the cur%"e x- + ^ + 6 = and the x-axis. Am. 

(c) By the curve y^ + 4x = 16 and the y-axis. Am. 

(d) By the curve y- — 6 x = 36 and the ^-axis. Ans. 48. 

(e) By the curve x- — 5|/ = 25 and the x-axis. 

(f) By the curve x- + 2x — ^ = 3 and the x-axis. .4?is. 

(g) By the curve x- — 3x + ^ — 2 = 0 and the line ?/ = 2 

(/?) By the curve y = cos x, and the lines, y — 0, x = r. 

(^) By the curves y- = 4x — x- and 4y = 4x — x- (smaller area), 
(y) By the curves x- = 9 — y and 5x“ = 4y. A?is. 24. 

2 . Compute the areas bounded by the following curves: 

(a) y- + 8 x = 16, 3y = 4x, and x =0 (two such areas). 

Ans. 

(b) X- + 82 / = 16 and 4y — 3x. Ans. ^^^ 6 * 

(c) X- + 2 /“ = 9 and x = 1 (smaller areah 

(d) 1 / = X“ — 6 x and x A- y — 6. 

(e) X- - 4^ and y(4 + x-) = S. d w.s*. -a(3T —2!. 

(P ^^2 ^ 4 .;^: — y - Q. 1 / = —x, and y = ~3x. An^. 

(g) X- + 4^- = 16 and 2y- -[- 3x = 0 i larger area L 

(//) y = log 2x + 1, 1 / = 3 log X, and y = 0. 

('{) y = e-^ cos 3x, y = sin 3x, x ~ 0 and lying the first 
tpiadrant and to the left of 12 x = tt. 

3. Compute the following: 

(d) The ar(‘a of the ellipse*^ 4 -^ 1. .ins, :ab. 

ir 0 “ 

(5) The area of the loop of the rurve 4//- - x^i,4 x^ 

(c) The area bounded by the 3 ’ i ,v — 2 ' and the 

line y = 4. 
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(d) The area bounded by the curve •+- = (d^- and the line 

a: + y = u. 

ic) The area enclosed by the curve 9a:- + = 2Qy'\ 

(J\ The area enclosed by the curve == 1- 

A?^s. %Tr ah, 

ig) The area enclosed by the curve y- + 2:r'^ -j- a:^ = 0. 

4. Compute the following areas: 

[a) Bounded by the curve xy- =- 8 - hr and its asymptote, the 

y-axis. 

ib) Bounded by the curve ?/“(6 - x) = and its asymptote, the 
line r = 6- ^Ttt. 

(c) Bounded by the curve ^'-(3 - x) = a?- (3 + x) and its asymptote, 
the line a: = 3. Ans. 18 A- 9 t/2. 

5. Find the area under one arch of the cycloid x = a(e — sin 6), 

y = rz(l — cos d). Hint: Express the element of area, y dx, in terms of 6. 
The limits on 6 are ^ = 0 and 6 = 27r. Ans, SraK 

6. (a) Find the area enclosed by the four-cusped hypocycloid x = a sin^ 
z/ — a cos^ 0. 

(b) Find the area bounded by the hyperbola x = a sec $, y — h tan 0, 
and the chord x = 2a. 

(c) Find the area bounded by one arch of the curve a: = a(l — cos 6), 

y - ad^ and the 'Z/-axis. A7is, 27ra^. 

7. Show that the area bounded by a parabola and a chord perpendicular 
to its axis is two-thirds of the area of the circumscribing rectangle. 

81b. Areas in Polar Coordinates. Let it be required to find 
the area OAB included by the lines OA and OB and the arc AB 

of a. curve whose equation, in 
polar coordinates, is r = f{d). 

Divide the arc AB into n parts, 
as in Fig. 133, and join the pole 
0 to the points of division. In 
each interval of arc, choose any 
^ value of 9 at random, and with 
the corresponding \^alue of r as 
radius, and 0 as center, draw a circle intersecting the two radii 
drawn to the adjacent points of division. We obtain, thus, n 
circular sectors, or elements of area, none of them necessarily 
identical with the actual subdivisions of the area AOB. But it is 
clear that as n is permitted to increase indefinitely, while simul- 
taneously the values of A9 approach zero, the sum of the circular 
sectors actually approaches the area desired as a limit. 


r^fidj 4d 
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Now, the area of a typical circular sector is ^(r N6), or half the 

radius, multiplied by the arc, where r = f{e). The sum of u 
sectors is 


n 



i^\ 


and the area sought is 


lim 


ifi- 


N9 = 


At0 — ^0 i~\ 



W)YdB, 


where a is the amplitude of 0^4 
and 

-4“ A20 -j- 

L^nd = j3 — a. 

Illustration. Find the area out- 
side the circle r = 3 and inside th(‘ 
curve r = 6 cos Q. 

Solution. The elemeyit of area 
A BCD equals 

irA Ai9 - |ri2 Ad, 


and jS is tlie amplitude of OBj 
C 



where ro = 6 cos 6 and ri = 3, i.e., cos^ 6 — 9)A^. The limits of 

integration are found by solving the equations of the two cur^^es simul- 
taneously, giving 6 — 7r/3 and 6 ~ tt/Z. 

They are, thus, a = — tt/S and /? = ir/S, and the area is given by 


r, I 


cos- 0 — 9 )dd 


=i[ 
= ^[0 


2e + sin 29 - 


e + sin 29 


+ 




-I ^ 

-V)]=U^ 


T 


3 


+ \ 3 


Note that on account of the symmetry of the area with respect to the 
polar axis we might have taken the limits of integration as 0 and w 3 and 
doubled the result, i.e.. we might liave written for the area 



4 (3t) cos- 0-9 )d6 = 9 -f- sin 


= »[(i+V)-“l=Ki+x)- 
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Problems 


1 . 


Coinpiite the area inside 

(a ! The eurve r — a{l — cos B). 
{b) The eur\'e /■ = a sin 36. 

(c) The eurve /■ = 3 cos 2d. 

(d) The eurve r- = iC sin 2d. 


Ans. 37raV2. 
Ans. Tra^/4. 
Ans. 97r/2. 




The (*urve r = 4 sec*’ - and to the right of the line 6 = 7r/2. 


(/) The first spire of the spiral of Archimedes, r = ad. 

{g) One loop of the cun^e r = 3 sin 46. 

(h) The curve r — sin 2^ + cos 26. Ans. tt. 

{i) The inner loop of the curve r == 1 + 2 cos 6. 

2, Compute the area bounded by the curves 

(a) r = 2 and r = 4 sin $ (each of the three areas). 

(h) r = a(l + sin 6) and 6 == 7r/'6 (each of the three areas). 


6 3 

(c) r = : — r and r = - — ; — ^ (each of the two areas). 

^ ^ 2 — sm 6 1 -f sill ^ 

(d) r = 1 — sin 0 and r = 1 (each of the three areas). 


(e) 


2 


and r 


Ans. 


1 — cos 6 1 + cos 9 

(/) cos 26 and r — a. Ans. (tt — l)a2. 

ig) r- = 2 sin 2^ and r = 2 sin 0 (each of three areas). 

3. For the hyperbolic spiral 7'$ = a, show that the area bounded by any 
two radii vectors and the curve is proportional to the difference in length 
of the two radii vectors. 

4. For the spiral of Archimedes, r = a$^ show that the area added by the 
nth spire is proportional to n — 1. 

5. (a) Find the area of the loop of the folium of Descartes, 


= 3a xy, 

by. transforming to polar coordinates. Ans. 3a^/2. 

{h) Find the area between the folium of Descartes and its asymptote 

X + y - —a( or, in polar coordinates, r ~ )• 

^ V sin 6 4- cos dj 

6 . Find the area enclosed by the curve •+* y^Y — -b by chang- 
ing to polar coordinates. 


82 . Lengths of Curves. We define the length of an are AB of 
a curve as the limit of the sum of the lengths of the inscribed chords, as 
the number of these chords is increased indefinitely while simul- 
taneously their lengths all approach zero. 

If, now, wo divide the arc .42? (Fig. 135) into n parts and draw 
tlie eorn'sponding chords, W(' obtain as th('ir lengths 


■\/Adx + Ai'-y, y/A^x + Ary, ■ ■ ■ , y/ A, fx + 
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Let us write the length of any oiu' of these ehords, say the fth, as 


■\/^rr + Ary = + 



M- = x-'l 


where y = /(x) is the equation y 

of the curve and |t is the value ^ 

of X in the fth interval, satisfy- Xy 

ing the theorem of the mean ' — I ■ 

(Sec. 62) — the continuity of 

j{x) and fix) in the interval ^ ' 

from A to B, which justifies the “ 

theorem of the mean, being, of ol(a,oi ( 6 ,o) 

course, a part of our hypothesis. Fi,;, 135 

The length, then, of arc AB, by 

our definition, and in view of the fundamental theorem of integral 
calculus, is 


lim + [/'(SOP "" fa 


[fixjj^dx. UH) 


n— > =« • _, 1 


If, along the arc AB, x is a function of y, say x = <p{y), we 
may w’rite the length of the fth chord as 



Ad = + I Aiy ==VW’ivdP + 1 A^y, 

where rji is a value of y in the fth interval satisfjung the theorem 
of the mean. An alternative expression for the length of arc AB 
is, then, 

n 

lim +■ [<(?'(’ 70 P Ai-y = \/l + [vr'(y)]“ d//. (US) 


71—^ «3 »• = I 
Aiy-^0 


If the curve of Fig. 135 is dt'fined paranndrically in rectangular 
coordinates as 

•r = ! 7 ( 0 , 

1 / = hit), 

(a = qiti), , (6 = g{ti), , j., . dy h'{f) 

where < f. {’ and < ; then/ (r) = -j- = )—r' 

U = hih), \d = hfA, dx g (t) 

and the element of integration in (117) a.ssumes the form 


^1 -h (^|))V(^)d/ = pdit)]--' dt. 
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The formula for the length of arc therefore becomes 

£VWW+WWdL (119) 

The same integral would have been obtained from (118) by use 
of the equation <p'iy) = dx/dy — g'it)/h'{t). 

Note that the element of integration in (119) equals 

V[g'{t)dtY + [h'Wm^ = + df^ = ds. [cf. (102).] (120) 

If, lastly, the equation of arc A 5 is in polar coordinates, in the 
form r = /(0), we transform the element of integration in (120) 
by the equations x = r cos 8, y = r sin d to 

'\/( — r sin d d9 + cos $ dr)^ + (r cos 6 dd + sin 6 dry 

= VrW + (cf. Sec. 70) 


and if at .4 , 5 = a, r = ri, while at B, 9 = jS, r = r^, we obtain 

r 



for the length of ^5 

or 


d9 



+ 1 dr. 


( 121 ) 


( 122 ) 


Fig. 136. 

dy _ 3x2 


lUustxatioii 1. Find the length of the seniiciibical 
parabola ay^ = x^ from the origin to the point 
p {2a, 2a V 2). 

Solution. Using (117) with 2az/^ = Sx^ and 


dx 2ay 


, we get for the length of OP (see Fig. 136), 


/*2<i / Qq’i 

OP = Jo Ml 






, , 9x% 

1 ^ — dx 
4ax® 


4a + 9x 


4a 


dx 


1 




2o 


J(22o)?i - (4o)?4] 
27v a 

22V22 - 8 
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Illustration 2. Find the length of the <*ireiiinifereiice of the circle 


X = a cos 
y = a sin e. 


Solution. The expression (119 )— with t replaced by t?— gives the desired 
length as 



— a sin dY + {a cos dp dd 



\ a- = a 6 



== 2 t(i. 


Note that a and a + 2r, with a arbitrary, could be employed for the limits 
of integration, just as well. 




Illustration 3. Find the length of the curve r = a cos 6. 

Solution. The expression (121) gives, as the length, 

^Jo ^ ” ^Jo ^ ^ ^ ~ '^Jo ^ 

= 2/1^1 = TQr 

Jo 

where, on account of symmetry wdth respect to the polar axis, we compute 
the length APO and double the result. Obviously d = 0 at .4 and d = t/2 
at 0. 

Problems 

1. Compute the length of 

(а) The parabola y- = 4.r from the origin to — 2r/ ). 

xlns. A (A -h a- -f log (u + \ 1 t a®). 

(б) The catenary y = u cosh ^ from the point of minimum ?j to the 
point where x = a. 

(c) The eutin‘ imrve .r- = i)y - y\ -Ins. Qir. 

(d) The circle .r- = y{4 - y) from th(‘ origin to [2:2 k 

(c) The curv(‘ y = log sin x froin {tt '2,0 j to (ox t). — lug 2 . 

(j) X- ^ {y ~~ \ from (0,1) to (5 a' 5 27, ^*^ 9 ). 

(g) The hypocycloid x’y -f y'^'^ — n- 3 . ,4n.s\ he. 

f7 + A ” y'^ r , A 

(h) The tractnx .r = log - A o- - y- from (O.a^ 
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to the point where y = v. 


Ans. 


a log 


V 

a 


t 


ii) The curve from x 1 to x ^ 2. 

€ — i 

(j) The curve y = log (1 - x^) from x 0 to x ^ }i. 

2 . Compute the length of 

(a) One tireh of the cycloid x a(d — sin 6), y — a{l -- cos 9). 

j4ns. 8a. 

(h) The curve x == a(cos t + t sin 0, V = «(sin t - t gos t) from 
= Qito/=)^. Ans. _ ^ 2 ), 


3 . 


(c) The curve x = cos t, y = —e* sin t from t = Oto i = a. 
Compute the length of 

(a) The entire curve r a sin 9. 7ra. 

(b) The entire curve ?* a(l “■ cos 9). Ans. 8a. 

(c) The first spire of the spiral of Archimedes r = a9. 


id) 


The entire curve r = a siii^ g- 


Ans. 37ra/2. 


4 

(e) The curve r = - — ; — ^ above the polar axis. 

^ 1 + sin ^ 

4 . Show that the length of the ellipse x = a sin <p, y =6 cos <p is given by 

O 

'\/r^ sin^ ip dip, where e is the eccentricity of the ellipse. 

This is an example of a so-called elliptic integral. It cannot be evaluated 
in terms of the familiar (algebraic, trigonometric, etc.) functions. By 
methods given later in this book, its value can be approximated. Its values 
are also tabulated in most good tables. Look up its value for the case 
e == \^/2 in a table. 

6. Given that P is a point on the curve r - a(l + cos 9)^ such that the 
length of its arc from (2a, 0°) to the point P equals 2a, find the area bounded 
by that arc, the polar axis and the line OF. (0 is the pole.) 

, aV , QV'SN 

Ans. + 

6. Find the length of the cylindrical helix x a cos 6^ y == a sin 9, z = hO, 

from e ^ Oto 9 ~ 2tt. Hikt: Show that 3s“ = +7y^ -f- in the case 

of a space curve. Ans. 27r 

7. Find the length of the curve x — e\ y = = t\f2 from i == 0 to 


i - 1. 


Ans. 

e 


83. Volumes of Solids. We begin with an illustration. Let 
ns find the volume of a sphere of radius a. Figure 139 shows the 
sphere with one-eighth of it bounded by three peu'pondic'ular planes 
through its center. Let us divide the radius OA into n parts and 
pass, through the points of division, ])lanes piu-])endicuhir to OA. 
These planes will divide the hemisphere to the right of tlu^ plane 
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COB into 11 partM. (Since the figure shows only one-eighth of the 
sphere, it shows only one quarter of one of these parts, as PQRS.) 

If OA is chosen as an axis, say the x-axis, and any value of j: i.s 
chosen in the interval TV, say x = OV, let us pass a plane through 
V perpendicular to OA, which will intersect the sphere in a circle 
parallel to the planes of the circles PQ and PS. If now we project 
that circle upon those planes we obtain, as the element of volumt, 


B 



the circular cylinder P'Q'R'S', of altitude Aj- and whose base 
has a radius equal to -s/ a- — x". Its volume is, therefore, eciual 
to Tr{a^ — x-)Ax. 

It is evident that while this cylinde : is not identical in volume 
with the portion PQRS, the sum of such cylinders actually 
approaches the volume of the hemisphere as the number of divi- 
sions is increased indefinitely and the intervals Ax all approach 
zero. Hence, by the fundamental theorem of integral calculus, 
the volume of the hemisphere is represented by 

n ^ 

lim — xA)AiX = ir{n- — r-)dx, 

A. ,r— 0 ‘ 

where A,.t, A..r, . . . , A„x are a set of subdivi.sions of the interval 

from .1- = 0 to .(■ = a. The volume of the sphere, then, is 

2rf“{a- - x-)c/x = 2r[«'X - 
= 2ir(fT — 


a well-known ivsult. 
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Suppose, now, we deal with any volume such that the area of a 
section cut from its boundary by any plane perpendicular to some 
line, say OX, is a known function of x, say /(a-), and that the por- 
tion of OX intercepted by the boundary of the surface is AB, 
where OA = a and OB = h. By dividing AB into n parts and 
passing, through the points of division, planes perpendicular to 

.45, we divide the volume into 
n parts. (TU in Fig. 140 is the 
width of one such part.) We 
pick any value of x in the inter- 
val TU and pass a plane at right 
angles to OX through the corre- 
sponding point. This plane 
cuts from the given figure a sec- 
tion whose area, by hypothesis, isf(x). If we project this section 
upon the planes through T and U, a cylinder is formed whose alti- 
tude is Ax and whose bases have the area/(a;). The sum of the vol- 
umes of all such cylinders is an approximation to the volume sought, 
and the limit of that sum, as the number of cylinders increases 
indefinitely and their altitudes all approach zero, is actually that 
volume. In other words, the volume of the solid is 



n 

T’ = lim '^f(xi)AiX = rf(x)dx. 

n — >00 
Xix-^0 ^ 


Illustration 1. A solid is such that every 
section of it, at right angles to OX^ is an 
equilateral triangle whose base is the double 
ordinate of the parabola y- == 4a:. Find its 
volume if it extends from x ~ 0 %o x = 

Solution. The area of a section, at a dis- 
tance X to the right of the origin, is that of an 
equilateral triangle of side 2y, and is equal to 
or 4a:\/3. The element of volume is a 
triangular prism whose base has the area 



4a:V3 and whose altitude is Ar. By the above treatment, the volume 
sought is 



2 Jo 


32 V 3 cubic units. 


Illustration 2. The area under the portion of the curve y = sin x from 
^ _ 0 to a: = TT is revolved about the i:-axis Find the volume of the solid 
generated. 



Sec. 83] 


DEFIXITE INTEGRALS 


307 


Solution. The area of a secHion at a distance x to the right of the origin, 
is that of a circle of radius y and equals xy-, or w siii^ x. As the element of 



volume we take a cylindrical plate whose width is Ax and whose base has the 
area x sin^ x. The volume we are finding is, then, 

V ~ I TT sin- X dx = ~ sin 2x1 = — 0‘ ^ cubic units. 

Jo 2L 2 Jo 2 2 

Illustration 3. The same area as in Illustration 2 is revolved about the 
y-axis. Find the volume of the solid generated. 

Solution. It is commnient to take here, as the element of volume, the 
volume between two concentric cylinders (cylindrical shell K The volume of 
this shell is 2xxyAx (where y is its altitude. Ax the thickness of its walls, and 



X the mean of its inner and outer radii) or 2wx sin xAx, since y = sin x. 
Hence, 




2xx sin X dx - 2x 


r = 2 x[t 

Jo 


OJ = 2x“ cul>ic units. 


Note: This problem could be solved by taking the element of integratimi 
as that bounded by two planes perpendicular to the axis of revolution, just 
as was done in the preeediiig problem. The area of a st‘Ction at a distance 
y above the x-axis is, then, xx-r — xXi'-. and the volume of the element is 
(xX 2 “ — xXi-)A?/. Now, from the equation y = sin x, we obtain x = sin”’ y. 
The principal value of sin“‘ y is Xi and x-j = x — Xi = x — siii~’ y. Hence 
the volume of the element is eipial to 

x[(x — sin~’ y)- — isin”’ y''"|A// = xix- — 2x sin"^ y)Ay. 
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The limits on y, in the solid formed, are zy = 0 and y/ = 1, and the volume is 


r = tr ~~ sin"’' y)dy = — 2x(/ sin ^ y — 2x\/l ~ ^ 

= - 2x ■ 5 - 0^ - (-2x) j = 2x-, as above. 

The student will, probably, prefer the cylindrical-shell element of integra- 
tion as more convenient in the case of this problem. 



Exercise 1. Show that the volume of the solid generated by revolving 
about OX the area bounded by the curve y = /(x), the a;-axis, and the 


ordinates x = a and x ~ b, is represented by t (* [f(x)Y dx. 

Ja 

Exercise 2. Show that the volume of the solid generate 
about OY the area bounded by the curve x = F(y)y the i 

X d 

lF{yW dy. 


Problems 

1. Find the volume of the solid generated by revolving the given area 
about OX in each case. 


(a) The circle x- -{- i/“ = 


(h) The ellipse ^ + p = 1- 


Ans. -g-a^. 
Ans. ^ah'K 


(c) Either area hounded by the curve y = cos x and the coordinate 

(d) The area hounded by the curve y'^ - 3.r -h 12 and the //-axis. 

(e) The area bounded by one arch of the (‘ydoid 


a{9 — sin 
}y = nil — cos d) 


and the x-axis. 


dn.s*. 


y = 6. 


if) The area bounded by the (‘urv(‘ t// -- .r- = 12 and tli(‘ line 

d n.s', 3S47r\/ /5 . 

ig) The area bounded by the curve .r- 4//'* and the line // = 4. 


{h) The area of the loop of Ihe curvt‘ - 


\x 


/- 


2 I 877 r/ 4 . 
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2. Find the volume of the solid oluuiiied by revolving the given areti 
about OY in each case. 

(а) The area bounded by the parabola ?/- -f = 6 and the y-axis. 

Ans, 48xV'S, 'o- 

(б) The area bounded by the lines y = 3x, i* = 0, and y = 3. 

(c) The area bounded by the curve x- = 4y and the line y = 2x. 

Ans. :)12r, 3. 

(d) The area below the cur\’e y = .r-^ -™ 4x and above the x-axis. 

(e) The area bounded by y = cos 2x. wy = 3x. and x = 0. 

(/) The area of Prob. 1(e). Ans. 

{g) The area inside the cur\'e x^:i + = a--.. Ans. 105. 

{h) The area of Prob. 1{7<). 

3. The area bounded by the eurv'e if = 4x -f- S and the line x = 2 is 
revolved about that line. Find the volume generated. Ans. i024ir 15. 

4. The area bounded by the curve (x — 4 - = 2y and the coordinate 
axes is revolved about the line y = 8. Find the volume generated. 

6. The area of Prob. 4 is revolved about the line x = 4. Find the volume 
generated. 

6. The area bounded by the parabola x- = 4y and the line x i- 2y = 4, 

is revolved about the line x = 3. Find the volume. A us. 723r, 

7. The area between the cissoid ififi — .ri = x'^ and its asymptote is 
revolved about the asymptote. Find the volume generated. .1 us. 547r". 

8. The area bounded by the parabola (x —4)“ = 2y and the line i/ = 8 
is revolved about the line y = S. Find the volume generated. 

9. Find the volume obtained by revolving a circle of radius a about a line 

in its plane whose distance from the center is 6, where b > a. This figure 
is called a torus. Aus. 2'jr-u-5. 

10. The area of Prob. 2(c) is revolved about the .r-axis. Find the volume 
generated. 

11 . If the area bounded by the curve y = ox- — 2x [a > 0), the x-axis, 
and the line ax = 1 equals find the volume obtained by revolving that 
area about the .r-axis. Also find the volume generated when that area is 
revolved about the line ax = 1. 

12. The area bounded by the curve y — the line y = 1, and the line 
X = 2, is revolved about the x-axis. Find the mean value of the area of a 
section of this solid at right angles to the x-axis, the area being considered 

as a function of its distance from the y-axis. .\us. - 5 >. 

13. solitl is siK'h that each section of it at right angles to the x-axis is 

an e(|uilat(u-al triangle wlu'se base extends from tlie .r-axis to the line y = 2x. 
Find its volume if it extends from x == 0 to x = 3. A/<^-. 9\ 3. 

14. Find the voliinu^ of a solid such that each .section of it at right angles 
to the y-axis is a s(iuare having «me diagonal extending from the liiu‘ y = -x 
to the parabola x == 2\ y. given that the solid extemls from y = 0 to y == 9. 

16. The stnUions of a solid at right angles tt) a liiu* are reetangles who.se 
diinensions art' ('a(*h proportional to tht' distaiiee of tlu‘ .section from a fixtai 
point A t)ti that line, t)nc dimension being twice the other. The solid inter- 
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cepts a distance AB on the line, equal to h. If the area of the section at a 
distance h/2 from A equals find the entire volume. Am. f 

16 . Every section, at right angles to OX, of a solid is an ellipse whose 
major axis extends from the line y — xto the line y — 3x and whose eccen- 
tricity is H. The solid extends to the right from the origin, and the area 
of its greatest section is 207r square units. Find its volume. Hint: The 
area of an ellipse whose semiaxes are u and v, is wuv. 

17 . Find the entire volume under the surface 4a‘2 + ^2 = 4(9 - z) and 
above the 3;2/-plane. Hint: Sections at right an gles to OZ an d at a d istance 
z above the rr^-plane are ellipses of seniiaxes -y/Q ^ z and 2'\/9 — z. 

Ans. SItt. 

18 . Find the volume in the fiirst octant, bounded by the cylinder 

= 9, the plane x Sy = 9, and the coordinate planes. Hint: 
Sections at right angles to the |/-axis are rectangles of dimensions x and 0, 

where x — 9 — and 2 = a /9 — 2/^* 

19 - Find the volume in the first octant bounded by the cylinder 
a;2 + = 16, the plane 2/ + 2^; = 8, and the coordinate planes. 

Ans. 327r - 12^. 

20 . Find the volume bounded by the yz-plsme and the surface 
y2 4, 3^2 ^ 12 - X. Ans. 24 ta/ 3. 

X y z 

21 - Find the volume of the pyramid formed by the plane ” + | ~ = 1 

and the coordinate planes. 

22. Find the volume in the first octant, bounded by the coordinate planes, 

the cylinder = 16, and the plane 2x + ?/ H- 82 = 12. 

23 . Find the volume common to the cylinders + 1/ — 9 and 
2^2 4- 2:2 — 9^ 

24 . A football is 10 in. long and a plane section containing a seam is an 
ellipse 6 in. broad. Find the volume of the ball, assuming that the leather 
is so stiff that every plane section perpendicular to the long axis is a square. 

120 . 

26 . A wedge is cut from a cylinder whose base is a circle of radius 2 ft., 
by a plane passing through a diameter of the base and inclined at an angle of 
60° to the base. Find the volume of the wedge, An.s. IOa/S/S. 

x^ 

26 . From each point of the ellipse ~ 4. — = lying in x^-plane, two 
lines are drawn parallel to the y^-plane and intersetding the ciivh 

^2 ^ 9^ 

lying in the X2/-plane. Find the volume formed. A ns. 96. 

84. Areas of Surfaces of Revolution. Let the are AB ho 

revolved about the a:-axi.s. Desired, to compuU^ th(‘ urvii of th(‘ 
surface generated. 

To solve this problem, let us divide the arc AB into n ])arts of 
lengths, A2S, , . . , and draw the chords through tluj 
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successive points of division. Let us call the lengths of the cor- 
responding chords Aic, Ajc, . . . , A„c. The area swept out by 
any chord A^c is that of a frustum of a cone whose, dimensions 
are indicated in Fig. 145, and is thus equal ioTr{yi + yi -|- Aiy)AiC. 
The total area swept out by all the chords, i.e., by the broken 
line AB, is, then 

n 

-ir'^i2yi + Aiy)AiC. 

i=l 

Now, the surface generated by the 
arc AB, in its revolution about the 
3:-axis, is defined as the limit of the 
sum of the surfaces generated by the 
n chords, as n increases beyond limit and the length of each 
chord tends to zero. In other words, the surface in question is 
defined as 



Fig. 145. 


lim TX(2y.- -I- Aiy)AiC = ir lim ]£(22/.- + A,y)A,c. 


lim I 

AiC — S'O 


2yiAiS "X 
{2yi + Aiy)AicJ 


= lim 

Aic-*0 

Ai2/->0 


2yi -j- AiyJ 


lim I 

AtC— >0 



for each of the values f = 1, 2, 3, . . . , n, since each limit in 
the product equals 1. It can be shown, furthermore, that if y 
and y' are continuous functions of a: for Ci ^ a; ^ a^, then, if we 
set (2yi + Aiy)AiC = Ui and 2yiAiS = Vi, the infinitesimals 
Ui, Vi satisfy the hypothesis of Duhamel’s theorem. (Art. 65.) 

By that theorem, the area of the surface that we are finding is 


71 71 

X lim V(2yi + A,- 2 /)A<c = r lim V2^,A,^ 

n—^ 00 n~-4 =0 



The differential ds, under the integral sign, will be put in the form 
■y/l + (dy/dx)^ dx or ^/l + (dx/dy)^ dj/, whichever is found more 
convenient. The limits of integration, if A is (oi,6i) and B is 
(as, 62), will be Ui and a -2 in the first ca.se and bi and in the second. 


Exercise 1. Sliow that the area of the surface of revolution obtained by 
revolving an are, AB about OY is represented by the definite integral 27r Jxds, 
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Illustration, (a) The upper half of the circle — 4a; + = 0 revolves 

about the a;-axis- Find the area of the surface formed. 

Solution, — By the formula above, the area is represented by 

2t J*^ ds = 27rJ^ -y/ix — 

= 27r \/{Ax “ x^) + (2 — xY dx = dx 

= ^TT-rJ^ == IGtt square units. 

(6) Let us also revolve this semicircle about the y-axis and compute the 
area of the surface formed. 

y Solution, By Exercise 1, this area is repre- 

Ci 2 , 2 ) sented by 

2'r/a; ds == 2T[/a:i ds + /a ;2 ds] 


where 


(0,0) 


5(4,0)' 




Xi 


= 2 - and x% = 2 + — 


Fig. 146. 

the first equation expressing the abscissa of a 
point on the arc AC as a function of y and the second expressing the 
abscissa of a point on the arc CB, also as a function of y. When x = xi 


dx ^ d(2 - yr^ 

dy dy 


and when x = 

dy dy 


We find it convenient to use \/l 4- {dx/dyY dy fords, and hence, the surface 
is given by 


- - V4 - 1^) V 


4-2/- 


Ay + 


a/4 — 


s> 

dy + 


"f ■ 


/I +4 -y^^ 


dy 

\/4 — 


J^^(2 + V4 - y^) ■ 

= ~ + r(vi% + 

~ ~ IbTT ^ 87r‘Ls(|uare units. 
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Problems 

1. Obtain the area of the surface of a sphere of radius a by revolving the 

semicircle about one of the coordinate axes. Ans. Aira^. 

2. Revolve each curve below about the axis indicated and compute the 
area of the surface formed. 

(a) The portion of the line y — Zx from (0^0) to (3,9) about OK] 
also about OY] also about the line a; = —I. 

Arts. 277r\/l0, 157r\/To. 

(b) The portion of the parabola y~ ~ x from (0,0) to (12,VT2) 
about OX] also about OY, 

, 17l7r r679vT2 1 , .o 

Ans. ^ log (2\/l2 + 7)1. 

(c) The portion of the line 2a; + 2 / + 6 =0 from (-2,-2) to 

( — 1,-4) about OX] also about OF. Ans, GtVs, 3t\^. 

id) The circle — 4:y +Z = 0 about OY] also about OX. 

(e) A loop of the curve 8^/® ~ x^ — about OX. Ans. t/4. 

if ) The ellipse ^ + p = 1 about OX] also about OF. 

X 

ig) The portion of the catenary y = a cosh “ from (0,a) to 
(a, a cosh 1) 

about OX] also about OF; also about the tangent drawn at (0,o). 

(A) The hypo cycloid x-^ + yH ~ aH about OX] also about OF. 

3. Revolve each curve below about the axis indicated and compute the 
area of the surface formed. 

[а) The arch of the cycloid x = a{d — sin d), y == a(l ~ cos &) 
about OX] also about the tangent at the point of ma.ximum y] also about the 
normal at the point of maximum y. 

(б) The portion of the curve x - sin y cos B from ^ = 0 

to ^ about OX] also about OF. 

(c) The cardioid r = ail - cos 6) about the polar axis. Hint: 

y = r sin ds — rHB^ + dr, Aiis. Z2Tra?/b, 

id) The right-hand half of the lemniscate = 4 cos 2B about the 
polar axis. 

4. Compute the lateral area of the finite portion of the paraboloid of 

revolution — 8x cut off by- the plane a; = 8. 

6. If a closed curve having an axis of symmetry revolves about a line 
parallel to that axis, not intersecting the curve, and at a distance a from 
the axis, prove (a) that the area of the surface formed is equal to 27r(iL, where 
L is the length of the curve; {h) that the volume generated equals 27rm4, 
\vh(;re A is the area enedosed by the curve. 

6. Use the statements made in Prob. 5 to obtain the surface and volume 
of tlie torus formed hy revolving a circle of radius a about a line in its 
plane a1 a distance of h units from the center (6 > a). 
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7. The segment of the line x y = 5, included between the coordinate 
axes, revolves about the line Zx — Ay = 12. Find the area of the surface 
formed. 

86. Work. If a force / of constant magnitude acts in a straight 
line over a distance s, the work done by the force is defined in 

mechanics as equal to/s (units of work). 

Let, now, a variable force act over 
the distance AB (Fig. 147) in such a 
manner that at each point it is a func- 
tion of the distance x from a fixed point 
0 on the line AB, say, the function /(a:). Required, the work 
done by the force. 

The student has, probably, by this time caught the spirit 
of the integral calculus to the end that his first move will be to 
divide the line AB into a number of parts, select any value of x in 
each interval, and consider the product f{x)Ax. Such a product 
measures the amount of work done by the force in the interval 
Ax, on the assumption that its value throughout that interval is 
constant and equals /(a:). This amount of work is not, in general, 
identical with the actual work performed by the force in the 
interval. It is clear, however, that as the number of intervals is 
permitted to increase beyond bound, while their lengths all tend 
to zero, the sum of these partial amounts of work approaches the 
exact total work as a limit. In other 
words, the amount of work done by 
the force over the distance is 

W ~ lim '^f{x,)AiX - jj{x)dx. 

Ail— *0* “ ^ 

Again, consider the amount of work 
done in pumping a liquid out of a 
tank such that a horizontal section of 
it, at a distance y above the bottom has an area ociual to J{y). 
Now, the work done in lifting a mass of weight w a distance s equals 
ws units of work. Since all of the liquid in the tank is not carrie^d 
up the same distance, we consider an element of volume, and the 
element of work done in raising it, choosing the element of volume 
so that we may assume the depth to be uniform throughout it. 
Such an element is f(y) Ay, and its weight is 8 ■ fiij) ■ Ay, where 8 is 




Fig. 147. 
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the density of the liquid. If the height of the tank is h, the distance 
the element of volume is raised is h — y, and the element of work 
is 5 -Ky) -Qi - y) ■ Ay. 

Without further details, the student vnll immediately identify 
the total amount of work as 

-fiy) ■ (h - y)dy. 

Illustration. Find the work done in pumping the water from a hemi- 
spherical tank of radius 5 ft. and containing water to a depth of 3 ft. at the 
start, if the outflow pipe is 2 ft. above the top of the tank and water weighs 
H 2 ton/cu. ft. 

Solution. It will be convenient to take the origin at the center of fche 
sphere (this will simplify the relation between 
X and y) and consider the 2 /-axis as positive 
downward (else all the y^s in our volume would 
be negative). An element of volume isrf • At/, 
and its weight is 

• Ay _ 7r(25 — y^) • Ay 
32 "" 32 

in tons, the right-hand expression coming from 
^2 _|_ 2/2 = 25, the equationpf the circular section 
through the a: 2 /-plane. The element is raised a distance 2 / + 2, and the 
element of work is 



^(25 - 2 /^) ( 7 / +2) Ay. 

The total amount of work, then, in foot-tons, done in emptying the tank, is 
^'’^(25 - y^){y + 2)dy, 

the least y for any element of volume being 2, at the top surface of the water, 
and the greatest y being 5, at the bottom of the tank. 

Problems 

1. A cylindrical tank of base radius 3 ft. and height 12 ft. is filled with 

oil weighing ton/cu, ft., to within 2 ft. of the top. The oil is pumped 

out of the tank, the outflow pipe being 5 ft. above the top of the tank. Com- 
pute the work expended. A‘ns. 277r ft .-tons. 

2. A conical tank 6 ft. in diameter across the top and 12 ft. deep is filled 
with water to half its depth. Find the work done in pumping the tank 
(anpty, the outflow pipe being 3 ft. above the top of the tank. 

3. A tank is in the shape of a paraboloid of revolution, with the vertex 

at the bottom. It is 6 ft. deep and 8 ft. wide across the top. If it is full of 
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water to start with and the outflow pipe is at the top of the tank, find the 
work done in pumping it empty. Ans. Stt ft.4ons. 

4. A horizontal cylindrical tank 12 ft. from end to end and 6 ft. in 
diameter is full of oil weighing ton/cu. ft. Find the work done in pump- 
ing it empty if the outflow pipe is at the top. 

6 . A tank, in the form of a hemisphere of radius 5 ft. surmounted by a 
cylinder of the same base radius and 12 ft, high, is filled with water to a 
point 3 ft. from the top. The outflow pipe is at the top of the cylinder. 
Find the work done in pumping the tank empty. 

6. A bag containing originally 60 lb. of flour is lifted through a vertical 

distance of 9 ft. While it is being lifted, flour is leaking from the bag at such 
a rate that the number of pounds lost is proportional to the square root of 
the distance traversed. If the total loss of flour is 12 lb., find the amount of 
work done in lifting the bag. Ans. 468 ft.-lb. 

7 . The force required to stretch a spring is proportional to the amount 
of stretch, and a force of 1 lb. stretches a particular piece of wire of normal 
length 40 in. to a length of 40.3 in. Find the work done in stretching this 
wirefromitsoriginallengthof 40in.toalengthof 41in. Ans. % in.-lb. 

8. The force required to compress a spring is proportional to the amount 
of compression. If the normal length of the spring is 8 in, and a force of 
40 lb. is required to compress it in*? And the work done in compressing 
it from its length of 8 in. to a length of 7 in.; also the work done in compress- 
ing it from a length of 7 in. to a length of 6 in. Ans. 40 in.-lb., 120 in.-lb. 

9 . A meteorite, a miles from the center of the earth to start with, falls 

to the earth’s surface. If the force of gravity is inversely proportional to 
the square of the distance from the center of the earth, find the work done by 
gravity if the weight of the meteorite is lo lb. at the surface of the earth. 
Call the radius of the earth R. / 1 1\ 

\R a/’ 

10 . A quantity of air with an initial volume of 100 cii. ft. and pressure of 
40 Ib./sq. in. is confined in a cylinder. It is compressed to a volume of 
80 cu. ft. Find the work done 

(а) on the basis that pv ^ c; Ans. 576,000 log ~ ft.-lb. 

(б) on the basis that pv^‘^ = c, 

where p is the pressure per square unit of area, v is the volume of air, and 

c is a constant. 

11 - In mechanics, the kinetic energy of a 
particle of mass m and possessing a velocity v 
is defined as (units of energy). Prove 
Fig. 150. ^ force whose value at any point P is 

J{x) moves a body from A to B, then the work 
done is equal to the kinetie energy at the point B minus the kinetic energy 
at the point ^4, i.e., prove that 

j f(x)dx = 

where is the velocity of the body at A and V 2 is the velocity of the body at 
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, dv dv dx dv 
J = = m-T- ■ -t: = mv^- 

dt dx dt dx 


12. Assuming that below the surface of the earth the force of gravity 
varies directly as the distance from the center, find what velocity a particle 
whose weight at the surface of the earth equals w, must possess at a distance 
a below the surface if it is traveling against gravity and its velocity becomes 
zero when it reaches the surface. Hint; The mass m of a particle, whose 


weight at the surface of the earth is w, equals w/g (g is approximately 32). 


Call the radius of the earth R; also see Prob. 11. 

Am. 



86. Attraction. Two material particles, according to Newton’s 
law, attract each other with a force directed along the line joining 
them, proportional to the product of their masses and inversely 
proportional to the square of the distance between them, the force 
being equal, in other words, to kmirriijR^, where mi and are the 
two masses and R is the distance between 
them. The value of k, a constant, de- 
pends upon the choice of units of mass, 
distance and force. In fact, we may, and 
shall, assume the units to have been so 
chosen that ^: = 1. 

Let us now find the total attraction of 
a homogeneous rod of length 21 and den- 
sity 5 upon a particle of mass m situated on a perpendicular 
bisector of the rod, at a distance a from it. • 

Solution. Consider an element of attraction, viz., the attraction 
of an element of length Ax, of the rod upon the particle situated at 

5 * * A-X 

P. By Newton’s law", it equals ^^5 j and is directed as 

indicated in Fig. 151. This element of attraction has a com- 
ponent at right angles to the rod, directed along PO, and a com- 
ponent parallel to the rod. Owing to the symmetry of the rod 
with respect to the line OP, the components parallel to the rod 
will add to zero for pairs of equal elements Ax equidistant from 
0 and on opposite sides of it. Hence their resultant is zero. 
We need, then, to sum only the components of the attraction along 
PO. Now the magnitude of such a component is 

■mb ■ Ax ■ sin d 


P 



Fi(i. 151. 
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and the total attraction, the student will perceive immediately, 


Jo 


sin 6 dx 


To evaluate this integral we must express the integrand in terms 
of X. Now, r = s/a^ + and sin 6 = a/-\/ + x^. Hence, 
the total attraction is 


dx 

0 (a^ + ^ 2mSa- — 


X _ 2mdl 

a^\/a^ + x^_o + P 


units of force. 


Problems 

1 . Find the attraction for the example worked out in the text, on the 
basis that the density at any point of the rod, at a distance x from its center, 

\ \/Z2 + a^J 

2. A particle of mass m is placed in the line of a rod of length I and density 
5, and at a distance a from the nearer end. Find the attraction of the rod 
upon a particle: 

(a) Assuming 5 to be constant, i.e,, the rod homogeneous; 

. m8l 

W+T) 

(b) Assuming 5 at any point of the rod to equal 2a:, where x is the 
distance of that point from the end near the particle. 

Ans. 2m 1 . 

3. A particle of mass 1 is placed on the line through the center of a circular 

loop of wire, perpendicular to the plane of the wire, and at a distance a from 
the center. The wire is of negligible thickness and uniform density 5. 
Find the attraction of the wire upon the particle, the radius of the circle 
being equal to r. Ans. 27rar8/(a‘^ -f- r^)%. 

4. A particle of mass 1 is placed on the line through the center of a circular 
disk, of radius r and perpendicular to the plane of the disk, th(^ particle- 
being at a distance a from the center of the disk. Find the attraction of th<^ 
disk upon the particle assuming the density of the disk 


(a) to be 5, a constant; 


Ans. 27r5( 1 


+ 


(6) at a distance x from its center to be x/3. 

6. A material cylinder has a radius of base equal to r, height e(|ual to h 
and density 6. A particle of mass 1 is placed on the axis of the cylinder 
produced, at a distance a from the nearer l)ase. Find the attraction of th(‘ 
cylinder upon the particle. Ans. 27rB[h + ~ + r^]. 
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6 . (a) If the particle, in the example worked out in the text, is pulled 
away, against the attraction of the rod, from its initial position at P to a 
point Q on the line OP such that OQ = 6, find the amount of the work done. 


i + V 


Am. 2m 8 log . , , 

(6) Pind the limit of the quantity found in (a) as h (This 

limit, with m set equal to 1, is called the 'potential at P due to the rod.) 

A ot!- 1 ^ "h ‘\/P‘ "i" (P 

Ans, 25 log . 

7. A particle of mass nii is placed at 0, Another particle, of mass m 2 , 
moves along some path from P to Q, against 
the attraction of the first particle. Show that 
the amount of work done upon it is equal 
to 


rriim^ 


G-:> 


where a = OQ and h = OP, regardless of 
the path. Hint: Use polar coordinates with 

pole at 0 and recall that tan a = when 



e a 


Fig. 152. 


is the angle between the 


radius from 0 to a point on the arc PQ and the tangent drawn at that 
point. The element of work is the product of the component along 

the tangent, by As. Also recall that ds = \/ dr^ + rd9^. 

Note: The limit of the amount of work as a is called the potential 
at P due to mi being located at 0 (see Prob. 6) if = 1- It reduces, thus, 
to mi/6. 


87 . Center of Gravity. It is tolerably well known to the 
student that two bodies of masses mi and m2 will balance when 
placed on opposite sides of the fulcrum of a lever if the distances 

di and are such that mi di = m2 ^2. 

h — dj — ^ H Such a product^ md, of a mass m, by a 

kJ Q distance d, is called the niomcnt of the 

^ . ro mass about a point, line or plane which 

TIG. 15o. . IT 7 f • T 1 • 

IS at the distance d irom it. In this 
language, wo say that the two masses m-i and m-i will balance on the 
lever if they lie on opposite sides of the fulcrum and Iuia^c equal 
moments. 

If, instead of two masses there are p of them, mi, uhi, • . • , 
m^ on one side of the fulcrum 0, at the distances di, do? • • . , 
dp and r/ of them /xi, . . * , on the other side at the distant'(\s 
5i, 62; ... ? ^q) th(‘ system will still balaiuM^ at 0, ])rovid{Hl the' 
distances and masse's are such that 


7ri\ di + m2 ^2 + ■ • • -f- nip dp = ^ui^i + ^2^2 ‘ 
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i.e., provided the sum of the moments of the masses on one side 
of 0 is equal to the sum of the moments of the masses on the other 
side of 0. 

If we now employ the notion of directed distances and use the 
abscissa of a point to represent its directed distance, we have 




Mo 








c5" 

/“2 


6 * ciD □ ■ 

/t, 


Fig. 154. 


Xi ^2 — * * * ? ~~ dpj ^p~{~l ^p+2 ^2? * * * j 

0:^4.^ = —Srf and write = jui, mp+2 = * • * , = ij^q, 

the above equation can be written as 


miXi + 7712X2 + • • ‘ + TTlpXp = 


or 


77lp-^lXp^± 77lp^2^P'+2 


TTlp^qXp^q 


miXi + rriiXz + • • • + = 0 , 


where n = p + q. We thus see that, by defining the moment of 
a given mass about a given point as the mass times the directed 
distance from the point, the masses will balance about a point so 
located that the sum of the moments of the masses about it is 
equal to zero. 

We propose, now, the problem, given a set of point masses 
mi. Mi, . . . , m„, located on the a:-axis with abscissas xi, x^, 

. . . , Xn, respectively, to find the abscis.sa x of the point about 
which they will balance. To solve this we first note that the 
directed distances of the given point masses from the point whose 
abscissa is x are the quantities xi — x, X2 — x, ■ ■ ■ , Xn — x. 
Since the sum of the moments about this point must be zero, we 
have 


0 = (xi - x)nii + (xi - x)m2 + • ■ • + 

or, finally 

- ^ :riOTi + x^mj + • • . -f- x„mn 
mi -f- m2 + • • • + mn 
locating the center vf gramty of the system. 


x)m„ 


(123) 


Exercise 1. I’rovp that- (Ik; sum of the tnoiiiei)t.s of the niansea Wi, wj, 
. . . , located on the .r-axis at, poirif.s whose atiseissfis a.rc, respectively, 
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xij X 2 , , • , , Xnj about any fixed point P on the a:-axis, is equal to the 
moment about the- point P of a mass equal to (mi + /n 2 + • • • -{- m«) and 
located at x as given in Eq. (123). 

Exercise 2. Derive an equation analogous to (123) modified for the case 
in which the masses are on the y-axis and obtain 


. ^ ymi + ymi + • — + Vrmn 
ttli + ‘m2 ftln 

It should be clear to the student that, if a system of point 
masses, mi at (xi,yi), at (xi,yi), . . . , nin at is to 

balance at a point i2,y), that the system should still balance after 
all points are projected upon each coordinate axis. Hence we 
obtain the equations 

- — + ^2^2 -f • • ■ X^mn 

mi + Jn 2 + • • • + m„ (124) 

- _ ymi + yiinj + • • • + t/nm,. 

mi ”1" m 2 "b * ' ’ ”t“ m^^ 

locating the center of gravity of the system. 

Similarly, in three dimensions, the coordinates, (x,y,z), of the 
center of gravity of a system of point masses, mi, m 2 , . . • , m,i, 
located, respectively, at the points {xi,yi,Zi), {x<i,y‘i,zt), . . . , 
{xn,yn,Zn) arc given by the equations 


^ i Wi + a:2m2 + ‘ • • 4- x,jn n 
mi “b m2 "b ■ ■ ■ m„ 
ymi + y^m-i + • • • + yv.mn 
mi + m2 + ■ ■ • + m,i 
Zimi + z^mi + • • • + 2nm„ 

mi + m 2 + • • • + m„ 


( 125 ) 


Since these sets of equations, locating the center of gravity of a 
system of point masses, are based on an assumed system of 
coordinates, it might at first seem that the result would depend, 
in some way, upon the choice of that system. That this is not 
the case, and that the position of the center of gravity depends 
only on the masses themselves and their positions relative to 
each other, we establish by means of the following ex(U‘cises. 


Exercise 3. If the axes are translated, with a now origin at show 

that Eqs. ( 124 ), stated in the new (‘oordinates, will define tlu‘ sani(^ point 
as they do in the old coordinates. 

Exercise 4. If the axes ar(‘ rotated through an angli* (/, show that Eqs. 
( 124 ), stated in the new coordinates, will define the same i)oint as they do in 
the old coordinates. 
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Exercise 6. If the axes are translated, with new axes at {h,k,l), show that 
Eqs. (125), stated in the new coordinates, will define the same point as they 
do in the old coordinates. 

Exercise 6. If the axes are rotated, so that the new axes have as their 
direction cosines with respect to the old axes, l 2 ,mz,n 2 , Is, ms, ns, show 

that Eqs. (125), stated in the new coordinates, will define the .same point 
as they do in the old coordinates. 

So far, we have dealt with the center of gravity of a system of 
point masses merely as the point about which the system will be 
balanced in the field of gravity. The point, however, has another 
interesting property, viz., that the sum of the moments of the 
massps about any fixed line or plane is the same as the moment, 
about that line or plane, of a single mass located at the center of 
gravity and equal in magnitude to the sum of the masses of the 
system. The proof is left to the student in the following exercises . 

Exercise 7. Prove that the sum of the moments of a set of point masses, 
located in a plane, about an arbitrary line in that plane, is equal to the 
moment about that line of a single mass equal to the sum of the masses of 
the set and located at their center of gravity. 

Exercise 8 . Prove that the sum of the moments of a set of point masses 
in space about an arbitrary plane is equal to the moment about that plane 
of a single mass equal in magnitude to the sum of the masses of the set and 
located at their center of gravity. 

If now instead of dealing with a finite number of point masses 
we deal with an infinite number of particles, forming an arc of a 
curve, an area of a surface, or filling a portion of space, and desire 
to find their center of gravity we resort to the consideration of an 
element of mass whose shape or size is such that we may consider it 
as located at a point. Assuming first the entire mass divided into 
a finite number, say n, of such elements we may apply formula.^ 
(123), (124), or (125) to them and then extend the result in the 
usual fashion of the integral calculus, as n is allowed to become 
infinite. Thus, if the element of mass. Ami, has aq- as the abscissa 
of its center of gravity, we have, for the case of n elements of mass 

x I A\m -f- xtAitn + 

A\'}n “b Ao'ffi 

where M is the total mass. Now, if we define tlie abscissa of the 
center of gravity of our eonfigurutioii as the limiting value of the 
above as n becomes infinite and as each element of mass tends to 


Txi Aiin 
■ + Xn A,. w _ ^ 

-b m ~ M 
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zero as a limit, we obtain 

^ la: dm 

w •- _ ' - • 

M M 

Also, in like manner, we derive 

_ _ jy dm 

\z dm 
z = - 

M 

the limits in the integration being determined by the figure under 
consideration. 

Illustration 1. Find the center of gravity of | ' ". j ' | 

a homogeneous straight line of length a. h a 4 

Solution, Assume an axis, say the a;-axis, to 
coincide with the line, with the origin at one end of it. If the density of the 
line is we have A/n = 5 • Aa: and 


5 • Xi • ^iX 

n—^ 00 JmJ 
AiX^O 2=:1 


p- 


• X - dx 


da 8a 8a 2 

hence, the center of gravity of a homogeneous straight line is its midpoint. 
Illustration 2. Find the center of gravity of a homogeneous circular 
disk of radius a. 

F Solution. Assume as the coordinate axes two per- 

pendiciilar diameters. The clement of mass is now 

/ element of area, 2y • Ax^ multiplied by the density 


z\/ — X- dx 
ttu- 

-|V (.n- - x-j^ 



I ' 

8y and 

1 v i 

f*a f* 

V 

iy 

^ J 

8 • 2yx dx 1 

— a J - 


Fio. 156. 


To find f/, we employ another clement of area than the one just used, since 
y does not have a constant value throughout it. The y 

element we choose now is parallel to OA", so that 
Am — 5 ' 2x • Ay and i~J lffl!Wf! T i 

5 ■ 2xy dy / j 

^ S ■ TTtt* \ j 

P 2y\/'a^ - y‘‘ dy ^ ^ 

= 0 - Fig. 157. 

Hence, the center of gravity of a homogeneous circular disk is its center. 
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Exercise 9. Prove that the center of gravity of a rectangle of uniform 
density is its center. 

Exercise 10. Find the ordinate, y, for the circle in Illustration 2 by 
using an element as shown in Fig. 156 and, since the element is a rectangle, 
using the center of the element as its center of gravity. 

Problems 

1. Find the center of gravity of the following: 

(a) Masses 2, 1, 3, 5 placed, respectively, at (0,1), (2, —3), ( —4,1), 
(3,2). Ans. 

(h) Five equal masses placed at (2,0),(3, — 1),(2,— 4),(— 4,3),(5,1). 

Ans. (%,-Ji). 

(c) Masses 3, 2, 4 placed, respectively, at (0,2,1 ), (3, — 1,2), 
(-2,3,-!). 

(d) Three equal masses placed at (0;0,3),( — 2, “-4,3),(4,1, -2). 

2. {a) Given p + q point masses, mi, m2, M], M 2 , . . . , Mq 

show that their center of gravity can be found by assuming one mass equal 
to (mi + ^^2 + • • • + '^p), located at the center of gravity of the first p 
particles, and another mass equal to (Mi + M2 + * • • + M,j), situated 
at the center of gravity of the other q particles . 

(6) Show that the center of gravity of an area consisting of two parts 
can be found by assuming each part to be concentrated at its center of 
gravity. 

3. Show that the center of gravity (a) of a triangular area is the inter- 
section of the medians of the triangle; (5) of a set of three equal point masses 
is the intersection of the medians of the triangle formed by joining tlu* 
points. 

4. Show that the center of gravity of a semicircular area is on th(‘ 
bisecting radius and at a distance from the center equal to 4/37r times the 
radius. 

6. Show that if an area or volume has an axis of symmetry, tliat axis 
passes through the center of gravity. 

6. A homogeneous area consists of a rectangle of dinumsions 2a and 25, 
to which is adjoined a semicircle that has one of the sides of length 2a as a 
diameter. Find the center of gravity of the combined figure. 

7. Find the center of gravity of 

(a) The arc of the circle + 1 /^ == lying in the first quadrant. 

Hint: din ~ 8 • ds and M - fS ds — ^S. Ans. I = ;// == 2o/7r. 

(5) The are of the hypoeycloid X7'j -J- lying in the first 

quadrant. Ans. x = y = 2a /5. 

{c) The arc of the first arch of the cycloid x - a{6 — sin 6), 
y = a(l - cos e). Ans. (xa,4a/3). 

(d) The arc of the catenary y = n cosh ~ hetvve(‘n x ^ 0 and x 1 . 

a 

(e) The area bounded by the liiu^s x = 0, i/ = 3, ^ = 2.r. 

AtLS. ( 12 ^ 2 ). 

(/) The area bounded by = 4^^^ and the line x = n. 

Ans. (3a/5,0). 
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(g) The area bounded by = 4aa; and = iay. 

Ans. (9a/5,9a/5). 

(h) The area bounded h>y ^ + |^ = 1 and to the right of OF. 

Ans. (4a/37r,0). 

(^) The area bounded by = 16y and the line 4:y = .t + 8 (find 

X only). 

(j) The area l)ounded hy y ^ + IZ and y == 2x^ A 4. 

(k) The area of the loop of the curve .r- = — y^. 

Ans. (0,20.^). 

(Z) The area bounded by the parabola xb + = Aa and the 

coordinate axes. Ans. {a/5,a/o). 

(m) The area bounded by the cissoid y^(6 — x) = and its 

asymptote, x = 6. .4ns. (5,0). 

(n) The area bounded by the first arch of the cycloid of (c) and OX. 

.4ns. (7ra,5a/6). 

(o) The area in the second quadrant bounded by the axes and the 
hypocycloid of (h). 

8 . The density of a rod, of length a, at any point is proportional to the 

distance of that point from one end. Find the distance from that end to the 
center of gravity. Ans. 2a /3. 

9 . The density of a semicircular area, of radius a, is proportional, at any 
point, to the distance from that point to the bounding diameter. Find the 
distance from that diameter to the center of gravity. Ans, Sira/IQ. 

10 . Find the center of gravity of 

(a) A homogeneous right circular cylinder. 

(5) A homogeneous hemisphere of radius o. Ans. 3a /8 from base. 

(c) That part of the volume inclosed by x~ A A ~ and 
lying in the first octant. 

(d) The volume above the .r 2 /-plane and inside the surface 

4- 1/2 = 6 - 2 . Ans. (0,0,2). 

(e) A hemisphere of radius a in which the density, at any point, is 
proportional to the distance from the bounding plane. 

Ans. 8a/15 from base. 

(/) The volume obtained by revolving that portion of the line 

XV 

— h r = 1 included between the axes about the n-axis. 
a 0 

{g) The volume obtained by revolving about the line x = 4 the 
area bounded by that line and the curve y = 2\^'x. 

11 . Prove the two theorems of Pappus: 

(a) The surface generated by revolving an arc of a curve about a line in 
its plane that does not intersect the arc, equals the product of the length of the arc 
hy the circumference described by its center of gravity. 

Hixt: Assume the axis of revolution as the i*-axis and recaill that the area 
of the surface formed is, then ds. 

(h) The volume generated by revolving a plane area about a line in its 
plane, that does not cross the area, equals the product of the area by the circuvi- 
erence described by its center of gravity. 
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Hint: Assume the axis of rerolution as the a:-axis and recall that if a line 
parallel to OX crosses the area in two points {xi,y) and {x^.y) the volume of 
revolution formed is i 27 ry{x 2 - Xi)dy. (If the area is crossed by lines 
parallel to OX in more than two points, it can be broken up into separate 
parts which are crossed by such lines in not more than two points, and the 
argument may be applied to the several such parts.) 

12 . Using the theorems of Pappus, find 

{a) The surface and the volume of the torus generated by revolving 
a circle of radius a about a line in its plane which is h units from its center 
(b > a). 

(h) The surface and volume generated by revolving a rectangle of 
dimensions a and h about a line in its plane and c units from its center, the 
line lying outside the rectangle. 

(c) The volume generated by revolving the right-hand half of the 
area enclosed by the ellipse — + about the line x = c (c > a). 

0 /“ O'" 

Ans. TT^ah (c — 4a/37r). 

13 . An area consists of a rectangle of dimensions 2a and 2b {b > a) from 
which a semicircle with one of the sides 2a as diameter has been removed. 
Find its center of gravity. 

14 . From a right circular cone of radius a and altitude A the volume of the 
inscribed sphere is removed. Find the center of gravity of the remaining 
volume. 

16 . Find the center of gravity of the larger area bounded by the parabola 
y^ = 3x and the circle — Qx + = 0. From that, by the theorem of 

Pappus, find the volume generated by revolving that area about the y-Sixis. 


88. Moment of Inertia. The moment of inertia of a particle 

V/JL XXXCJKkJlJ HU Hi J.O JIX X -L Vj CiiO U iJLC^ 

product of its mass by the square of its 
distance from the line. The moment 
of inertia of a system of particles about 
a line is defined as the sum of the 
moments of inertia of the several parti- 
cles about the line. Thus, if the parti- 
cles are of masses mi, m- 2 , ■ ■ ■ , rn,,, 
situated at distances di, d^, ■ ■ ■ , dn 
from a line I, the moment of inertia of 
the system of particles about I is 



Ii — Ml di' -J- ni2 d'fi -!-■■■+ nindn^ = di^. 

i = 1 

When dealing with a continuous physical body, wlndher shaped 
as an arc of a curve, an area, or a portion of volume, wo considtu*, 
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in the customary manner of the integral calculus, elements of mass 
and their moments about the line specified, and define the moment 
of inertia of the body as the limit of the sum of the moments of 
the elements, as their number is made to become infinite, while 
their masses tend to zero. Thus, for a physical body. 


n 

1 1 = lim AiW = Cd^ dm, 

W-4 00 J 


W' _ 

Aim-^0 ^ ^ 

the integrand to be expressed in terms of a suitable variable and 
the limits of integration suggested by the contour of the 
configuration. 

Illustration. To find the moment of inertia of a homogeneous rod of 
density 6 and length a about a perpendicular 
axis through one of its ends. O. -»j 

Solution, The element of mass is 5 • Aa:, 
the distance from the axis through 0 to a 
point at random in the interval Ax is a;, and 
the moment of inertia, consequently is 


1 -W~ 

A 1 

— x—A 

! 

a 4 


Fig. 159. 


/ = lim Vs* Xi^ AiX 
n— >■ w 

Aix~~^0 ^ ~ ^ 


-f: 


dx = 


3 ‘ 


Let us now inquire at what point of the rod its entire mass would need to 
be concentrated, in order that its moment of inertia about the same axis be 
the same as it is with the mass spread uniformly from 0 to A. If the dis- 
tance from 0 to that point is called r, we evidently have, representing the 
total mass of the rod by ikf = Ba, 


r 



Mr^ = 

or 

2 

’’ 3aa 

and 

a 


'"Vs' 


This length r is called the radius of gyration of the body, for the given axis, 
and, in any case, is defined by the equation 

Mr2 = 7, 

where I is the moment of inertia of the body about the line specified and M 
is its total mass. 

Note; As a matter of notation, it is customary to designate the nioineiit 
of inertia about the a:-axis by 7x, the moment of inertia about the .^-axis 
by ly, the moment of inertia about a line I by ii, etc. 
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Problems 

1 . Calculate the moment of inertia of the following systems: 

(a) A system of three particles: one of mass 3, placed at (1,3); one 
of mass 2, placed at (5,0); and one of. mass 1, placed at (3, —2); (I) about 
the x-axis; (II) about the y-axis; (III) about the line 5a; + 2y = 11, 

Ans, 31, 62, 

(b) A system of four particles, each of mass m, placed at the vertices 

of a square of side a: (I) about an axis through its center perpendicular to 
the plane of the square; (II) about such an axis through one of the vertices 
of the square; (III) about a diagonal of the square; (IV) about a side of the 
square. Ans. 2ma\ Arna^, ma^, 2ma^. 

2. Calculate the moment of inertia and the radius of gyration of the 
following: 

(а) A homogeneous rod of length a about a perpendicular axis 

through its center. Ans. 5aV12, a/'\/l2. 

(б) An arc of a semicircle of radius a, (I) about the bounding 
diameter; (II) about the tangent parallel to the bounding diameter. 

Am. (I) xan/2, a/V2; (II) - 4 ), 

(c) A homogeneous wire bent in the form of an isosceles triangle, 
with base 25 and altitude h: (I) about the base; (II) about an axis at the 
vertex, perpendicular to the plane of the triangle. 

Am. (II) + h^yA + 2bd(~ + 

(d) A homogeneous wire bent in the form of a rectangle of sides 2a 
and 25: (I) about one of the sides of length 25; (II) about an axis through 
the center, perpendicular to the plane of the rectangle. 

(e) A rod of length a whose density, at any point, is proportional 

to the square of the distance of that point from one end, about a perpendicu- 
lar axis through that end. Ans. r = 

3. Calculate the moment of inertia and the radius of gyration of the 
following; 

(a) A homogeneous circular disk of radius a about a diameter. 

Ans. T = a/2. 

(5) A homogeneous rectangular area of dimensions 2a and 25: (I) 
about one of the sides of length 25; (II) about a line tlirough its center, 
parallel to one of the sides of length 25. 

Ans. (I) r — 2a/\/S; (II) r — al^'%. 

(c) A rectangular area, of dimensions 2a and 25, whose density at 
any point is half the distance of that point from one of the sides of length 25: 
(I) about that side; (II) about a line through the center, parallel to that side. 

(d) An area in the form of an isosceles triangle, of base 25 and alti- 
tude /i: (I) about the base; (II) about the altitude. 

4. Prove the following theorem: The- moment of inertia of a mass about 
any line equals its moment of inertia about a parallel line through its center 
of gravity, increased by the product of the mass and the square of the distance 
between the two lines. 
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Hint: If the distance from an element of mass A 7 n to the line specified, 
is X and the distance to the parallel line through the center of gravity is x\ 
then = x'^ + ± 2hx\ the sign depend- 

ing on whether the angle opposite x is acute 
or obtuse. Hence 

fx^ dm = jx'^ dm A- dm ± J2bx' dtn. 



'3m 


6 . Apply the theorem of Prob. 4 to find 
the moment of inertia of 

(a) A circular disk of radius a about 


h 


' * 0 (center gravity) 

h 

Fig. 160 . 


a tangent [using the result of Prob. 3 (a)]. A ns. 

(6) A homogeneous rod of length a about a perpendicular axis, a 
distance of a/4 from one end [using the result of Prob. 2(a)]. 

A ns. 

(c) A homogeneous wire bent into the form of an isosceles triangle 
of base 26 and altitude hj about a line through its center of gravity parallel 
to the base [using the result of Prob. 2(c)]. 

6. Calculate the moment of inertia of the area 

(a) Bounded by the parabola = 4?/ and the line ^ = 4; about the 
x-B>xis. A 71 S. 10 2 :^ 75 . 


(6) Bounded by the circle — Ax A y- = 0 and the line x — i/VS; 
about the ?/-axis (upper area). 

(c) Between the ellipse + Ay^ — A and the circle x'^ A == 1 • 
(1) about the a:-axis; (II) about the ?/-axis; (III) about a common tangent 
to the two curves. 

(d) Bounded by the .r-axis and the arc of the cycloid 


X = a(d ~ sin d)j y = a{l ~ cos 6) 


from 6 = 0 to d = 27r: (I) about the 2/-axis; (II) about the line x = ira. 

{e) Bounded by the curves y = cos x, y = sin :r, the ^-axis, and 
lying in the first quadrant: (I) about the y-tixia; (II) about the .r-axis. 

7. Calculate the moment of inertia of the following: 

(а) A homogeneous sphere of radius a: (I) about a diameter; (II) 
about a tangent line. Hint: In (1) use as element of mass the mass of a 
cylindrical shell concentric with a diameter. Obtain (II) from (I) by the 

theorem of Exercise 4. Am. (I) r ~ (II) r = a\ %. 

(б) A homogeneous right cylinder of radius a and altitude h: (1) 
about its axis; (II) about an element of the cylinder. 

An.s*. (I) r = a/\/2; (II) r = aV'fi. 

(c) A homogeneous right circular cone of radius of base a and alti- 
tude h: (I) about its axis; (II) about a line through the circumference of th(‘ 

l)ase and parallel to the axis. Am. (1) r == (H) ^ lo- 

(d) That part of the paraboloid q. ^2 = 9 ^ lying above th{‘ 

.ry-plane and intercepted by the cylinder x^ A =4; about the ;::-axis. 

Aws. 1527r5/3. 
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(e) The volume bounded by the surface + 2 ® = 3a: and the plane 
a; = 3; about the a:-axis. Ans. 81ir5/2. 

if) The volume generated by revolving about the y-axis the area 
bounded by the curve y = log x, the line a: = 3, and the a:-axis; about the 
y-axis. 

(g) The volume generated by revolving about the a:-axis the area 
between the parabola y® = 4a; and the line y = x; about the a>axis. 

Qi) The volume generated by revolving the right triangle of sides 3, 
and 6 about the line in its plane passing through the vertex of the 60° 
angle parallel to the side opposite, the moment of inertia being also taken 
about that line. 


89. Liqtlid Pressure. Let a plate be immersed vertically in a 
liquid of density w. Desired, to compute the pressure exerted 
by the liquid upon it. We consider the pressure upon an element 
of area ABCD of the plate, where AD and BC are parallel to the 
upper surface of the liquid. Now, if the depth of this element 

were uniform {i.e., if it had a hori- 
zontal position), the pressure against 
it, by a principle of hydrostatics, 
would be equal to the weight of a 
column of liquid with ABCD as base 
and its depth as altitude. It is also 
a principle of hydrostatics that the 
pressure exerted by a liquid at any 
point is the same in all directions. 
Hence, we may take the pressure on the element ABCD as equal 
to CO • (area ABCD) ■ y, where y is some depth intermediate to the 
depth of BC and AD. The element of pressure, then, is 
u ■ {z<t — • y ■ Ay. The sum of all such elements of pressure 

is an approximation to the total pressure upon the plate, which is 
actually equal to the limit of that sum as the number of elements 
is increased indefinitely while the thickness of each elernent tends 
to zero. In other words, the pressure upon the plate is equal to 





Fig. 161 . 


lim 

n —^ 00 

Aiy—*0 


‘ (0:2^ - :ri,) • • Aiy == ojJ(x 2 - x^y dy. 


The limits of integration, as well as the expressions for X2 and Xi 
in terms of y^ are, of course, determined by* the contour of the 
area immersed. 


Illustration. To compute the pressure upon a circular disk of radius 5 ft. 
immersed vertically in water, with its center 7 ft, below the water level. 
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Solution, Assume axes as in Fig. 162, so that the y-axis passes through the 
center of the circle. Since the least and greatest values of y over the area are 
clearly 2 and 12, respectively, the pressure 
is represeuted by Water \o r.vei 


P = ~ <^y = dy- * 

From the equation, {y -- 7)^ = 25, ZZJ 

we have 


^ ^ ^VBl_ jr 


mitf — " I - - 


x = V25 - {y - lY 

== \/ —y^ 4“ 142/ 24, 

whence, the pressure is 

P = 2u I y\/—y^ + \iy — 24 dy 

_o r(- 2 /^ + 142/-24)?4 , ,/-2v + 


(. -2v_+i4 v: 


AiZi-:::: 


Y 

Fig. 162 . 

.y2 4. i4y _ 24 - 


ITSttco. 


The dimensions here being in feet, and the weight of water approximately 
H 2 ton/cu. ft., we have oj = andP = (1757r)/(32) tons. 

Note that since the choice of axes is at our disposal we might have taken 
the origin at the center, obtaining a simpler equation for the circle. The 
student may do well to solve the problem over again, with that choice of axes. 

Observe that the result in the above illustration equals }''32(2&7r)(7), f.e., 
the product of the density of the liquid, the area of the submerged surface, 
and the depth of the center of gravity under the liquid level. That this is in 
keeping with a general proposition, wm ask the student to establish by 

Exercise 1. Show that the pressure on any vertical plane surface sub' 
merged in a liquid is measured by the product of the area of the surface, the 
density of the liquid, and the depth under the liquid level of the center of 
gravity of the surface. 

Problems 


1. Compute the total pressure on the following: 

(a) The upper half of the circular disk in the illustration of the text. 

, /ITStt 250 \ 

\ 2 3 ]■ 

(h) A rectangular plate 10 ft. high and 6 ft. wide, submerged in 
water, with the top of the plate at the water level. Ans. tons. 

(c) A plate in the form of a right triangle, with a vertical leg of 8 ft. 
and a horizontal leg of 6 ft., submerged in water, with the top of the plate 
at the water level: (I) when submerged with the 6-ft. side up; (II) when 
submerged with the 6'ft. side down. Ans, (I) 2 tons; (II) 4 tons. 

(d) The same plate as in (c), with the hypotenuse at the water 


level. 
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(^^) A trapezoidal plate, with bases of 6 ft. and 12 ft., and altitude 
4 ft. submerged vertically in water, with the 6-ft. base uppermost and 1 ft. 
below the water level. Ans. tons. 

(/) A plate in the form of a vertical isosceles triangle of base 12 ft. 
and altitude 8 ft. : (I) when submerged with the base uppermost and 2 ft. 
below the water level; (II) when submerged in water with the base lowermost 
and 11 ft. below the water level 

{g) The end of a water trough, 6 ft. wide at the top and 6 ft. deep, 
whose cross section parallel to the end is a parabola, if the water is 4 ft. deep 
at the deepest point. Am. 4\/6/I5 tons. 

{h) The end of a semi-elliptical water trough, 6 ft. wide at the top 
and 4 ft. high, the trough containing 3 ft. of water at the deepest point. 

2. Compute the total pressure on the following : 

(а) The upper area bounded by the curve = %x — and the 

a:-axis, the ^/-axis assumed to be positive upward, if the level of the liquid 
is at 2 / = 6. The dimensions are in feet and the weight of the liquid is 
50 Ib./cu. ft. Ans. 800 (Stt — %) lb. 

(б) The area bounded by the curve 2x = 5y — and the line 

a; + 2 / — 0, the 2 /-axis assumed positive upward and the level of the liquid at 
2/ = 8. The dimensions are in feet and the weight of the liquid is 
50 Ib./cu. ft. Ans. 6431 M lb. 

(c) The area bounded by the curves + 2y’^ = 18, 3a; + 3?/ — = 0, 

the 2 /-axis assumed positive upward and the level of the liquid at 1/ = 5, if 
the dimensions are in feet and the liquid is water. 

3 . An area in the form of a rectangle surmounted by a semicircle is 
immersed vertically in water with the top of the area 3 ft. below the water 

level. The radius of the semicircle is 2 ft. 
X Find the height of the rectangle if the pressure 
upon it is the same as the pressure upon the 
semicircle. 

4. Find the pressure on a sphere 8 ft. in 
diameter, immersed in water, with center 6 ft. 
below the water level 

Hint: Take as element of pressure, the 
pressure on a zone of the sphere. Its area 
is 2Trx • and d.s* is found from the equa- 
tion, {y — 6)2 = 16, of a great circle cut 
from the sphere by a vertical plane through 
the center. Ans. ]27r tons. 

6. (a) Find the total pressure on a cylinder 
of radius 4 ft. and altitude 8 ft., immersed in 
water, with its bases horizontal and the upper base 3 ft. below the water level 

A7LS. 21 TT tons. 

{b) A cylinder is of the same dimensions and in the same position as in 
Prob. 5(a), but its upper half is immersed in liquid weighing 40 Ib./cu. ft,, 
while the liquid below is water. Find the total pressure upon it. 

6. Find the pressure upon a right circular cone of radius of base 3 ft. and 
altitude 6 ft., immersed in water, with its base horizontal: (I) when the base 
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is at the water level; (II) when the vertex of the cone is at the water level. 

Arts. (I) — tons. 

7. A vessel is in the form of a paraboloid of revolution. Its width at the 
top is 8 in., and its height is 12 in. It is filled with water to within 2 in. of 
the top. Pind the pressure on its surface. 

90. Approximate Integration. The definite integrals that we 
have so far encountered have all been computed by first perform- 
ing the quadrature, in conformity with the definition of 

J Cl 

as F{b) — F{a), where F(x) is one of the values of jf(x)dx. It 
may happen, however, that the quadrature cannot be carried out, 
as is the case with /'\/(l — x^)(l — 4iX^)dx, i.e., no function F{x) 
of the type familiar to the student — algebraic, trigonometric, expo- 
nential, etc. — can be found such that F' (a:) = \/(l — x^){l — 4:X^. 
Should the same integrand confront us, however, in a definite 

integral^ e.g,, — rr^)(l — Ax^)dx, we shall find means for 

finding its value to any desired degree of accuracy by approxima- 
tion,* by methods developed below. 

We show that an approximation to the value of f(x)dx 

[the continuity of f{x) in the interval of integration being under- 
stood] can be found in any one of the expressions: 

I- /(a) + 2/(a + Ax) + 2fia + 2 Ax) +■■• + 


2f(a + n — 1 Ax) + f(b) 


m + 4/1 


ct ”1“ feN 


+ fib) - 


+m 


. ^ f{a) + 4/(a + Ax) + 2f{a + 2 Ax) + 4/(a + ^ Ax) + 
2f{a + AAx) + • ■ ■ + 2f{a -f n"— ^'2 Ax) + 4/(a + n - 1 A;r) 

0 . ( Ax = ^ -y and n even, j 

'In / 


Ax = — 


■ + 2/(a + n — 2 Ax) + 4/(a + ^ — 1 A;r) 
b - a \ 


and n ev< 


* It may he remarked that some definite integrals can even be computed 
precisely, though the corresponding indefinite integral cannot be found, by 

methods that we luive no space for in this })ook. For example, cos jr- dx is 

1 TT C 

huuid to he espial to though the quadrature J cos j:- rix cannot be 

performed. 
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The rules giving these expressions as approximations to j^f{x)dx 

are called, respectively, the trapezoidal rule, the prismoidal 
formula, and Simpson’s rule. Many other rules for the approxi- 
mation of definite integrals have been developed, of which we 
shall presently give two, Euler’s formula and Gauss’s formula. 
The first of the above rules, i.e., the trapezoidal rule, amounts 

to assuming that the area bounded 
r by the curve y = f(x), the a:-axis, and 

p the ordinates x = a and x = b, [which 

5 area, of course, is measured by the 

^ 1 I I Ic ii S precise value of j'y(x)dx] is replaced 
I I I I 1 ^ by a fiinite number of trapezoids of 

^ altitude Ax and bases /(a), /(o •+• Ax), 

f{a + 2Ax), • • • ,/(a + n - 1 Ax), 
and /(6), where all bases but f(a) and f(b) are common to two 
adjacent trapezoids, as shown in Fig. 164. The total area of the 
several trapezoids is, then. 


/(a) + /(a + Ax) -t- f{a + Ax) + f{a + 2 Ax) + 


+ f{a + n — 2 Ax) +f(a + n — 1 Ax) +f{a + n ~ 1 Ax) -f-/(6) 


whence the rule. 

The second of the above approximations, i.e., the prismoidal 
formula, may be arrived at by passing through the three points 


Pig. 164. 




a b ./a b 


’ [^>)/(^)]) of tbe curve y — /(x), a 


curve whose equation has the form y = iS -f Sx + Tx^ = g(x). 
That this is always possible may be readily shown by the student, 
which he is requested to do in Exercise 1 below. The curve 

y = g{x) intersects the curve y = /(x) at x = a, x = and 

X = 6 , and to obtain the prismoidal formula, we simply employ 
g{x) as an approximation for/(x). By direct integration it can be 
shown that f^Cx) dx is equal to 


“[»(«) + 
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and the student is requested to make the demonstration in 
Exercise 2 below. Hence, replacing f^f(x)dx by f^g(x)dx and 

Ja 


noting the equalities gia) = /(a), 
g{b) = fib), we have the desired result. 


and 


Exercise 1 . Prove that constants R, S, and T can always be found so 
that the curve y = R ^ Bx + Tx^ shall pass through the three points 

wwi, iwa. 

Exercise 2. Prove that g(x)dx = - -g - -|^g(a) + 


if g{x) is a function of the form + So; + Tx^, where R, S, and T are 
constants. 


The approximation netted by the prismoidal formula wall 
naturally be better the smaller the value of 6 — a. When b — a 
is large, it is, therefore, well to divide it into smaller parts and 
apply the rule to each part by noting the relation 

j‘y{x)dx + jy(x)dx + ■ • • + jy{x)dx = J^’’f(x)dx, 

where (in this case) a < c < d < ■ ■ ■ < I < b. 

In particular, if we divide the interval h — a into an even 
number of equal parts of length Ax and apply the prismoidal 
formula to each successive double interval {i.e., of length 2 Ax), 

we obtain, as an approximation to jy{x)dx 


2 Ax 


O A T’f" 

/(a) -f 4/(a + Ax) + /(<^ + 2 Aa;) H + 2 Ax) + 

4/(a + 3 Ax) + /(a + 4 Ax) j + • • ■ + 

0 A.'T 

f{a + n ~ 2 Ax) + if {a + n — 1 Ax) + f{b) = 

+ if{a + Ax) + 2/(a + 2 Ax) 
+ 4/(o +• 3 Ax) + • ■ ■ + 2/(a + n — 2 Ax) 


+ 4/(a + n - 1 Ax) + f{b) 


which is Simpson’s rule. 
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Exercise 3. From the mode of their derivation the prismoidal formula 
and Simpson’s rule will give precise values for in case 

fijx) = + /So; + Tx^. 

Show that the prismoidal formula, and hence, Simpson’s rule, will also give 
the precise value in case /(a:) — R Ar Sx A- Tx^ + where Sj T, and 
U are constants. Hint: It is sufficient to make the proof for the case 
f(x) = xl 

As an illustration of the various methods of approximation, 
we consider an integral w^hich we can evaluate directly, for 
the purpose of appraising the accuracy of each. The integral is 

log xdx = X log X — = 2 log 2 — 1 = log 4 — 1 = 0.38629, 

correct to 5 places. 

By the trapezoidal rule with By Simpson’s rule with Ax - 0.25, 


Ax = 0.2, we have 

we have 



X 

fix) 

fix) X 

fix) 

fix) 

fix) 

1.0 

0 

1.0 

0 



1.2 


0 . 18232 j 25 


0.22314 








1.4 


0.33647 

1 



0 40547 

1.6 


0 47000 








1.8 


1 , 75 

0.58779 


0 . 55962 








2.0 

0.69315 

2.0 

0.69315 



Sum 

0.69315 

1.57658 Sum 

0.69315 

0 . 78276 

0.40547 

Whence T = ^[0.69315 Whence S = 2^[0.69315 

+ 2(1.57658)] + 4(. 78276) -|- 2(0.40547)] 

= 0.38463 to 5 places. = 0.38626 to 5 places. 


The prismoidal formula gives 

2-1 1 

-g— [log 1 + 4 log (1.5) + log 2] = -[0 + 4(0.40547) 

+ (0.69315)] = 0.38584 as a value for the int(‘gra.l. 
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By the trapezoidal rule with 
Aa; = 0.1, we have 


X 

fix) 

fix) 

1.0 

0 


1.1 


0.09531 

1.2 


0.18232 

1.3 


0.26236 

1.4 


0.33647 

1.5 


0.40547 

1.6 


0.47000 

1.7 


0.53063 

1.8 


0.58779 

1.9 


0.64185 

2.0 

0.69315 


Sum 

0.69315 

3.51220 


Whence T = ^[0.69315 


+ 2(3.51220)1 

= 0.38588 to 5 places. 


By Simpson rule with Ax =0.1, 
we have 


X 

fix) 

fix) 

fix) 

1.0 

0 



1.1 


0.09531 


1.2 



0.18232 

1.3 


0.26236 


1.4 



0.33647 

1.5 


0.40547 


1.6 



0.47000 

1.7 


0.53063 


1.8 



0.58779 

1.9 


0.64185 


2.0 

0.69315 



Sum 

0.69315 

1 . 93562 

1.57658 


Whence S = ^^[0.69315 

+ 4(1.93562) + 2(1.576.58 1 1 
= 0.38629 to 5 places. 


It is seen, as was to be expected, that both the trapezoidal rule 
and Simpson’s rule improve in the quality of approximation a.s 
Ax is made .smaller, and that Simpson’s rule, for the same Ax, 
gives a closer result than does th(' tra])ezoidal rule. Such will 
generally be the case. 

From the mean value tln'orem for integrals (page 291), we have 

rKx)dx = (b- a)m, 

Ja 

where i is some value for x between a and 6. It appears, thus, 
that if we could find, or approximate to, the value of we could 

evaluate f‘‘f(x)dx by computing f{x) for a single value of x 
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between a and h. Should we take as an approximation to | the 
number midway between a and h, we should have, as an approxi- 
mation for Pf(x)dx 


Q> 



(126) 


Exercise 4, Show that the expression (126) represents the precise value 

of f^f(x)dx if f{x) is a linear function of x, 

Ja 

Since, now, we can obtain the precise value for the integral of 
a linear function by the use of just one value of the function, 
it is plausible to expect that we should be able to obtain the 
precise value of the integral of higher degree polynomials by the 
use of more values of that polynomial. In fact. Gauss’s formula 
for approximation to a definite integral is an answer to the follow- 
ing question; For a given number, n, of 
partitions of the interval from a to 6 into 
subintervals, Aix, A^x, . . . , A^ in each 
of which is to be selected a value of x, 
. , Xn, how shall these selec- 



saya:i, rc 2 , . 
tions be made in order that 

f(xi)AiX + S{xf)AiX 


shall represent dx 

J (X 

m, and m to be as large as possible? 


■ +f(Xn)AnX 

(127) 

precisely for 


p = 0, 1, 2, 

For uniformity of treatment, recognize that the integral 
J**y(x)da; may be transformed by the substitution a: = a-t- (6 — a)u 

into the integral J^g(u)du = J‘^g{x)dx. Let us assume that the 

subintervals AiX and the Xi selected are symmetrically situated 
with respect to the midpoint, a: = 3^, of the interval from 0 to 1. 

Taking n = 2, then, we have Aix = A^x = 3-^, Xi = — v, 

Xi = V (see Fig. 165), and we wish to satisfy as many as 
possible of the equations 

■ {^i) + 

{y2 + vr ■ {y) = dx = 1, 

()^) + 

m + v) ■ (3-^) = dx = 


xf AiX + x<f AiX = {y — vY 


X\ Air -|- Xi AiX =■ (y ~ ^) 
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Xi^ Aix + X2^ AiX = — vY • (3^) + 

04 + vY ■ ( 3 ^) = dx = }-i, 


Xi^ AiX -{■ *2®’ AiX 



The first two of these equations are identities, the third and fourth 
reduce to = 1, while the fifth reduces to 802^-^+ 1202;2 — 11 = 0, 


which is not satisfied by v = ± -• 

2V^ 

Thus, four of these equations are satis- 


fied by Xi = 2 


1 _ 1 , 1 
2V3’''' 2 + 2^^’ 


and g{x)dx is precisely evaluated by 


(127) if g(x) is a polynomial of degree 
3 or less. 

Taking, next, n = 3, we have (see 
Fig. 166) 


y 



— H — V , X2 = H = ^3X, 


and we wish to satisfy the equation 


Xip Aia; + X 2 F AiX -f- x^'^ A^x 



A\X -h 



AiX + ( 2 + ^ ) 


J x» dx = 
0 


1 

P + 1, 


for p equal to as many as jjossible of the consecutive values, 
0, 1, 2, 3, . . . . This can be done as far as p — 5, the solutions 

being Aix = A 3 X = Y 181 = ,^"2'\//o) whence xi = ^ 


— and Xs = ^4 + 


Continuing in this way, setting n = 
general that 

xd’ Aia; Xi^ A^x + • ■ • + a:,/ A^ix 



5, etc., we find in 


x^ dx = 


1 

P + 1’ 


the equation holding precisely for ra = 0, 1, 2, . . . , 2?i — 1, 
and the values of the Xi and the A, a: being given in the table 
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Number of intervals 

Values of Xi 

Values of A.-x 

= 1 

H 

o 

Aio; = 1 

/i = 2 

iri - 0.21132487 
= 0.78867513 

AiX — 0.5 

A 2 X ==0.5 

n = 3 

0 ^ 1 - 0.11270167 

X 2 =0.5 

:r 3 = 0.88729833 

A,x = 0.27777778 

AsX = 0.44444444 

AsX = 0.27777778 

n - 4 

= 0.06943184 

0^2 = 0.33000948 
a ;3 - 0.66999052 
= 0.93056816 

Aiz = 0.17392742 

As* = 0.32607258 

A 3 X = 0.32607258 

A 4 X = 0.17392742 

n = 5 

iri - 0.04691008 
.t:2 = 0.23076534 
^^3 = 0.5 

0:4 = 0.76923466 

0:5 = 0,95308992 

Ais: = 0.11846344 

AiX = 0.23931434 

A 3 X = 0.28444444 

A 4 X = 0.23931434 

At® = 0. 11846344 

n = 6 

ri = 0.03376524 

X2 = 0.16939531 
^'3 = 0.38069041 
.T4 = 0.61930959 

0:5 = 0.83060469 
.rr, - 0.96623476 

Aix = 0.08566225 

AiX = 0. 18038079 

A,,* = 0.23395697 

A 4 * = 0.23395697 

A,x = 0. 18038079 

Aa = 0.08566225 


Since Gauss’s formula gives the precise* value of f^f(x)dx 


when /(a:) is a polynomial of degree 2n — 1 or less, it serves excel- 
lently as an approximation to the integral when /(a;) is continuous 
and has continuous derivatives, an ai)proximation, moreover, 
which is highly accurate for the number of values of fix) which it 
employs. 

To approximate by Gauss’s formula the integral, log x dx, 

previously evaluated by other methods, we set x = I + a and 
obtain 

log r dx = £ log (1 + u)du = £ log (1 -|- x)</x. 

The value is precise theoretically. Actually, the x,' and the A, a: are 
displayed, correct only to 8 decimal places, and the resultinji^ value of the 
integral is an approximation to that extent. 
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With n = 1, we have the approximation 1 • log (1.5) = 0.40547 
With n = 2, we obtain >^[log (1.211325) + log (1.788675)] = 
3^[(0. 19171) + (0.68148)] = 0.38659. With n = 3. we obtain 
(0.27777778) [log (1.11270167) + log (1.88729833)] + (0.44444444) 
log (1.6) = (0.27777778)1(0.10678) + (0.63515)] + (0.44444444) 
(.40547) = 0.38630. 

In this illustration we see that Gauss’s formula is practically 
as accurate with three intervals as Simpson’s rule is with ten. 
However, on account of the irrationality of the numbers concerned 
and correspondingly large number of decimals carried, the labor is 
possibly greater than that necessary to obtain the same accuracy 
by Simpson’s rule. Gauss’s formula should certainly be used in 
case the following three conditions occur, when it is of tremendous 
practical value. 

1. The values of f{x) are determined experimentally. 

2. The readings for the determination of f{x) may be taken to 
correspond to any chosen values of x. 

3. It is desired that the total number of readings be kept small, for 
the sake of convenience or economy. 

We now adduce, without discussion, a formula called Euler’s 
formula by some and the Euler-Maclaurin formula by others, 
which states that succes.sively better approximations to the value 

of f^f(x)dz are given hy A, B, C, D, . . . , where 

4 = ^[/(a) + 2f(a + Ax) 2/(a.+ 2Ax} + • • • + 

2/(a + n - 1 Ax) + /(6)], 

the value by the trapezoidal rule. 


B = A- ^U'ib) - f (a)], 

C = B + ^[f"'Q>) - r"(a)], 

C = C - 3 §]gt/'(i.) - etc. 

(The denominators under • • ■ are values of 


where Bi, B^, 
BernimlUa/i nuntbcrs and an^ B\ = ^5, 


etc., ar(^ the so-called 

Bii = ^'42, 
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If we consider the value B for the illustration above, with 
Ax = 0.2 and, hence, A = 0.38463, we get, since f{x) = log x 
and/'(x) == 1/x, 


B 


o.o4r 1 
12 2 


1 


= 0.38463 + 0.00167 = 0.38630. 


Again, if we consider the value of B with Ax = 0.1 and 
A = 0.38588, we obtain 


B = A 


0.01 


12 




0.38588 + 0.00042 = 0.38630. 


Both of these results agree with the actual value of the integral 
in the fourth decimal place. 


Problems 

1. Compute each of the following, (I) by the trapezoidal rule; (II) by 
Euler’s formula as far as approximation B] (III) by the prismoidal formula; 
(IV) by Simpson’s rule: 

(a) ^/l dx, with isx = 0,1. 

{h) r sin X dx, with Ax = tt/S. 

(c) ^ ™ 9 dx, with Ax = 

(d) r — with Ax = 0.1. 

Jo •>/4 -f 

(e) log 10 cos X dx, with Ax — t/12. 

if) dx, with Ax = 0,1. 

(s') Vl + sin X dx, with Ax = t/8. 

{h) I — — , with Ax = 7r/12. 

i/t/6 X 

2 . Compute the value of the integral of Prob. 1(/) by Gauss’s formula for 
the cases n - 2, n = 3, and n == 4, 

3. Compute the value of the integral of Prob. 1(e) by Gauss’s formula for 
the cases n = 2, n — 3, and n = 4. 

4. Find the length of the ellipse x = 4 cos (p, y = 2\/2 sin <p. (See 

Prob. 4, page 304.) Ans. 21.610. 

6. Find the length of the loop of the curve {I — x). 

6. Find the length of the hyperbola x^ - 2y^ - 1 from (1,0) to (3,2). 

7. By a suitable approximation formula, find the area bounded by the 
curve y = /(x), the X“axis, the y-axis, and the ordinate at x = 8, given that 
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m - 3,/(2) = 4,/(4) = 4.5, /(5.5) = 4.75, /(7) = 4.25, /(7.5) = 4.2, and 
/(8) ~ 4. il9^s. 33^% 0 (by prismoidal formula). 

8 . Show that the trapezoidal rule can be put in the form 

8 = /(a) + 4- Aa;) + /(a + 2Aa;) + . . . -j- /(5) = 

+ |[/(a) +/(b)l, 

and that the successive approximations by the Euler formula give 

-s = +/(*)!• 

s = +m]+~[f(b) 

^ ^ + /(6)] +^[/'(b) -/'(«)] - - 

/'"(a)], etc. 

9. Using the result of Prob. 8, find the value of the sum 

(а) sin 0° + sin lU 15' + sin 22^’ 30' + sin 33° 45' + • - - + 
sin 180°, to 5 decimal places; 

(б) e° + 6-^ + e-2 -f- e-s -j- . . . -f-gi-s -j- to 4 decimal places; 

Ans. 68.1383. 
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91. Functions of More than One Variable. We consider, in 
this chapter, some properties of a function that depends on 
two or more independent variables. First, a 

Definition. A variable u is said to be a function of x, y, z, 
■ in some region, xi ^ x ^ Xi, yi ^ y ^ y^, ^ z ^ z^, 

if every set of values {x,y,z, ...) in the region defines 
a corresponding value, or values, of u. 

If u takes on but one value for each set {x,y,z, . . . ), it is 
said to be a single-valued function. Unless specified to the con- 
trary, we shall concern ourselves only with such. 

The function u = f{x,y,z, • • • ) is said to be continuous at 
X = a, y = b, z = c, • • - if 

(I) u is defined for x = a,y = h, z = c, • • • . 

(II) u approaches a limit ui as x ^ a, y ^ h, z ^ c, ■ • • . 

(Ill) Ui =f{a,b,c, ■ ■ ■ ), 
in other words, if 

lim f{z,y,z, ■ ■ ■ ) = f{a,b,c, • ■ • )• 

y^b 

2->c 


As is the case of a function of one independent variable, the 
above definition is equivalent to the following: u = /(x,?/,^, • ■ • ) 
is said to be continuous at {x = a, y - b, z = c, ■ • • ) if, given 
a positive quantity, e, another positive quantity, 5, can be found, 
such that \u ~ Ui\ < e when \x - a| < 5, 1?/ - 6| < 5, |2 - c| < 5, 
• • • , where wi = f {a, b,c, ■ ■ ■ ). 

To illustrate, consider the function u of three variables, 
u = ■j-2y - z^. For any set of finite values, x = a, y - b, 

z = c, u is obviously defined and has the value -f 26 - cl 
Again, as x~^a, y -^h, z-^c, x"^-^ a^, 2y -> 26, ^ > c® (for x'^, 
2y and are, obviously, continuous functions of x, y, z, respec- 
tively) and hence the sum {x^ + 2y - {a^ 2b - c^) . 

In other words, we have 


344 
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lim {x^ + 2y - = value of {x‘^ + 2y — z^). 


x—^a 

y^b 

Z-A'C 


at x — a 
z =c 


This function is, then, continuous at any set {x = a, y = b, 
z = c), in the light of the first definition of continuity given above. 
As another example, consider the function u of two variables, 

_L_ 0^2 

u = ' 2 7 — y- This function is, evidently, not defined for x = 0, 
X “-r y 


y = 0. For all other sets {x = a, y = b) it is defined as 


cib (x^ 

and is continuous. Now, if this function approached some limit 
as a: — » 0, 2 / — >• 0, we could assign to the function the value of that 
limit at (a; = 0, 2/ = 0), and the function would then be continu- 
ous for that set. Notice, however, that if {x,y) is made to 
approach (0,0) through sequences of sets of values for which 

2a:* -h a:* 3 , , 

x^"+ 4a:* ~ 5 approaches 

f as a limit as x and y both approach zero, while if {x,y) is made to 
approach (0,0) through sequences of sets of values for which 


y = 2x, u takes on values equal to 


y = 3a:, u takes on values equal to 


3a:* a:* 

a:* 9a;* 


g and approaches 


-| as a limit as z and y now approach zero. Clearly, the function 
does not approach a definite limit as x and y both approach zero, 
and hence cannot be made continuous. at {x = 0,y = 0). 


Problems 

1 . State for what sets of values of the independent variables, if any, the 
following functions are discontinuous: 

(a) u = + yz. (c) u = 

(b) u = + sin {xyz). (d) u _ 

y ^ 

2. Find what limit is approached by the function u = _|_ 2 ^ 3 ’ ^ 

and y both approach zero through a sequence of sets of values for which 
(a) y = X. {h)y = —x. 

92 . Partial Derivatives. Given a function z of two variables, 
z — f{x,y), having the value Zo at (a;o,2/o), let us consider x as 
a variable and equal to 2:0 -|- Ax, where Ax is an increment, while 
y is held constant at t/o. If Az is the increment in z, corresponding 
to the increment Ax of x, we have 
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The limit 


2„ Az = f{xo + Ax,yo). 


Az 
lim ^ 

Ax ->0 


lini /(a:o + Aa:,yo) - f(xQ,yo) ^ 

Al— +0 


if it exists, is called the partial derivative of z with respect to x at 
{xo,yo)- 

Likewise, if x is held constant and equal to xo, while y varies 
and is represented by yo + Ay, we define 


Az 

lim — 

A?/— »o 


lim + Ay) - /(a:o,yo) 

Av-*o Ay 


provided that limit exists, as the partial derivative of z with respect 
to y cd (xo,yo). 

In like manner, a function of any number of independent 
variables can be differentiated partially with respect to any one 
of those variables. Thus if «; = f{x,y,z,u) and Vq = /(a:o,^/o,^o,^to), 
we define the partial derivative of v with respect to u at {xo,yo,zo, 
Wo) as 

lim — = lim ~ 

Au — >0 Aw Au — >0 Aw 


if the limit exists. 

Since the partial derivatives so obtained clearly depend for 
their value, in each case, on the values of the independent vari- 
ables, a:o,yo, 2 o, ... for which they are computed, we may 
regard them as functions of those variables and, thus, speak of 
the partial derivative, say of f(x,y) with respect to x for any set 
of values {x,y), and designate it hj fxix,y). It is also de.signated 
df(x 

by the notation — Likewise, the notations fy{x,y) and 


sfi^,y) 

dy 


are used to represent the partial derivative of f{x,y) with 


respect to y, for any set of values {x,y), and the symbols /tt(a:,y,2,Z() 
df(x V Z 

or — are used to represent the partial derivative of 

f{x,y,z,ii) with respect to w for any set of values (x,y,z,u), etc. 

For a given set of values, Xo,yQ, . . . , these functions are then 

written as/.(x„,yo) J..(a;o,ya,2„,Wo) 

f d/(a:,y,z,w)'' 


\ du 


etc. 
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Clearly, the rules of differentiation that the student has learned 
for a function of one independent variable apply as well in partial 
differentiation, for in fact we deal with such a function when all 
but one of the independent variables are held constant. Thus, if 
u — + 2/2 + z^x, we write at once 


Ux = 2a:y + (or du/dx = 2xy + z'^), 

Uy = + 2 , Ui — y 2zx. 


The student is familiar with the geometric representation 
of a function z = fix,y) by means of a surface, Now, if we hold 
one of the independent variables, say y, constant, the two equa- 
— f(x 'li) } 

tions < define a plane curve on that surface. The 

(y = constant) 

student will pqrceive at once that dz/bx measures the slope of the 
tangent drawn to the curve at a point ^ 

{x,y,z) {i.e., it measures the value of 
tan a in the figure) ; also that it repre- 
sents the rate of change of 2 with 
respect to a; as P moves along the 
curve. 

As an illustration, let the equation 
of the surface be 2 = 2 — 2a;^ — y^ 


and the curve be 


\z = 2-2x^-y'\^ 

ly = 1) / 

then at the point of the 

curve we have 



dz/dx = (-4a:)(,,_}5) = -2, 

and this is the slope of the line tangent to the curve at that 
point. The equations of the tangent, furthermore, would be 
M = -2(a: - M)) /22 -H 4a^ = 3\_ 

\ 2/ = l = 

moves along that curve and at () 2 , 1 ,M) its rr-coordinate is increas- 
ing at the rate of 1 unit per second, then its ; 2 -coordinate is 
decreasing at the rate of 2 units per second (since the rate of 
change of z with respect to x at that point is — 2). 


Again, if a point 


Exercise 1. Prove that if the relation z = f{x,y), when solved for x, 
gives X = then dz/dx and dx/dz are reciprocals of each other. 

Exercise 2. Verify that in x - r cos 6 and r = \/x‘^ + the well- 
known relations between rectangular and polar coordinates, dx/dr computed 
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from the first and dr/dx computed from the second are not reciprocals of 
each other. Account for the fact. 

Problems 


1. Find the partial derivative indicated in each case. 

(а) z = sin (xy); dzjdx. Arni, dz/dx = y cos {xy). 

(б) 2 : = a: + \/x^ + y^] dz/dy. Am. dz/dy = y{x^ + 

(c) u “ log (xz) + ■ — Aris. - — y ^ - 

^ ^ ^ ^ ^ X + dz z {x + z)^ 

(d) z = x^ — xy + cos X • sin y; dz/dx. 

Am. 2x — y — sin X • sin y. 

X + y ,sz 


(e) z = 


-y /^2 _ 2 / 2 ' dy 


(f)u= du/dz. 

2. Find the equations of the tangent to each curve below at the point 
indicated. 

(a) ’‘^'1 at (1,2,5). Am. z = iy - Z, x = 1. 


(h) 


1 = a:2 + 3y^ 
= 2 


at (-1,2,14). 


(c) 

« i; 


> 

^ at (vT2, 1, -3). 


Am. 2x A- z — 12, y ^ 2. 
+2/ A- z ” at (2,1,2). Am. y + 22 ; = 5, a; =2. 

9:^2 _ z^y2 _ 4^2 == 36 / 

\y 

3. Find at what rate the volume of a right circular cylinder is changing 
when the altitude is constant and is 6 in. while the radius of the base is 
decreasing at the rate of H in. /sec. and is 4 in. at the instant in question. 

Am. 247r cu. in. /sec. 

4. Find the rate of change of the volume of the frustum of a cone, of 
base radii R and t and altitude h, with respect to R; also with respect to h. 

Am. 




5. (a) If w = x^y + yz^ + z^, verify that xux + yuy A- zuz = 3w. 

0. 


V X 

(b) If z = sin ~ + log verify that xzx + yz^^ 
X y 


(c) If 2 = — 2y^) + ■ 


y6 


-f verify that xzx + yzy = 2z. 


X - y 

6, Verify that the functions of Prob, 5 are homogeneous, of degree 3,0, 
and 2, respectively, by the 

Definition. A function f{x,y,v, ^ of any number of variables is said 
to he homogeneous arid of degree nif f{tx,ty,tv, ...)=;{» > f{x,y,v, ■ • • 

Thus, = x-2 + xy tan"^ - is homogeneous and of degree 2, since 

X 

f{tx,iy) = tv + i^xy • tan"^ ^ 

iX 


== t^^x^ + xy tan“^ - f{x,y). 
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93. Partial Derivatives of Higher Order. Given a function u 
of several independent variables, say, u = f{x,y,z), each of its 
partial derivatives, u*, Uy, and Uz will, in general, still be a func- 
tion of X, y, and z. If any of these are, in turn, differentiated 
partially with respect to one of the independent variables, the 
results are called second partial derivatives of u. The notation, in 
this case, for the nine possible second derivatives is 

d^u d'^u d^u dhi d^u d^u d^u d^u d'^u 
dx^’ dy dz’ dz dx’ dx By’ dy^’ dz By Bx Bz’ By Bz’ Bz^ 
or 

Vifxx) '^xyi ^sx} ^zyj ^zzj 

the first representing [or (m®)*], the second 


[or {ux)y\, the fourth [or etc. 

Thus, li u = z^ -j- sin (xyz) + e*'"*'", we have 

^ + y^ (^2/2)] =2?/ - sin {xyz)] 

a a = = 3“ (^2/ CO® (^2/^) + = -x^-yz sin (xyz) -f 

By Bz ay dy 

x cos (xyz) 6"+*; 

B^u B B 

and r — = -^-(uy) =-^(x^ + xz cos {xyz) + e^+‘) = —x^yz sin {xyz) 
Bz By Bz dz 

+ X cos {xyz) + The equality, by the way, of the last 

two partial derivatives, B^u/By Bz and B'^ujBz By, which we notice 
in this instance, is not accidental. It is, in fact, in conformity 
with a general theorem, proved in a more advanced course in 
calculus, that if the function and its hrst and second derivatives are 
continuous in the neighborhood of {x = a, y = b, z — c, ■ • ■ ), 
the order of differentiation for second partial derivatives is immaterial, 
i.e., in that case u^y = at {x = a, y = b, z = c, ■ ■ ■ )] 
Uxz = Uxx Sit {x = a, y = b, z = c, • • ■ ), etc. 

Partial derivatives of the third and higher orders are defined in 
an obvious manner as 


etc. 


B^u 

By^ Bz 


B^u _ B / B^-u\ 
Bx^ 3x\i9xV 
_ _^/ Bhi \ 
~ By\By Bz) 


[or Uxxx 

[or Uxyy = {Uzy)v], 
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Exercise 1. Show as a corollary to the theorem stated above, (m., 
that the order of differentiation is immaterial for second partial derivatives) 
that the order of differentiation is also immaterial for partial derivatives 
of the third order — the hypothesis now extending to the continuity of the 
third-order derivatives. 

Exercise 2. Extend the theorem to partial^ derivatives of any order, 
i.e.j prove that the value of the partial derivative depends only on the num- 
ber of differentiations made with respect to each variable, and not on the 
order in which these are performed, provided the function and the appropri- 
ate number of partial derivatives are continuous. 


Problems 


1 . Given a function u of three variables x, y, and 2 , state the number of 
its distinct second partial derivatives; of its distinct third partial derivatives. 

2. Find Zxx, ^yxy and Zyy for each of the following: 


©■ 


(a) z = arc tan 

Ana. 

(5) z = 

Am. 


(d) z = 


xy^ 


V' 


(x^ +y2)2 


z^y = 4,xye^^ 


1 

Ans. 


22/ 


(1 _ y2y 

(e) z = X cos y — y cos x. 


(c) = logVx^ + yK (J) z = log sin (x - y). 

3. Find the derivatives specified in each case for the functions below. 
(a) z = x^y - X^] Zxxy, Zxyx, aucl ' Ans. z^xy = 6a;, 

(h) u = sin (xy + z); Uxxz, and u^zy. 

Ans. Uxxz = — 2 /^ cos {xy + z), 

(c) u = tan“^ (^2/^); Uxzy, and Uxxz. 

(d) u = log (a;2 + y^ + z^); Uxxy, and u^yz. 


4. If 2 ; = log\/ + ^2 _|_ i tan"^ 

V 

6. If 2 — x^y * log show that 



Am. 


Wa-y/2 


dH 


IQxyz 


(x^ + 2/2 + z^y 


show that ~ = a. 

c)x^ 6y^ 


4- 3x^V + 3a;y2— £!£_ }/.•)£!? 

as® ^as2 dy ^ ^ dx 32/2 ^ ^ 32/® 


24z. 


6, If M = sin (a log r), show that ^ + + 1 . — = 0 

Sr® ^ ar dr d>p ^ r® Sw® 

94. Total Derivatives. Differentials. Given a function u of 
two variables, x and y, let us start with two fixed values of x and y 
that determine the value ot tt as tt = f(x,y) and assign incromonts 
Ax and Ay to the two independent variables, obtaining thereby 
an increment Au, defined by 

Am = fix + Ax, y + Ay) - f{x,y). 
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This may be written as 


hu = fix + Ax, y + Ay) - fix, y + Ay) + fix, y + Ay) - fix,y). 

By the theorem of the mean, for functions of one variable, the 
first two terms are equivalent to /x(|, y + Ay) ■ Ax*, where 
X < J <. X Ax. Likewise, the second pair of terms are equiva- 
lent to fyix,7)) ■ Ay, where y < y < y Ay. Thus we have 


Am = /x(?, y + Ay) ■ Ax + fyix,7i) - Ay. 

Assuming now the continuity of the two functions and fy at 
ix,y), we have 

lim/xCf, y + Ay) = f„ix,y), \imfyix,7,) = fyix,y). 


A 2/~>0 


A ^— >0 


In other words, 

/x(?, y + Ay) = f„ix,y) + €i, where lim ei = 0 

Ax— >0 
Az/-^0 

and 

fyi^,v) = fvix,y) + ea, where lim 62 = 0. 

Aj;— 0 

The result is now 


Aw = [fxix,y) + ex]Ax + [fyix,y) -|- ei]Ay, 

= f,,ix,y)Ax 4- fyix,y)Ay 4- ei Aa; -f e 2 Ay, 

or, what is the same, 

Au — Ux Ax + Uy Ay 4- fi Aa; 4- €2 Ay. (128) 

As in the ease of one independent variable, we define the 
differentials, dx and dy, as arbitrary increments, i.e., by 

dx = Aa:, 
dy = Ay, 

and define, further, the total differential of the function as 

du = Ux Ax -\- Uy Ay, 
or 

ffw = Ux dx 4- Uy dy. (129) 


* The notation y f A?/), of course, denotes the value of fx{x,y) when x 
is replaced by find y hy y + i^y. 
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Let now x and y be each a continuous function of another inde- 
pendent variable t (making v, a continuous function of t), where 
the fixed values x, y, and u, correspond to a fixed value t and the 
increments Lx, Ay, and Au are caused by an arbitrary increment 
At of t. Formula (128) still remains true, and divided through by 
At, it becomes 


hence, 



or 


Au 

At 


Ax . Ay 


Ax Ay 

Ai' ' aT 



+ Uy ■ lim 


At-»0 


(i) 


+ 


lim €i 

At — ^0 


• lim 

At — ►O 


(^) 


-f- lim 62 

A(->0 


lim 

At — >’0 



DtU = M* • Dix Uy • Dty, (130) 


since Aa; — 0 and Ay — > 0 as Af — » 0 and, therefore lim ei = 0 and 

At->0 

lim 62 = 0. The derivative DtU, in (130), is called the total deriva- 

At—^O 

tive of u with respect to t. It may, of course, be expressed as well 
by the notation duldt. Note that in this case (x and y not 
independent variables, but functions of t) we no longer have 
dx — Ax and dy = Ay. In fact, dx = DtX • At and dy = Dty * A^, 
expressions which, in general, are different from Ax and Ay. 
However, multiplying (130) through by dt, we have 


or 


DtU ' dt = Ux ' Dtx ' dt + Uy • Dty * dt^ 
du = Ux ‘ dx + Uy ' dy 


i.e., formula (129) holds, whether x and y are independent vari- 
ables, or dependent upon another independent variable. 


Exercise 1. Prove, when Ax — dx and Ay = dy, that the difference 
between the increment and the differential of u, viz., 

Au — du = ei • Ax + €2 Ay, 

is an infinitesimal of higher order than Ax and Ay, when the latter are 
infinitesimals. * 


* An infinitesimal depending on two or more infinitesimals, a, jS, y, . . . , 
is said to be of the same order as ... if 

t 

lim 7 : : — — = k 

+ 72 4- • • ■ 

where k finite number not zero, and of higher order if that limit is zero. 
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On account of the result of this exercise, the differential du may be taken 
as an approximation to the value of Aw, the quality of the approximation 
improving, of course, the smaller A* and Ay are in numerical value. 

Exercise 2. If u is a function of x and y while x and y are each functions 
of t, prove the formula 

l)^u = Uxx ' (Dtx)^ + 2wxi, • Dtx • Dty “h Uyy • {Dty}^ -1- Ux • D^x 4- Uy • Dpy. 

Hint: Differentiate (130) with respect to t, remembering that Ux and w„ 
are each functions of x and y, and that, hence, Eq. (130) applies to them. 

The argument gone through applies to a function of any number 
of variables, and so for any function u = f{x,y,z, ■ • • ) we have 

Au = Ux ■ + Uy • Ay + Uz ■ Az + ■ ■ • + 

ei • Aa: + €2 ■ Ay + €3 • Ag + ■ • • , 

with 

lim €f = 0 (f = 1,2,3, • • • )• 

Ax,Ay,Az, ^0 

We define the differential of u as 


du — Ux ' dx + Uy • dy + Uz • dz + • • • 

and the total derivative with respect to tj if Xy y, z, , . , are 
functions of t, as 

DtU = Ux ' Dt^ ^ Uy ■ Dty ^ Uz ' DtZ • • • . 


If the variables, x, Zy . , . are functions of several variables, 
say, X - /i(r,s,3f), 2 / = ^ , the above 

formulas still remain true, except that the derivatives are now 


+ 


Thus we write 





du 

dx 

+ Uy 

dy 

+ Uz 

dz 

= Ux 

dr 

dr 

dr 

dr 

du 

dx 

+ Uy 


+ Uz 

dz 

— — Ux ' 

ds 

ds 

ds 

’ d~s 


etc. 

Exercise 3. 


Prove Euler's theorem on homogeneous functions: If 


. . .) 

is homogeneous and of degree ri, then xfx yfy zfg ' ■ • = 7if. (See 
Prob. 6, page 348, for the definition of a homogeneous function.) 

Hint: In the relation f{txfy,tz, • • •) - ' fix.y^z, • • •)> 

V = ty,w tz^ ‘ , and differentiate partially with respect to t, applying 

(130). In the resulting relation, 

^ ■ X A- - y + + ■ • • = • f{x,yA, ■ ■ ■), 

du c)v dw 

put / = 1, making u = .c, v — y, w = Zy > ^ , 
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Note that Prob. 5, page 348, is made up of instances of Euler's theorem 
on homogeneous functions. 


Problems 


1. State the value of du in each case below. 

(a) u == x^v + Ans. (2xv - dx + + ^dy. 

(b) u = xhj + ^xz^. Ana. {2xy H- Zz'Cdx -h dy + dz. 

(c) u = 

{d} u = 6!'‘(cos ^ + 2 sin <p). 

(e) u == xyz • tan (a; + t/ + z). 
if) u (xyy. 

Ans. z{xyY~^{ydx + xdy) + (xyYihg x + log y)dz. 

2 . Find Dtu in each case without expressing w as a function of t. 

(a) u - x'^ + — z^; X ^ 2t, y = z ^ L 

Ans. Ax + Ayt — 2z. 

(b) u ^ xy^ + + ^x^‘, X - log tyy = sin ty z = eK 

(c) u ^ tan”^ ^ = 1 A t^y y = V^, z = 1 — t. 


Ans. 


x^ + 


L_/_ 

- ^222^ 


XZ 




)■ 


(d) u = {xyzY'y X = cos t, y = tan ty z = sinh t^v — cosh t. 

3 . Find the partial derivative indicated in each case, without expressing 
the function in terms of the independent variables. 


(a) z = X — A s^y y = 


2 . 

' \arj 


V Ans. ^{x - y). 


(b) z = c^(sin 2y A ^ cos 2y)] x ^ n A v — w, y — u A w; 
(dz/dv). Ans. e^(7 sin 2y + cos 2y). 


(c) u = cos“i ; :r = + s^ 


t/ = 6*2 + f 


{d) V = {xyY^; x = r A A t, y - A s^ A t^j ^ 

u^r+s-t- (I). 

A, Find the derivative indicated in each case, without expressing the 
function in terms of the independent variables. 

(a) e = log (xy); z = 1 +<«,?/ = ^/i; {D?z). 

An.s ? - — - ' - ^ 

' ' X x;^ AyH AyC/-^ 

[b) z = X = sin 2i, y - cos 2t; {DH), 

Ans. 42:[(cos 2t A win 2ty^ + cos 2t — sin 2^], 

(e) M = + 2 y 2 + 322; x = 2 - t\ y = 1 + t - P, z = Vl~+1; 

(Dpu). 


d^u/dsdr). 


(d) u = xyh'-'; x = 2r^ — s, 1 / = + s, z = 


{(Au/dr^ and 


(e) 2 = xVy; a: = 2 / = + i;S; {dh/du^ and i)^z/du^dv). 
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6. Prove the following and verify each by an example: 

(a) If £! = f(xy)j then xz^ — yzy = 0. (Hint: Put u = xy). 

(h) If -s: = then 2xz^ - yzy = 0. 

(c) If 2 = f(ax ■+“ hy) + giax — by), then IPzzx — = 0. 

6. If u and v are functions of z and y for which = Vy and Uy = 
show that Ur == Vq/v, and Vr = —UqIt, where x == r cos 6, and y = r sin 6. 

7. Find the difference between du and in each of the following cases: 

(а) u ^ xyz; x = B]y = 4:;z ^ 1; Ax = 0.01, Ay = 0.02, As = 0.01. 

Ans, 0.001202. 

(б) u == x^ + yz; X = 2, y = 2, s = 3 ; A:r = 0.02, Ay = —0.01, 

As = 0.01. Ans. 0.0003. 

8. The sides of a rectangle are found, by measurement, to be 4 ft. and 

6 ft. If there is a possible error of 0.02 ft. in each side, find, by means of 
difierentials, the approximate value of the greatest possible error in the 
computed area; also the approximate relative error. (Note: The latter is 
expressed by dAjA, where A is the area.) Ans. % sq. ft.; H 20- 

9. The dimensions of a rectangular box are found, by measurement, to be 
4 ft., 6 ft., and 8 ft. If there is a possible error of 0.03 ft. in each dimension, 
find, by means of differentials, the approximate value of the greatest possible 
error in the computed volume; also the approximate relative error. 

10. Find the approximate value of (3.02^ -f 3.99^)'^-^. Hint: Set 

z = (x^ y’^)'^-^] X = 3, y = 4; Aa; = 0.02, Ay = —0.01, and find dz. 

11. Find the approximate value of sin (29° 69' 30" -b 45° 1' 00"). 

12. By measurement, two sides of a triangle are found to be 20 ft. and 
30 ft. and to include a 30° angle. If the possible error in measuring the 
first side .is 0.1 ft. and in the other is 0.15 ft., while the possible error in 
measuring the angle is 1°, find the approximate value of the greatest 
possible error in the computed area; also the approximate relative error. 

13. For a homogeneous function /(cc,y,3) of degree n, prove: 

X^fzx 4* V^Jyy “f 4" ^xyf^y 4- "^yzfyz -b = n(n - 1)/. 

Verify for the function + yH — zx^. Hint: See Exercise 3 above. Dif- 
ferentiate with respect to t twice, before putting ^ = 1. 

96. Differentiation of Implicit Functions. Given a relation 
among a number of variables, say f{x,y,z, u) = 0, suppose we wish 
to find the value of dujdx. This implies that we construe the 
given relation to define m as a function of x, y, and z, and that, in 
the process of obtaining the derivative desired, y and z are held 
constant, hence dy = dz = 0. Now, 

df = fxdx + fy dy -\- fzdz + /„ du, 
and since for all the sets of values {x,y,z,u) that satisfy the given 
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relation, / is constant, its total differential equals zero. Hence 
df = fdx + fydy + f4z + fudu = 0. 



(since du/dz is nothing else than dujdz when the remaining 
variables are held constant). In like manner, 


^ = -h 

dy /«’ 


(/« 5 ^ 0 ) 


etc. We are, thus, enabled to find the partial derivatives of 
u (or, clearly, of any other of the variables) without solving 
the given relation explicitly for it. To illustrate, consider 
the relation a^y + yzu^ — xu® + 5 = 0. We find, say, dufdy, as 

du _ _ {a?y + yzu^ — xw® + b)y 
By [p?y + yzu^ — xv? + 5)« 

_ _ X® + zu^ 

2yzu — Zxu^ 

Given, now, two simultaneous relations 

f{x,y,z,u) = 0, 
g(x,y,z,u) = 0, 

let it be required to find the value of du/dx. Note that this is 
ambiguous, without some hypothesis as to what variables 
are held constant in the process of partial differentiation. For 
we could construe the two given equations as defining u and z 
each as a function of x and y (in which case y is held constant in 
the process of finding Ux), or as defining u and y each as a function 
of X and z (in which ease z is held constant in the process of finding 
Wi). Let us say, for the sake of definiteness, that it is y that is 

held constant, and exhibit that fact by using the notation 

for the derivative we are seeking. Instead of solving tlie two 



Sec. 95] PARTIAL DERIVATIVES 357 

given equations for u and s as functions of x and y, we form the 
total differentials 

dj = fxdx fy dy + fudz + /« du = 0 , 
dd ~ Qx dx gy dy gs dz g^ du = 0 . 

(The sets of values of x, y, z, and u for which the last two equations 
are true are, of course, only those for which the two given equa- 
tions are true.) If y is held constant, dy = 0, and from the result- 
ing equations, 

fx dx f^dz + /„ du = 0 , 

gx dx g,dz + Qu du = 0 , 
we obtain, solving these for du and dz, 

du = 

J zQu JuQz 

{.f zQu fuQz 0 ) 

dz = ~ ^f^ dx. 

j zQit juQs 

From the first of these results we find the partial derivative sought 
as 

du {x,y') _ /affz fxQz 

^X J fuQs 

The second would give us 

dz(a:,y) ^ Jxgu - fuQx 
dx jxgu - fuQz 

For example, let us find dz{x,y)/dx from the relations 

X sin u -\- y log 2 = 0, 
u sin X + z\ogy = 0. 

It will be better to apply the method just employed rather 
than to rely on the formulas obtained above. We have, then, 
treating the.se two equations as /(a;, 2 /, 2 ,M) = ^,g[x,y,z,u) = 0, 

dj = siji u ■ (lx + log z ■ dy + ~ ■ dz + x cos u ■ du = 0, 


do = u cos X ■ dx ' dy -h log y ■ dz -j- sin x ■ du = 0. 

y 

Since y is being held constant, we set dy equal to zero and display 
the resulting ecpiations as 
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- ■ dz + X cos u ■ du = — sin M • dx, 
z 

log y ■ dz sin X ■ du = —u cos x • dx. 
Solving these for dz, we obtain 


, sm a; sm u — ux cos x cos u , 

dz : dx, 

u sm a: , 

X cos u log y 

z 

whence 

Bz{x,y) _ uzx cos x cos u — z sin x sin u 
dx y sin X — zx cos u log y 

Note: The quantity — fuQz, which occurs in the denomi- 
nators of the expressions for — ^ and is called the 

Jacobian of the two functions f{x,y,z,u) and g{x,y,z,u) with 
respect to z and u. It is commonly designated by the symbol 
d(f,g)/d(z,u). The number of variables is immaterial. If we 
had the pair of functions f(x,y,z) and g{x,y,z), or the pair F{x,y) 
and G(x,y), the Jacobian of f and g with respect, say, to x and y 
would be f^gy - fyg^ [designated by d(S,g)/d{x,y)], while the 
Jacobian of F and G with respect to x and y would be FjGy — FfG^: 
[designated by d{F,G)/d{x,y)]. The notation for Jacobians 
suggests that in some way they are a generalization of the deriva- 
tive. Indeed, they share a number of properties in common with 
derivatives. Let us verify one. It is known that if |/ is a func- 
tion of x, then Dxy and DyX are reciprocals of each other, provided 
both exist. 

A similar property for Jacobians is stated in the first of the 
following three exercises. In each of these exercises the con- 
tinuity of the functions involved and of their first partial deriva- 
tives is assumed. 


Exercise 1. 


Prove that if u and v are each functions of x and y, and 


^ 0 , 

d(a:,2/) d(x,y) d(u,v) 


1. Hint: From 


obtain Xu = Vy/J, y,, ~ etc.; where J 

Now compute the Jacobian d(x,y)/d(u,v) == Xuyc 
values of the partial derivatives just found. 

Exercise 2. Prove that in the case of the relation f{x,y) 
X and y 


du = Uj. dx -f Uy dy\ 
dv — Vjc dx + Vy dy f * 
designates d(u,v) /d{x,y). 
- Xviju hy sulisti tilting the 


0 between 


fy 


ify ^ 0) 
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^ = JjL 

dy 


^ 0 ). 


Exercise 3. Prove that if z is defined as a function, of x and y by the 
relations x = y = g{v,,v), z = h{u,v), then 

huQv ~ htQii hufu hufc , j _ j. _ y 

- U. -Uu ^ 


Problems 

1. Find dy/dx in each of the following: 

(a) X + y sin x - 0, Arts 

(h) x^y — log (xy) = 2. 

(c) ^ X — y. 

(d) sin""i (xy^) + x + y = 0. 

2. Find the derivative indicated in each ease below. 

(a) xy^ + yz^ 4- = 3, {zx). /. 

(h) + xyz = 1, {Zy), Aru 

(c) a; sin y + 2/ cos 2 xyz = 0, (yx). 


1 + y cos X 
sin X 
2xY- - y 


y^ + 2xz 
x^ 4 2yz 

ex+y+z 

^x+y+z 


Ans. 

X COS y 4 cos z — xz 

(d) log (xy^z^) — X— y~z + 2u~0, (wj. 

3. Find the equations of tangent to the curve obtained by intersecting 

the surface — 2xz + == 5 the plane y = 2, drawn at the point 

(1,2,0). Ans. z X - 1, y =- 2. 

4. Find the equations of the tangent drawn at the point (1,1,1) to the 
surface {xy)y^ + (yz)y^ 4 (zx)^A = 3 and parallel to the y^i-plane. 

Ans. y + z = 2^ x = 1. 

5. Prove that if s is a function of y defined by /(a:,y) = 0, g(x,z) = 0, then 

= fvQx/fxg^^ Verify for x - if 0, x - ^ 2. 

6. Prove that, when x, y, and 2 are related by an equation fix^yjz) = 0, 

then ^ ^ ™ = -1 . Verify for xhj - 2yz^ 4 zx^ = 3. 
dy dz dx 

7. Without solving the given relations for x and y in terms of 2, find D^x 
and Dzy 

{jl >2 ^2 _j„ ^2 — 9^ 

(а) when x,y,z satisfy the two equations ^ ^ ^ ^ ^ j . ’ 

y — z 

Ans. DsX = 

X - y 

f^,2 — x’2 4 y = 3, 

(б) when x,y,z satisfy the two equations ^ ^ ^ 5 
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8 , (a) Given 
(&) Given 


3,2 _ 2/2 + == 0, g , dujx.y) 

i-xz + u = 2, dx ' 

2x +logy - uz 0, dB(x,y) 
sin (xu) + yz == 0, By 


Ans. 


2x^ + yz 
y + 2xu 


9. Verify the property proved in Exercise 1 for 

10. Show that if u and v are functions of r and s, while r and 5 are func- 
tions of X and 2 /, then 


djUyV) d(?>‘) _ d(u,v) 
B{r,s) ’ d{x^ “ Bix.y) 


To what property of ordinary derivatives is this analogous? 
11. Verify the property proved in Prob. 10 for 

(21 = r 2 + s\ (r = a; + log 2/, 

^ 2 ) = = log (xy). 


96. Tangent Plane and Normal Line to a Surface. We have 
«;lready seen in Sec. 92 of this chapter that the tangent to 


z 



the curve formed on the surface z = f{x,y) by the plane y = ^ 0 , 
drawm at the point (a:o,2/o;^o), has the slope (;2:,)o [we use this 
notation to designate the value of z.^ computed at (xo, 2 / 0 , 2 : 0 )]. 
lhat is, tan a ~ {zx)q in Fig. 168. From this 

cos a = i — — , 

Vl + (2.)o^ 

and let us assume the tangent so oriented that cos a = — -- ^ - 

Vl + iz.)/ 
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Now 7 — a — 90° and § = 90°, where a,/ 3,7 are the direction angle^^ 
of the tangent. Hence, the direction cosines of the tangent are 

— . 1 0 

"s/l + ( 2 ®)o^ ’ 7/1 + (Si)o^ 

(since cos 7 = cos (a — . 90°) = sin a) . In like manner, the slope 
of the tangent to the curve formed on the surface by the plane 
X = Xo drawn at the point (xo,yo,zo), (i.e., tan B) is (zjo, and we 

may assume the tangent so oriented that cos B — ■ — 

Vi + W 

whence cos C = — 7 "— — ■ = ; also cos A = 0, where A, B, C 

\/l -H W 

are the direction angles of this tangent. Its direction cosines 
are, then 

n 1 (2!/)o_ 

Vl + {ZyV Vl + 

We define now a line as normal to a surface at a point P if it is 
perpendicular to the tangent of every curve passing through P 
and lying on the surface. In Exercise 3 of Sec. 97 we shall prove 
that all such tangents indeed lie in a plane. If the line PN in the 
figure is the normal to the surface at P, it must, in particular, be 
perpendicular to the two tangents we have just considered. If 
we call its direction numbers I, m, n we have 

I n(Za;)o 0 , 
m + n(zy)o = 0, 

(recalling Exercise 11 , Sec. 35). Hence, the direction numbers 
of the normal may be taken as (zx)o, (sf)o, —1- The equations of 
the normal are, then 

X — xo _ y — Vo _ z — go 

( 2 x)o ( 2 !,)fl - 1 

The plane passing through the point P of the surface, per- 
pendicular to the normal, is called the tangent plane (with P 
as the point of tangency). It is, indeed, the plane which contains 
all the tangents at P to curves on the surface through P. From 
the known direction numbers of the normal to the surface, which 
is also the normal to the tangent plane, we obtain as the equation 
of the plane tangent to the surface z = f{x,y) at P {xu,ya,Zn) 

{Zx)o(,X — Xo) + iZy)o{y — yu) — {z — 2()) = 0. 
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Consider now a point Q (xo + Ax, yo + Ay, Za + A 2 ) on the sur- 
face. The line through Q, parallel to OZ, has the equations 

X = xo + Ax, these values into the equation of the 

y = yo + Ay. 

tangent plane at P (xo,yo,2o) for x and y, we obtain z = zo+ (z^)o Ax 
+ izy)o Ay = 2o + (since here, x and y are independent 
variables and Ax — dx, Ay = dy) for the point R where the line 
through Q and parallel to OZ meets the tangent plane. In other 
words, the distance, along the line through Q and parallel to OZ, 


Z 



between the surface and the plane tangent to the surface at P 
is Az — dz. We thus have a geometric interpretation for the 
differential dz. (Compare the geometric meaning of dy in the case 
y = /(^) is the equation of a curve in the xy-plane.) 

Exercise 1. Prove that the direction numbers of the normal to the surface 
f{x,y,z) = 0 at the point P (:ro,?/o,^u) may be taken as (/^)„, (/Jo, (/Jp. 

Exercise 2. Prove that the direction numbers of the normal at a point of 
ix =/(w,iO, 
the surface <y = g{u,v), 

[ z = h{UjV)j 

may be taken as hngr — hrgm fuhr — g.J,- — grfu, all (‘oinpiited for that 

point (see Exercise 3, Sec. 95). 

Exercise 3. Prove that if at a point on th(' surface fix^ij^z) = 0, /x, /y, 
and fz all vanish, no normal line or tangent plane is defined at that point. 
(Such a point is called a singular point of the surface.) 

To illustrate, let us find the equations of the normal line 
and tangent plane at the point (1, “2,2) for the surface 
X- + y- + 2^ = 9. Here /* = 2x, and (/^)i, = 2; /„ = 2y, and 
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Uy)o = = 23, and (/j)o = 4. By exercise 1, the equations 

t)o — 1 %! I 2f ^ 

of the normal line are, then, — s — = - — t~ — — a — an the equa- 
tion of the tangent plane is 

2{x - 1) - 4(j/ + 2) + 4(^ - 2) =0. 


Problems 

1. Find the equations of the normal line and the tangent plane for each 
surface at the point indicated. 

(a) ;s = + 22/2 - 4 at (2,1,2). 

Ans. - ^ ^ ^ ^ 4a; + 42/ ™ 2 = 10. 

(5) 2 = + 2xy at (1,3,7). 

■ ? . ^ ^ = y 8a; + 22/ - 2 : = 7. 

(c) 2 : = xV^ + y¥ 2 . at (1,1,2). 

id ) + 22/2 - ^2 = 5 at (-1,2, --2). 

(e) xy^ 4- yz^ — + 18 = 0 at (0, —2,3). 

(/) a; = 22/ - 32 - 3 at (-3,0,0). 

Ans. 2x + y + 6 = Qj z = 0; X — 2y ^ =0. 

(g) y -=3xz - + 2 (2,7,1). 

.A?^6^ - ^ — = 2 / — 7 = 3a: — 2 / + 4s = 3. 

(h) xH 4- {—yyA + zVi = 4 at (4, -1,1). 

2. Find the angles between the two normals to the two surfaces 

+ xy — z^* = 8 and a; — 2 / + 3;s - 0 at their common point (3,0, — 1). 

Ans. cos~^ ( ±3/7\/l0). 

3. Show that the equation of the tangent plane at the point (a;o,2/o,^o) of 
the vsurface 

(a) a;2 4 - 2/^ — = 1 is a;a;o 4“ yyo ~ 3sso = 1; 

(h) xy 4- 2 /-^ - = 3 is K(^2/o + 2/^o) 4- K(2/^o + m) “ = 3. 

4. Find the singular point of the cone a;^ 4 - 2 /® — 2z^ = 0. Show that 
every tangent plane of the cone passes through that point. 

Ans. (0,0,0). 

6. Find the equation of the plane tangent to the surface 
^2 2/2 -|_ 2xy 4" 3 z — a 

and parallel to the a; 2 /-plane. 

6. Show that the plane Bx By ‘j- 2z 4-16 = 0 is tangent to the surface 
+ 2xz — 2y^ 4-16 - 0, and find the point of tangency. (2, —4,3). 

J y = 2z — 15 

^ ^ _ is normal to the surface 

rr = 22 — 15 

4- yH 4- = 6 

and find the point at which it is the normal. An**. (1,1,8). 

8. Show that the volume of the tetrahedron bounded by the coordinate 
planes and any plane tangent to the surface xyz = a is constant. 
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9. Find the equations of the normal line and the tangent plane for the 
surface 

! a; = _|_ y 

y ^ u the point where w = 1, = 2; 

z = 

A 2/”“5 Z ^ A \ r> rr J-r 

Ana. — j- = 4x + 6y - 7z == 7, 

I X = u — v’^ 

y - uv + at the point where u = 0, v = 1. 
z == + uv 

97. Space Curves. It will be convenient, in treating space 
curves, i.e., curves that do not lie in a plane, to assume their 
equations in the parametric form x — j(t), y = g{t), z = h{t). 
We take up, first, 

I. The Tangent Line at a Point P (xo, yo, 20) of the Curve. This 
is defined, as in the case of a plane curve, as the limiting 'position 
0] the secant line through the given point and a neighboring point 
of the curve, as the latter approaches the given point along the curve. 
If the neighboring point has the coordinates (so + Ax, yo + Ay, 
2o 4 - A2), the direction numbers of the secant PQ may be taken 

\ fjf* /\\i ^ 

as Ax, Ay, Az, or, what is the same, —> -j-> where At is the 

increment of the parameter t to which Ax, Ay, and Az correspond. 
From the definition of the tangent line, its direction numbers may 
be taken as the limits of these quantities as Af — » 0 . In other 
words, a set of direction numbers for the tangent at a point {xo,yo,Zo) 
are 

/^\ / ^ 

\dt /o’ \dt /o’ \dtJo 

that is,f'{to)i g'{to), h'{to), the zero subscript indicating, as usual, 
that the derivatives in question are computed at the point 
(xo,yo, 2 o) corresponding to the value k of t. 

IL The normal plane to the above curve at P (xo,yo,zo) is defined 
as the plane through the given point and perpendicular to the 
tangent line at P. Its equation is, obviously, 

,.( 1 )^. 0 , 

III. The Osculating Plane. Con.sider, fir.st, any plane whatever 
passing through a point P. (xo,yo, 2 o) of the above curve. Its 
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equation is A{x — xq) B{y — C{z — 2o) = 0, where A, 
B, and C are any set of real numbers not all zero. Let us examine 
the distance from a neighboring point of the curve Q (xo + Ax, 
yo + Ay, Zfj + Az) to that plane. By the formula of Sec. 42, that 
distance equals 

\ A Ax + B A y + C A 2 | 

VA^ + B^ 


By Taylor’s theorem, 

Ax = f(to At) /(to) = At ‘/’(to) ~^f"ii<i) ”1“ 

(to < < ^0 + AO; 

Ay = g{U + At) - g{to) =Ai • g'ito) + + 

At^ 

(U < ^2 < ^0 + At)j 
A / 

A^ = h(to + AO h(k) - A^ • h\U) + ~h"(tc) + 

-^h"'(t 3 )j (to < ts <1 to ~h At). 

Substituting these into the above expression for the distance, we 
obtain for it ' 


At[Af',+Bg'o +Ch\] + ^[A/"„ +Bg''o +Ch"o] + ^lAr\+Bg’",+Ch’",] 

VaATW+~& 

(where the derivatives /’(to), /’’(to), . • - have been written as 
/’o, /”o, ■ ■ •) from which the quotient, distance/At, reduces to 

[Af,+Bg’„ + Ch\\ + f^[Af'\+Bg'\+Ch"o\ + '^Uf"\+Bg'",+Ch'", 

a/AH- +. • 

If, now. At is allowed to approach zero, the distance we are 
considering also approaches zero, while the ratio, distance/At, 
approaches 

jA/’o + Bg'o t Ch'A 
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For random values of A, B, C this is, in general, different from 
zero (unless /'o = g'o = A'o = 0, in which case we are dealing with 
a singular point of the curve). Hence, the distance from a 
neighboring point Q of the curve to a random plane through a 
point P of the curve is an infinitesimal of the same order as 
At, the increment in the parameter from the point P to the point Q. 

If the plane in question contains not only the point P but 
also the tangent to the curve at P, the coefficients A, B,C satisfy 
the condition 

Af'o + Bg'a + Ch'o = 0, 
and for the distance considered we have 
,. /distance\ ^ ,. /distance^ WiAf'a Bg'\ + CV'^] 

Since the second of these limits is a quantity not zero in general, 
the distance from the point Q to a random plane through the 
tangent line at the point P is an infinitesimal of the second order 
with respect to At. 

If, now, the coefficients A, B, C are subjected to the further 
condition 

Af'o + Bg"o + Ch"o = 0 , 

we obtain 

,. distance „ ,. distance [Af"i + Bg"'o + Ch"'z\ 

hm = 0, lim = = ^ 

A(-*o At'' Ai->o AP Z\^/ A"' -\- B^ 

This last limit is in general not zero {i.e., not for A, B, C that 
satisfy the two conditions imposed above), and the distance 
discussed is an infinitesimal of the third order with respect to 
At. 

Note that making the distance from a neighboring point Q 
of the curve to the plane passing through P an infinitesimal of 
higher order at each step amounts to requiring that the plane 
fit the curve closer and closer at and near P. Note also that 
the conditions we have imposed on the plane, viz., passing through 
P, containing the tangent drawn at P and having coefficients 
A, B, and C that satisfy the relation Af'o + Bg"o + Ch"o = 0, 
are all the conditions we can impose on one plane and are enough 
to precisely determine the plane. We have thus argued out the 
existence (save at exceptional points) of a definite and unique 



Sec. 97] 


PARTIAL DERIVATIVES 


367 


plane the extent of whose closeness to the curve near P is measured 
by the fact that the distance from a neighboring point of the curve 
to it (the plane) is an infinitesimal of order at least three relative 
to the increment in the parameter value (and hence, relative to 
the increments of the coordinates). This plane is called the 
osculating plane of the curve at the point P. Its equation is thus 

A(x — So) + B{y — yo) + C{z — zo) = 0, 

where 

/ -"i/'o -|- Bg'o + Ch'o = 0, 

Uf'o + Bg"o + Ch", = 0. 

Exercise 1. Show that the last two equations determine the ratios of 
A, B, and C as 

A-.B-.C = [^'o • h", - A'o ■ g'\V.[h\ -f'o - /'o • h ",] ; [/'„ • g", ~ g\ .f\\ 
and, hence, that the equation of the osculating plane is 
[ff'o •/i"o - h'o ■ g"o]{x - Xo) + [A'o ■/"<) -/'o • h'\](y - go) 

+ \f\-g''^ - g'o-f\]{z ~ So) =0. 

IV. The Binormal. This name is given to that normal of the 
curve at P (X(i,yo,zo) which is perpendicular to the osculating plane at 
P. Its direction numbers can, obviously, be taken, as 

[g'o ■ h"o - h'o ■ g"o], Wo • f'o - fo ■ h"o], [fo ■ g"o ~ g'o ■ f'o]- 

V. The Principal Normal. By this term we designate that 
normal of the curve at P {xo,yo,Zo) which lies in the osculating plane 
at P. It is thus, the line of intersection of the osculating plane 
and the normal plane and is perpendicular to both the tangent 
line and the binormal. As equations of the principal normal we 
may hence display the pair 

ifo{x - Xa) + g'oiy - yo) + h'oiz - Zo) = 0, 

U^'o • h"o - h'o • g"o]{x - Xo) + Wo- f'o - fo ■ h"o]{y - yo) 4- 

[fo • g"o - g'o-f'oKz - Zo) = 0 . 

If we call, for brevity, the sets of direction numbers displayed 
above for the tangent and the binormal a, b, c and I, m, n, respec- 
tively, while we designate a set of direction numbers of the 
principal normal by u, v, w, we have 

ua -j- vb wc = 0, 

III + vm -|- -urn = 0. 
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From these, we readily obtain 

u:v:w = (bn — cm) -.{cl — an) -.{am — hi). 

VI. The Rectifying Plane. By this is designated the plane 
through P (xQ,yo,Zo) perpendicular to the principal normal at P. 
It, therefore, contains the tangent line and the binormal at P. Its 
equation, obviously, is 

u{x — xo) + v{y — 2 / 0 ) H- w{z — 2o) = 0, 

where u, v, w are the above direction numbers of the principal 
normal. 

We have thus described, for each point of a space curve, a 

unique system of three mutually 
perpendicular planes, the normal 
/"Rectifyiiig k plane, the osculating plane and the 

/ / \ 1= rectifying plane, which intersect in 

/ / pairs in three mutually perpendi- 

T-ufcmi. ^ ^ — cular lines, the tangent line, the 

/ binonnal, and the principal normal. 

yT \ SlSHS — y The adjoining figure is intended to 

Ir ^ . aid the student in comprehending 

the configuration, known in differ- 
^ ^ ■ ential geometry as the moving 
trihedral. 

To illustrate, let us find a set of direction numbers for each of 
these lines and the equation of each of these planes (spoken 
of as the principal directions and principal planes) for that point 
on the hehx 

! x = a cos t, 
y = asm. t, 
z — ht, 

at which t = ir/2, i.e., at the point (0,a,br/2). Hero 

f{t) = a cos f, f{t) = —a sin t, fit) = —a eo.s t, 

g(t) = a sin t, g'{t) = a cos t, '(t) = —a sin t, 

h{t) = bt, h'{t) = b, h''{t) = 0, 

/o ^ 0, fo = -a, f'o = 0, 

go = a, g'o = 0 , g"o = -a, 

, f)7r 
ho - 


Rectifying 

plane 


Osculating ' 

V plane 


Fig. 170. 


fit) = —a eo.s t, 
'{{) = —a sin t, 
h"{t) = 0, 

n = 0, 

g"o = -a, 


h'o = b. 


h"o = 0 . 
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Hence (a) A set of direction numbers for the tangent line is 

— a, 0, 6.' 

(h) A set of direction numbers for the binormal is 
[0 + a?)], [0], [o^ — 0] or h, 0, a. 

(c) Calling the direction numbers of the principal normal 
u, V, w and recognizing that it is perpendicular to the tangent and 
binormal, we have 

f— aw + = 0, 

bu aw — 0. 

These equations are satisfied only U u = w = 0, hence we exhibit 
a possible set of direction numbers of the principal normal as 
0, 1, 0. It is, therefore parallel to OY. 

Had we wished to examine the principal normal at any point 
of the curve, we would have set up the equations 

— ua sin t + va cos t wh = 0 

uh sin t — vb cost wa = 0, 

which are satisfied by 

uw'.w — aost'.mxt'.f). 

From this, by setting t = ir/2, we obtain the former result 0, 1, 0. 

From the direction numbers of the three principal directions 
it is easy to set down the equations of the three principal planes. 

(d) The equation of the o.sculating plane is 

bx + a[z - = 0. 

(e) The equation of the normal plane is 

-ax + b^z = 

(/) The equation of the rectifying plane is y - a = 0. 

Exercise 2. Prove that if a curve is represented by two equations 
f{x,y,z) = 0, g{x,y,z) = 0, a set of direction numbers for it.s tangent at a 
point (Xii,2/u,zij) is 

if yds — if^Q^ fxQzi^i if^Qi/ 

Exercise 3. Prove that all the tangents at a point P (xi),i/o,rii) of a surface, 
(i.e., the tangents to all the curves on the surface passing through that 
point) lie in a plane. 
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Hint: Any given curve on the surface J{x,y,z) == 0 may be construed as 
the intersection of the given surface with some other surface gix,y,z) = 0, 
hence as satisfying the two equations /(a:, ^, 2 :) = 0, g(x,y,z) = 0. 

Exercise 4. Prove that the direction cosines of the tangent to the curve 
a; =/(0, y = ^ = ^^(0, at the point (a;u, 2 /o, 2 :o) are {dx/ds\ (d^/ds)o, 

{dz/ds)oj where ds = + dy^ + dz^ , 

Exercise 6. If Z, m, n, the direction cosines of a line, are functions of a 
parameter Z, and A0 designates the angle betw'een the direction (Z,w,n) and 
(Z -h aZ, m + Am, w + Ln), prove that 

/dey /diy , /d^ny , /dny 
\di) = [dtj + + Kdi) ■ 

Hint: From the relations = 1, 

(Z + Aiy ”f (m + Am)^ + (^ + An)^ == 1, and cos (A6) = Z(Z + AZ) + 

m(m + Am) + ?^(?^ + An), 

obtain 

cos (A0) = 1 — J^[AZ® + Am^ + An‘^j, 

whence 

/ ‘ 

/Aiy , /Amy , 2 / Aey 

VAt/ "^VA^j '^{.At) \A0/2/'Va«/ 

Let At — > 0, and the result follows readily. 

Exercise 6. ^ The curvature of a space curve is defined, as in the case of a 
plane curve, as dd/ds, where Ad is the angle between the tangent at a given 
point and the tangent at a neighboring point as is commonly put, the 
curvature is the rate of turning of the tangent per unit length of the curve). 
Prove that the curvature of a cui-ve is given by 

(The reciprocal of the curvature, usually denoted by p, is called the radius 
of curvature.) 

Exercise 7. The torsion of a space curve is defined as d(p/ds, where A<p 
is the angle between the binomial at a given point and the binomial at a 
neighboring point (f.e., the torsion is the rate of turning of the ])iriortnal, or 
of the osculating plane, per unit length of the curve). Prove that the torsion 
of a curve is given by \/{dl/dHy + {dm/d.y ^~\dn/ds)‘\ where Z, m, n 
are the direction cosines of the binomial. (The reciprocal of the torsion, 
usually designated by r, is called the radius of torsio'n.) 

Problems 

1, Find a set of direction numbers for the tangent and biiionnal of the 
curve 

X = t cos t 
2 / == Z sin Z 
z = at 
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at the point where t = 7r/2. Also find the equations of the osculating plane 
and the normal plane. Ans. (7ra/% -2a, tt^/A + 2). 

2. Find direction numbers for the principal normal, and the equation 
of the rectifying plane, for the data of Prob. 1. 

.4».. 

! x ^ a cos t 

y - asiii t is constant and 
z = bt 

equals . , . 

^ H- I 

4. Show that the torsion of the helix in Prob. 3 is constant and equals 

+ ¥ 


5. Given the curve Jy — P, at the point where t = 1, 

z = 

(a) find the equations of the tangent line; 

Am. X - I = ^ 

(b) find the ecfuations of the binormal; 

. X - I y - I z — ■ 

Am. - 

(c) find the equations of the principal normal; 

?_zJ = y - ^ , _ t 

Aws. 2 -2 3 

(d) find the equation of the normal plane; 

(e) find the equation of the osculating plane; 

(/) find the equation of the rectifying plane; 

(g) find the (uirvature and torsion. Ans. ^i, 

6. Find the equations of the tangent line and normal plane for the curve 

^ ” ^2 Z. 1 point ( — 1,2,3). 

z — y 1 

Ans. Tang, line: x + I - == ^-3™ • 

7. Show that the curve of Prob. 6 is represented parametrically by 


2/ = -p . Find the e(iuations of the osculating plane and the binormal 
z = 

at the point stated in Prob. h. 

8 . Find the equations of the tangent line and the normal plane for the 


X 

yz X 2 


at the point (2,0,1); 


Ans. Tang, line: 




0:2 -f- 2/^ - 2 = 8 

X — 2/2 + ^2 = —2 


at the point (2, —2,0). 


curve 
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9. Show that the osculating plane of a plane curve is the plane in which 
the curve lies, and that its torsion is zero. 

10. Show that a curve whose curvature at every point is zero is a straight 
line. 

[ a; = 1 - 

11. Given the curve = t(l - show that every normal plane 

= t 

passes through the origin. 


98. Directional Derivative. Let a function fix,y) be defined 
for a certain range of values of x and y (i.e., in a certain region 


Y 



Fig. 171. 


in the a;i/-plane), and let P (x,y) be a point 
in that region. The rate of change of the 
value of the function per unit length of arc 
in a given direction is defined as the direc- 
tional derivative of the function f{x,y) in 
that direction. In other words, the direc- 
tional derivative of j{x,y), at P, in the 
X direction of the curye PQ (Fig. 171) is 
df/ds, where ds is the element of arc of the 
curve PQ. Now 


ds ~ ^^ds 


= /* cos a Jy sin a, 


where a is the inclination of the tangent line of PQ to OX. 
Since the values of /* and fy are fixed if the point P is kept 
fixed, the directional derivative, for a particular function at a 
particular point, is a function of a, the angle that determines the 
direction of the curve in question. We may represent it by D{a). 
Desired, now, to find in what direction the function changes most 
rapidly, i.e., to find the value of a that makes D(a) a maximum. 
To that end, we differentiate D{a), and obtain 

B' (a) = —fx sin a. fy cos a. 

Setting this equal to zero, wo obtain tan a = fy/fx- This gives 
two values of a, say, ai and = a\ ir, such that 



sin as = 
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By D"{a) = — /* cos a — fy sin a, we get 

D"{ai) = D"{az) — + /j/^- 

Hence, D{a) has a maximum value for a = ai and a minimum 
value for a = at. The values of D{a) in these two directions are 
+V77+7?. It appears that the function increases most 
rapidly in the direction determined by tan a = fy/f^, 

sin a = fy / \//*^ fy^, and that its rate of increase in that direc- 
tion is \/fx^ + fv^- This (maximum) value of the directional 
derivative is called the gradient or normal derivative of the func- 
tion /(a;, y) at the point P. ■ 

Note that the direction in which the directional derivative is 
zero (the function stationary) is given by 

fx cos a -{■ fy sin a = 0, 

hence by tan a. ~ —fx/fy, and that this direction is perpendicular 
to the one found above, giving the gradient. 

To illustrate, consider the function f{x,y) = xy y- and 
the point (1,2). We have/* = y = 2, fy = x 2y = 5. Along 
any direction, the value of the directional derivative at that point 
is 2 cos a 6 sin a. Along a curve through (1,2), for w'hich, say, 
a = 30°, it has the value y/S + %. The function is stationary 
for the direction tan a = The value of the gradient is 

a/ 4 -(- 25 = ■\/29, and the directional derivative attains that 
value along any curve through the point (1,2) for which tan a = M 
and sin a = 5/V29. 

We introduce the notion of a contour line for a given function 
f{x,y). By this is meant a locus in the a:y-plane for all points of 
which the function has the same value. If/(a:,y) is a single-valued 
function there will be one such curve passing through every point 
of the plane for which the function is defined. If the value of the 
function at a point P is/a, the equation of the contour line passing 
through it is/(j,y) = /o. The direction of its tangent at P is given 
by tan a = dy/dx = —fx/fv and of its normal by tan a = /y//*. 
The first is precisely the direction found above for which the func- 
tion is stationary, while the second is the direction of the most 
ra]nd increase of the function, viz., the direction of the gradient. 
Thus, the direction of the gradient of the function, at a point P is 
along the normal to the contour line of the function passing through 
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that point. Hence, the alternative name for the gradient, the 
normal derivative. 

Exercise 1. Prove that the value of the directional derivative in a direc- 
tion making an angle <p with the direction of the gradient is 

+f / • cos (p. 


Hint: In the adjoining figure, let FN be the normal to the contour line 
through P (hence, the direction of the gradient). The directional derivative 
in the direction of PM isfx cos {a + <?) A- fy sin {oc A- v). Expand this, and 



employ the relations cosa = /i/V/^^ +//, 
since = fvl\^J7~+T?. To make a complete 
proof, consideration should also be made of the 
case in which the inclination of PM is a — tp. 

The notion of a directional derivative 
is extended to a function of three inde- 
pendent variables, and it is easily argued 
out that its value at a point P along a 
curve whose tangent at P has the direc- 


Fig. 172 . tion angles a,^,y is 


ds 


= fx cos a + fy cos /3 + cos 7- 


The extension of the notion of contour lines takes the form of 
contour surfaces, surfaces at all points of which the function has 
the same value. The contour surface passing through a given 
point P has for the direction cosines of its normal 


fx 


COS 0 = ^ 


vy/+// 


cos 7 = 


+//+// 


and along that normal the value of the directional derivative 
is readily found to be y/fx^ + fy'^ + fy‘^. This, again, is called the 
gradient, or normal derivative, of the function f{x,y,z) at P. 

Exercise 2. Prove that the value of the directional derivative in a direc- 
tion that makes an angle (p with the gradient is f + fz^ • cos </?. 

From that, show that the maximum value of the directional derivative at a 
given point in space is that of the gradient. 

Directional derivatives have appli(*ations in .studies such as the 
flow of heat through a metal due to a difference in temperature, 
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the flow of electricity through a conductor due to a difference in 
potential, and the flow of liquids and gases due to a difference in 
pressure. If the temperature, potential or pressure at a point P 
is a function of the coordinates of that point, the direction of flow 
at that point is that of the gradient. The contour lines for this 
function are known as isothermals in the case of heat flow, and 
equipotential lines in the case of electricity. 


Problems 


1 . Interprets andS for a function of two variables, also/^,/„ and/^ for 
a function of three variables, as directional derivatives. 

2 . For each function below, find the directional derivative for the point 
and direction specified, also the magnitude and direction of the gradient 
at that point. 

(a) (-1,2); (« 45°). 


Ans. — 7^/2 j 2\/37; tan ^6. 

(6) xe^; (2,0); (a = 60°). Ans, ■%/§; tan“i 2. 

(c) log (xy); (1,1); (« = ^30°). 

(d) {X - y)y^; (5,1); (a = -45°). 

(e) xyz; (1,2, -1); (a = 60°, 0 - 45°, 7 = 120°). 


Ans. 




cos 


-1 


2 1 
cos ^ cos 


- 1 ?) 

3/ 


CO + 2/2 - (0,1,3); (« = 60°, /3 = 45°. y = 60°). 

3 . For each directional derivative .called for in Prob. 2 verify the property 
set forth in Exercises 1 and 2. 

4. Find the directional derivative of the function + xy + at the 
point (1, —2), in the direction of the curve — 2y = 5. Ans. ±3\/2/2. 

6. Find the directional derivative of the function log y, at the point 
(0,1), in the direction of the curve x^ + "^xy -- y- A I ^ 0. 

6. If a point P moves on the curve x ^ y = P + 1, ^ = 2i — 3, in the 
direction of increasing i, find, at the point where i == 1, at what rate its 
distance from 

(a) the origin is changing per unit arc of the curve. 

An.^. 1 /a/6, 

(b) the ^-axis is changing per unit arc of the curve. 

Am\ HV^* 

7 . Find the directional derivative of the function xyh^ at the point 

(1,2,2), in the direction of the curve 2x + ^ = 4, + if A- ^ 9. 

Ans. 32/V29. 

8. (a) For a function of two variables, show that the sum of the squares 
of the directional derivatives along any two perpendicular directions is 
constant at any point and equals the square of the gradient. 

(6) For the point (1,-2), find at what rate its distance from the 
origin is changing, per unit arc of curve, when it moves along the curve 
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^ 5, also when it moves along the line 2x + y = 0. Verify, for 
these, the property proved in (a). 

9 . Show that the gradient of the function /(r,0) at the point whose polar 
coordinates are (r,d) is If A + 

10 . A plane area of metal is bounded by two concentric circles of radii 

7 in. and 12 in. The temperature decreases uniformly from 212° at the 
inner circle to 32° at the outer. Express the temperature as a function of 
X and y. Find the isothermal curves and the lines of flow. At a point 
3\/l0 units from the center find the rate of change of the temperature per 
unit length of arc along the curve y == x^. Ans. 684/'\/370. 

11. A heat-conducting medium occupies all points in three-dimensional 
space for which x ^ 0. Owing to constant heating along the 2 :-axis, the 
temperature at the point (x,yjz) reaches a steady value given by 

100(1 + 


Find, at (0,7,0), the rates of change of the temperature per unit length O' 
arc along curves whose tangents have the direction ratios, (1:0:0), 
(0:1:0), (0:0:1), and (1:1:0). Also find the direction of the gradient at 
that point. Prove that the lines of flow have the equations s = Ci, ?/ = c^x. 

12. An infinite plane conducts electricity from the point (2,0), where the 
potential is 110 volts, to the point (0,0), wdiere the potential is zero. The 

potential at any point is found to be a function/(u) where u = ~ — • 

Find the direction of the gradient at the points (1,0), (1,1), ( — 1,0), and 
(0,1). Also show that any circle through the points (0,0) and (2,0) has, at 
each of its points, the direction of the gradient for that point. 

99. Envelopes. Consider a one-parameter family of curves, 
j{x,y,a) — 0, of which a is the parameter. It may happen that 

there exists a curve that is tangent 
to every member of the family and 
that, conversely, every one of its 
points is such a point of tangency. 
Such a curve is called the envelope 
of the given family. If there are 
several such curves, all of them, 
taken together, are said to con- 
stitute the envelope. Thus, the 
family consisting of all lines tangent to a given curve has an 
envelope, viz., that curve. 

Since each point P of the envelope E may be taken to correspond 
to a definite member of the family, viz., the one it touches, and 
hence to a definite value of the parameter a, we may assume the 

i X = oicf) 

equations of E in the parametric form -x ^ and the problem 
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of finding the equation of the envelope, if it exists, for the given 
family /(a:, y, a) = 0, is that of finding the functions g{a) and A(a), 
explicitly or in some implicit form. 

If P is a point on the envelope, the slope of the tangent to the 
envelope is h'{a)/g'{a.). Also, the slope of the corresponding 
member of the family is -fx{x,y,a)/fyix,y,a). Since the two 

(q^ —'f ‘IJ 

curves are tangent to each other, we have — ■■ ■// > or 

g (a) 

fx{x,y,a) ■ g\a) + fy{x,y,a) ■ h\a) = 0 (131) 


{x, y, and a all being those of the point of tangency, P). Now, by 
f(x,y,a) — 0, we have, for every point of every member of the 

family, dx + fy dy + /„ da = 0, or + /„ = 0. At 

the point P, dx/da = g'{a) and dyfda = h'(a). Hence, at that 
point fx • g'{a) + fy -h'ia) +/» = 0. In view of (131), /« = 0. 
Hence, at that point, we have the two equations satisfied, 
(f(x,y,a) = 0 

\ foti^Xjy ja') 0 . 

ixi,yi) of it there will be a value ai, of a, such that xi, yi, ai, will 
satisfy this pair of equations. We may, in any 
given case, choose to leave them as they stand, 
to solve for x and y, each in terms of a, thus 
obtaining g{a) and h{a), or to eliminate a, and 
obtain an equation for the envelope in the form 
F{x,y) = 0. 

To illustrate, consider the equation 


If, thus, an envelope exists, then for each point 


X‘ 


+ {y - ay = 1, 


representing a family of circles of radius 1 and 
with centers on the y-axis. The two equations 
found above to determine the envelope are, in 
this case. 



x^ + iy- ay = 1 , 


and 


■2{y — a) = 0. 


It is simple to eliminate a from this pair of equations, obtaining 
= 1. A glance at Fig. 174 will satisfy one that the lines 
X = ± 1 indeed form the envelope. 

Exercise 1. Apply the above method to the family of parabolas, 

- Z{x - a) = 0, 
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Fig. 175. 


and show that the resulting pair of equations has no locus. Draw several 
parabolas and explain. 

Consider, now, the family of curves (x - a)^ = y^(y + 1 ). 
The pair of equations that determine the envelope becomes, for 

this family, 2/ (2/ + 1) - -which reduces to 

(a: — a = U, 

y^iy + 1) = 0, representing two straight lines. A glance at the 
Y figure, with several members of the 

family sketched in, shows that the 
^ line y = — 1 is an envelope while 
xT/N” the line y = 0 is not. 

A \ This last example shows that the 

X- y equations that we obtain in this 

manner may represent some other 
locus besides the envelope. To 
determine, in any given case, whether the result found repre- 
sents any locus other than the envelope, one checks by means 
of a figure or by comparison of the slopes. The latter method, 
used in the last example, would show the slope of any member of 

the family at any point (x,y) to be ^ ^y ' point 

(a, — 1), where it meets the line y = — 1, its slope is seen to be zero, 
the same as that of the line. At the point (a,0) , where it meets the 
a:-axis, the slope is indeterminate . We may resolve the indeter- 
minacy by setting a: — a = ±y \/ y + 1. The slope then reduces 

%! [ “ ][ 

d: 3^ A[_ 2 ~ thus, two tangents to the 

curve at the point (a,0), and neither of them is the n:-axis. This 
rejects the x-axis as an envelope. 

The student may well inquire how an extraneous locus (the 
X-axis in the above example) happens to be represented by the 
equations that are intended to represent the envelope. A hint 
to the answer lies in the observation that, in the above example, 
the x-axis is the locus of points of the given family of curves, where 
/i = 2(x — a) = 0 and fy = — (3y^ H- 2y) = 0. To complete 
the discussion the student is asked to turn to the following exercise : 

Exercise 2. Prove that if each curve of the family /(x,?/, a) = 0 posse.sses 
a point at which /,=/„= 0, then the locus of those points is a part of the 

locus of the pair of equations ~ 

\fa{.x,y,a) = 0. 
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Problems 


1 . Find the envelope of each one-parameter family given below, if it 
exists. Sketch a few curves of the family and the envelope. Distinq;uish 
such extraneous loci as may appear, 

(x - aY + {y - 1)2 4. 


(а) 

( б ) 

(c) — 2x A- 4(y - O') =5 0. 

(d) X = --ay + a^. 

(e) X cos a y sin a — 1 =0. 

(/) (y + «)' + - 1) = 0. 

(g) (y + a)2 + x^(x — 1) = 0. 

(h) y ax — 2a — = 0, 


Ans, 


(y + i)(y 

A ns. 


™ 3) = 0. 
4xy = 1. 


A ns. 
Ans. 
Ans. 


No envelope. 

y^ A- = 0. 

0:2 + z /2 == 


Am. 27y2 = 4 ( 0 ; - 2)^ 


2. A line of constant length I moves with its ends on the two axes. Find 
the curve it envelops (f.e., the envelope of the one-parameter family of lines 
described). Am. + yH = 

Hint: Write the equation of the family of lines as 


X cos a -V y sin a — p = 0. 

Show that the tw'o parameters, a and p, are related by p = ± ^ sin 01 ■ cos a 
(the + sign for lines across the first or third quadrants, the — sign for lines 
across the second and fourth quadrants). The equation of the family is, 
then, X cos a + y sin a ± Z sin a • cos a == 0. The resulting equations of the 

( — Z sin^ oc 

envelope will be found to be •{ , ’ Now eliminate a. 

^ ( y = I cos^ a. 

3. Find the envelope of the family of lines such that both intercepts are 
positive and their sum is a constant, equal to c. 

Ans. -j- yH = cH 

4. Find tlie envelope of the family of circles that 

(a) Have the double ordinates of the parabola = 2px for 

diameters. Am. ip = 2px + p^. 

Hint: If (UjV) and (w, —v) are the ends of a diameter, = 2pu. 

(b) Pass through the origin and have their centers on the curve 

1/ = 2px. 

X^ ?/2 

6. Find the envelope of the family of ellipses = 1? 

(а) Whose area is a constant, equal to c. Hint: The area of an 

ellipse, with semiaxes a and 6, is wah; Ans. yx = ±c/27r. 

(б) For which the line joining the extremities of the major and 
minor axes is of constant length c. 

6. Obtain the evolute of the parabola y ^ x- as the envelope of its normals. 
Hint: The equation of a normal of the parabola at the point iu,v) is 

y - >’ = ~ 


where v = u^. 


Am. 27x2 = 2(2?/ - 1)1 
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7. Obtain the evolute of the ellipse y = J) sin <p envelope of its 

normals. Hint: The equation of the normal, at a point corresponding to the 
parameter value v?> is 

1 . tan <p ^ y 

- b sin <p -(x - a cos 


Ana. (ax)yi + = (a® ~ W)¥s. 

S ee ^ Cl/ COS‘^ 

2 as 

y CL sin (p 

the envelope of its normals. Atis. {x + y)'^^ + (a: — y)% — 2o?^. 

9. Obtain the evolute of any curve y = /(*) as the envelope of its normals. 
Prom the result show that the center of curvature corresponding to the 
point {u,v) of the curve y — fix) is the point where the evolute touches the 
normal drawn at the point (u,»). (Compare with formulas on page 216.) 

100. Theorem of the Mean. Taylor’s Formula. Given a 
function /(a;,y), continuous, along with its first partial derivatives, 
in the neighborhood of the point (a, 6), consider the value of 
/(o + h, h + fc), where h and k are arbitrary increments of the 
independent variables. To be able to avail ourselves of the 
Theorem of the Mean for the functions of one variable, let us 
introduce an independent variable t, and define x and y by 
X = a th, y = b tk. Then 

~ /(® A- th,h tk) — F(i). 

The function F{i) is continuous in the interval 0 ^ ^ 1, if we 

assume f{x,y) to be continuous for a ^ x S o, A- h,b ^ y b + k 
[since T(0) = f{a,b) and ^’(1) = f{a A- h, b A- fc)]. Now, for any 
value of t between 0 and 1, we have. 

Fit) = F{ 0 ) + tF'(et), 0 < e <1. 

Again, 

F'it) = DtF{t) = Dtfix,y) = fAx,y) ■ DtX A- fy(x,y) ■ Diy 

— h ' fx{x,y) A" k ' fyix,y) 

— h ■ fx{a A- th, b A- tk) + k ■ fy{a A- th, h A- tk), 

and hence 

F'idt) = h -Jxia + 6th, b + etk) + k ■ fy(a + dth, b + dtk), 
from which 

/(a + th,b A- tk) = f{a,b) + t[hfx(a + dth, 

b A" 9tk) -(- kfy{a -|- 9th, b + dtk)]. 
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f{a + h, b -j- k) = f(a,b) + hfx(a + dh, b + 9k) + 

kfvici + 9h, b -j- dk),{0 < 0 < 1). 

This is the theorem of the mean for a function of two variables. 

If the second partial derivatives off{x,y) exist and are continu- 
ous in the interval considered, then F"{t) will exist, be continuous 
and be given by 

F'it) = Dt[hUx,y) + kfy(,x,y)] 

— h[fxx(,x,y) • Dix -f- fxuix,y) • Dty] -|- k[fxy{x,y) ■ Dtx 

fyy(x,y) ■ Dty] 

= h%x{x,y) + 2hkfxy{x,y) + k%y{x,y) 

= + i/i, 6 + tk) -1- 2hkSxy{a + th,h + tk) -t- 

k%y{a + th,b + tk). 

By Taylor’s formula for a function of one variable, we have 
Fit) = FiO) + tF'iO) + (0 < ^ < 1), 


and this becomes, on putting i! = 1, 

f(a + h,b + k) = f(a,b) -f hfx{a,b) + kfyia,b) + 

■2^[h^fxxiO' + <ph, b -f (pk) -f- 2hkfxy(o, -f- ph, b <pk) -f- 

k'^fvviO' + <fih, b + <pk)], (0 < ^ < 1). (132) 

Exercise 1. Prove that if the third partial derivatives of f{x,y) exist and 
are continuous in the interval + then. 

/(a + h, b + k) = f(a,b) + hfx(a,b) + kfy(a,b) 

+ j^h%x(a,b) + 2hkDy{a,b) + k%y{a,b)] (1331 

+ ^^k^fxxzia + ph,b + pk) + Zh^kfxxyia + ph, b + pk) 

-h Shk^fiuyict -V ph, h pk) k^fyyyio, ph, b -V pk)], (0 < p < 1). 

The results embodied in the theorem of the mean, formulas 
(132) and (133), are forms of Taylor’s formula for a function of two 
variables. As in the case of a function of one variable, granting 
the continuity of the partial derivatives of !ix,y) of still higher 
orders, the expansion for/(a + h,b + k) by Taylor’s formula can 
be carried out to still more terms than occur in (133). 
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We may now put a = x,b = y, and display the law of the mean 
and Taylor’s formula as 

J{x + h,y + k) = f{x,y) + hf^{x + 9h, y + dk) 

+ kfy{x eh, y ek), (134) 
fix + h,y + k) = fix,y) + + kfy{x,y)] 

+ + eh, y + Ok) + 2hkf:^ix + Oh, y + ek) 

■ + k%y{x + eh, y + ek)], (135) 
fix + h,y + k) = fix,y) + [hfa:ix,y) + kfyix,y)] 

+ + 2hkf,^ix,y) + k%yix,y)] 

“h ^[k^Jxxxi^ eh, y ek) + Sh^fxxyix + 0/i, y + ek) 

+ shk^Uyix + eh, y + ek) + k%yyix + 0/t, ^ + ek)], (136) 

etc., in each of which 0 < 0 < 1. 

As an example, consider fix,y) = (1 — a: + yY'-. We have 

fx = -M(l - a: + y)-W /„ = fiil - x + y)-''‘‘, 

fxx = -HO- - x + y)-^, fxy = HO - ^ + y)~''K 

In = -VaO - a: + 2/)"^^ 

fzxx = -%0 - x + y)-^\ f,xxm = HO - ^ 0- y)~^-, 

fxyy = -HO - X + y)-’->‘\ fyyy = HO - X + y)-^. 

Hence, the expansions of [1 — (a; + ^) + (y + A:)]!-“ by the 
theorem of the mean and by Taylor’s formula as given in (135) 
and (136) are, respectively, 

[1 - ix + h) iy + = [1 - I + 

-Hih - A;)[l - (a: + Oh) + iy + ek)]-y^, 
[1 - iz + h) + iy ■+ A:)]!--^ = [1 - a: + yY'-^ 

— }4{h - A;)[l - a: + y]-y^ 

- - ^hk + A:2)[1 - (a: + eh) + (y + ek)]-^A^ 

[1 - (a; + /i) + (y + k)]’^ = [i _ a: + y]!-= 

- HO - lc)[l - X + y]-'''‘ 

— H(h^ — ‘2hk -T A;‘^)[l — x -f- y]“‘- 
- ViOh^ - + 3hk^ - P)[l - (x + eh) + iy + ek)]~4 

the values of e in the succeeding expressions not being neces- 
sarily the same but included between 0 and 1 in each case. 

If, in particular, x = I, y = 1, h = 0.1, k = 0.2, the above 
expansions become approximations for 
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[1 - (1.1) + (1.2)]H = (l.l)H 

of the form 

(1.1) ^ = (1)'^^ - J^(-0.1)[l + (0.1)^]-H = 

(1.1) it = (1)-^ - >^(_o.i)(i)-» - 

>^(0.01)[1 + (0.1)^]-?^ = 1 4- 1,^^ _ _|_ (0.1) 

(1.1) !^ = (1)^^ - M(-0.1)(l)-H - i.^(0.01)(l)-?^ 

- K6(-0.001)[1 + (0.1)^J-=i 

“ * + a “ 8M + leiioo’^ + 

If we ignore the last term in each expression, we obtain for suc- 
cessive values of the numbers 1, 1.05, 1.04875, readily 

verified as steadily better approximations by reference to a table 
of square roots. 


Problems 

1. For/(.r,?/) = X log {y +1), verify the following equalities: 


a; log (2/ + 1) = 0 -f x log {By + 1) + (0 < d < 1). 

dy -t l 

. log („ + l) .04g-0 + ,^ 0 +^(g.. 0 +j|a^-j 5 ^), 

(0 < ^ < 1 ). 

a; log (y + 1) = 0 -i- x • 0 + y • 0 + * 0 -f 2xy -f y- • 0) 



0 + Zxhj ■ 0 


Zxy^ 

(By + 1)2 


2dxy'^ \ 

(¥+1)7^ 


(0 < e < 1). 


From these we readily conclude that for small values of x and y, an approxi- 
mation of X log (y + 1) is xy, 

2. For/(x,y) = sin x cos y, verify the equality 


sin X cos y =0+^*1 + y • 0 + M * 0 + 2xy -0 4- y^ . q) 

"f cos (6x) cos (By) + Sx^y sin (9x) sin {By) 

— 3xy2 cos (dx) cos (dij) -f y® sin (Ox) sin (0y)], (0 < 0 < 1), 


and hence, that for small values of x and y an approximation to sin x cos y 
is X. 

3. Obtain an approximation to in the form 


f.x+y = 2xy + y2) -|- }q{x^ + Sxhj + Zxy- -j- y^). 


4. Obtain an approximation to cos y in the form 

cos y = 1 + — y^) + “ Zxy^). 

6. Obtain the approximate value of 

(a) e^-'^ by setting x = 0.1, y = 0.2 in Prob. 3. 

(h) cos 1° by using the result of Prob. 4. 


.4n.s‘. 1.3495. 
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6. (o) Obtain an approximation to \/l + in the form of a poly- 

nomial in X and y as far as terms of the second degree. 

(6) Prom the result in (a) obtain the approximate value of \/1.05 by 
setting X = 0.1, y = 0.2. 

7. For a fimction f(x,y,z) of three variables, obtain the relations 


f(x + A, 2/ + Ai, 2 + Z) = fix,y,z) + hfx{x + 8 h, y + Qk, z -f- &l) 

-j- kjy{x -[- 8k, y -f- dk, z 81) Ifzix -(- 8h, y -f- 8k, z -|- dl), 

{0 <8 < 1 ), 

f{x A-h,y ^-k,z +1) = J(,x,y,z) -t- hfx{x,y,z) + kfy{x,y,z) -h lfz{x,y,z) 

+ Hlh^xxix -\-eh,y+ 8k, s + 81) + k^„(x + 8h, y A- 6k, z 81) 

+ l^fzzix A- 8h,y + 6k, z 81) + 2hkfxy{x + dh, y + 8k, z + 81) 

-t- Iklfmix A- 8h,y A- 8k, z + 8l) + 2lhfzx(x + 8h, y dk, z + Bl)], 

(0 < 9 < 1 ) 


101. Maximum and Minimum Values of a Function of Two 
Variables. As in the case of a function of one variable, a func- 
tion /(a;, y) is said to have a maximum (minimum) value at (a, 6) if 
/(a -f i> -f- *) — /(«,?)) is negative (positive) for all values 
of h and k sufficiently near zero, say, 0 < + k^ < p^, where 
p is some real number not zero. Now, a necessary condition for 
a maximum (minimum) value of f{x,y) at (a,b) may be found in 
the fact that if we put k = 0 and deal with f(x,b), a function 
of X alone, this function must have a maximum (minimum) value 
for X = a, & condition for which, Ufx(x,b) is continuous at z = a, 
is fx{a,b) =0. By a like argument, w'e obtain the necessary con- 
dition fy(a,b) = 0 if fy(a,y) is continuous at y = 6. The con- 
tinuity of the function and the existence of its first partial 
derivatives in the neighborhood of (a,6) being assumed, we thus 
arrive at a necessary condition for a maximum (minimum) value 
of f(x,y) as 


ifx{a,b) = 0 , 

\fy{a,h) = 0 . 


(137) 


To seek, now, a sufficient condition for a maximum or mini- 
mum value of /(z,y) at (a,b) we make use of the directional 
derivative 

fxix,y) cos a -f fyix,y) sin a 


at a point (z,y) and in the direction a, where the point (z,y) 
is at a distance p from (a,h) in the direction a, i.e,, at (a -f p cos a, 
b + p sin a). Thus evaluated, the directional derivative is 


/i(a + p cos a, b p .sin a) ■ cos a -f 

/»(« + p cos a,b + p sin a) • sin a. (138) 



Sec. 101] 


PARTIAL DERIVATIVES 


385 


If fix,y) is continuous at (a, 6) and if, for all values of a and suffi- 
ciently small positive values of p, the expression (138) is negative 
and if, &ho,f{x,y) is defined at (a, 5), then /(a:, i/) has a maximum 
value at (a, 6). If, for all values of a and sufficiently small 
positive values of p, the expression (138) is positive and if, also, 
f(z,y) is defined at ia,h), then f(x,y) has a minimum value at (a,b). 

The proof that the condition, as stated, is sufficient to insure a 
maximum or minimum value oif{x,y) at (a,6) lies in the fact that 
in the one case f{x,y) is decreasing as {x,y) leaves (a, 6) in any 
direction, while in the other case/(x,y) is increasing as (x,y) leaves 
{a,b) in any direction. 

Note that the above condition for a maximum or minimum 
value of f(x,y) at (a,6) is sufficient if fx{x,y) SLndfy(x,y) are con- 
tinuous in the deleted neighborhood of (a,h) even if those partial 
derivatives are not continuous at (a,6). In the light of this fact, 
Eqs. (137), being neither sufficient nor necessary [in ease/^ and/j, 
are not continuous at (n,6)], are chiefly useful for locating critical 
points (a,h) at which to apply the test involving (138). Other 
critical points representing possible maximum or minimum 
values of S(x,y) are those at which and/„ are both discontinuous 
or one is discontinuous while the other is zero. Thus, Eqs. (137) 
may be augmented to include 


.ffx{x,y) = =0 

\fyi^,y') = 0, 

ifx{x,y) = =0 
\fyi3:,y) = CO 


(139) 


,ifx{x,y) = 0 
jfx{x,y) = 0 

\fyix,y) = 0, 

Any point (a,b) which satisfies any one of these pairs of conditions 
should be tested to see whether, for it, the expression (138) 
is definitely positive or definitely negative for all values of a when 
p is a sufficiently small positive number. 

To illustrate, consider the function /(x,y) = x'^ + xy + y^ — ^y. 
Here 

fx(x,y) =2z-hy, fy{x,y) = x + 2y - 3. 


The equations — 3 — 0 satisfied by ( — 1,2). 'With 

a = — 1, i) = 2, expre.ssion (138) beoome.s 

[2( — 1 -t- p cos a) (2 -[- p sin a)] ■ co.s a + 

[(- 1 -[- p cos a) + 2(2 + p sin a) — 3] • sin a 
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which reduces to 

p(2 + sin 2 q:). 

This quantity is positive regardless of a when p is positive. 
Hence f(x,y) has a minimum at ( — 1,2). Geometrically this 
means that the surface z = + xy + — Zy has its lowest 

point at (—1,2, — 3). 

Problems 


Examine the following functions for maximum and minimum values: 
(a) 2x^ — 3xy + 2y^ — 11a: + lOi/. Ans. Min. at (2,-1). 

(&) — I2y. 

(c) x^ +y^ + Zxy. Ans. Max. at (-1,-1). 

(d) ixy^ — 2x^ — X. Ans. No max. or min. 

(e) a:(l + VT^^) + yil + Vl - 

(/) a — 2 /^i Ans. Max. at (0,0). 

ig) Ans. Min. at (0,0). 

Qi) x^ + y^. Ans. No min. and no max. 

Find the point in the plane x -\-2y + z =6, nearest the origin. 

Ans. (1,2,1). 

^ , and 

z — X + 1 

X — 1 


. The perimeter of a triangle given as equal to a, find the lengths of the 
of the triangle which gives the maximum area. Ans. Each, a/3. 

. A rectangular parallelepiped has three of its faces in the coordinate 


X y z 

planes and one vertex in the plane ^ “I" | "I" ^ ^ where a, 6, and c are 

positive. Find its dimensions to give the greatest volume. 

Ans. (a/3, 6/3, c/3)- 

6. Find the dimensions of the rectangular parallelepiped of the largest 

x^ 

volume that can be inscribed in the ellipsoid + lo H- - 1. 

7. A tent has the shape of a cylinder surmounted by a cone. Find its 
dimensions to require the least amount of canvas, for a given volume a. 

8. Determine the point within a triangle such that the sum of the squares 
of its distances from the vertices may be a minimuim 

Ans. Center of gravity of the triangle. 

9. Divide 94 into three parts such that one-half the product of one pair, 

plus one-third the product of another pair, plus one-fourth the product of the 
third pair may sum to a maximum value. Ans*. 40, 42, 12. 

10. (a) Given a particle of mass 3, placed at (1,0), a particle of mass 2, 
placed at ( — 1,2), and a particle of mass 4, placed at (3,-1), find the point 
in the plane about which the moment of inertia of tlie system is least. Verify 
that the point found is the center of gravity of the three particles. 
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(6) Verify that in the case of any number of particles m^, . . . Wn, 
placed at ( 0 : 2 , 1 / 2 ), . . . {Xn^yn)^ respectively, their center of gravity 

is the point about which the moment of inertia of the n particles is least. 

11 . Show that a necessary condition for f{x,yjz) to have a maximum or 
minimum value at (a,6,c) is 

(/x(a,6,c) = 0, 

Uvia,h,c) = 0 , 

= 0 , 

the continuity of the function and of its first partial derivatives in the 
neighborhood of (a,6,c) being assumed. 

12 . Adapt the test for a maximum or minimum value of /(x,y) at a given 
point (a, 6), given in terms of the directional derivative, for a function of 
three variables, say /(a;, y, 2 :) at the point (a,h,c), 

13 . Employ the conditions developed in Probs. 11 and 12 to find points 
in space at which the following functions have maximum or minimum values. 

(a) x^ y^ Ans. Min. at (0,0,0). 

(&) 1 — — y^A — zA, Ans. Max. at (0,0,0). 

(c) x^ + + 2®. Ans. None. 

102. Exact Differentials. An expression of the form 
, M{x,y)dx + N{x,y)dy 


is called an exact differential if it is the total differential of some 
function z{x,y), i.e., if a function z{x,y) exists such that 


dz = M{x,y)dx + N{x,y)dy. 


When such is the case, if we hold y constant — hence, dy = 0 — 

dz 

we obtain dz = M{x,y)dx, or ^ = M(x,y), i.e., 

U-Xj/ssi constant 


3;, = M{x,y}. 

By a like argument 

Zy = N{x,y). 


(140) 

(141) 


If the functions M{x,y), N{x,y) and their first partial derivatives 
are continuous, then the second partial derivatives of z are con- 
<9 ^ 

tinuous. Hence, ^(^a;) ~ (140) and (141) we 

arrive at 

My{x,y) = Nx{x,y) (142) 


as a necessary condition for M{x,y)dx -|- N{x,y)dy to be an exact 
differential. 

Thus, the expression {2x — 4ty)dx + {3x -t- 2y)dy is not an 
exact differential, since, for it, 
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M{x,y) = 2x - 4:y, N{x,y) = 3x + 2y, 

My(x,y) = -4, Nx{x,y) == 3, 

and My Nx- 

Let, now, an expression M {x,y)dx + N {x,y)dy be given for 
which (142) holds. Should this be an exact differential, and 
equal to dz, it would entail 

= M{x,y), Zy = N{x,y). 

From the first of these, 

z = \M{x,y)dx = /(x, 2 /) + g{y), 

where ^{x,y) is obtained by integrating M{x,y)dx as a function 
of X alone, i.e., with y held constant. Hence fx{x,y) = M{x,y). 
Here g{y), an arbitrary function of y, serves as the constant 
of integration. We wish to select this function g{y) so that z, 
defined a.s f{x,y) + g{y) will meet with the requirements, z* = M, 
Zj, = N. The first is met, and the second takes the form 

Zy = fv{x,y) + g'iy) = N{x,y), 
or 

g'iy) = Nix,y) - fyix,y). 

Such a function giy) can evidently be found, if, and only if, 
^ix,y) — fvix,y), the right-hand member of the last equation, 
is a function of y alone. To show that this is true (under the 
condition My = Nx) is to show that the partial derivative of 
the expression with respect to x is zero. Now 

^N{x,y) - fy{x,y)] = Nx{x,y) - fyx(x,y) = My(x,y) - fyx{x,y) 

= A[M(x,y)-/.(a:,y)]=A(0) = 0. 

We have, thus, argued out that (142) in also a sujficient condition 
for M{x,y)dx Nix,y)dy to he an exact differential. 

The steps employed in the proof just eomploted suggest also 
the manner in which to find the function z whoso total differential 
is a given exact differential Mix,y)dx + N(x,y)dy. 

For example, given {2xy •+ 2y^ ~2x)dx 4- (x" -|- 4xi/ — Ay)dy, 
we satisfy ourselves, by My = 2x Ay = N x, that it is an exact 
differential, and hence that there exists a function z{x,y) such that 
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Zx = 2xy + 2y^ - 2x, 

Zy — x^ ixy — Ay. 

Integrating the first, holding y constant, we have 

z = j(2xy + 2y^- — 2x)dx = x^y + 2yH — x® + g{y). 

By comparing the result of this with the second of the above 
conditions, we have 

x^ + Axy + g'{y) = Zy = + Axy - Ay. 

Hence g'{y) = —Ay, so that g{y) = -2^^ + C, and 

z = x^y + 2xy^ — x® — 2y^ + C. 

Exercise 1. Prove that if dw = P{x,y,z)dx + Q{x,y,z)dy + R(x,y,z)dz, 
then Ux = P{x,y,z), Uy = Q(x,y,z), Uz = R(x,y,z). {Pdx + Qdy + Rdz is 
then said to be an exact differential.) 

Exercise 2. Prove that the relations Py = Qx, Qz = Ry, Rz = Pz, are 
necessary conditions that P{x,y,z)dx + Q(x,y,z)dy + R{x,y,z)dz be an exact 
differential. 

Exercise 3. Prove that the relations stated in Exercise 2 are also sufSeient 
conditions for an exact differential. 

To illustrate the case of an exact differential in the case of three 
variables, consider the expression 

{2xy + z^)dx + (x^ + 2yz)dy + [y^ + 2xz)dz. 


Here, Py — 2x = Qx, Qz = 2y — Ry, Rx = 2z — Pz, and hence, 
by Exercises 2 and 3, we have an exact differential, i.e., there 
exists a function u(x,y,z) such that 

du = {2xy + z^)dx + + 2yz)dy + {y^ + 2xz)dz, 

and, furthermore, by Exercise 1, 

Ux = 2xy + z\ Uy = 2yz + x~, Uz = 2 x 2 + yl 

By the first of these, u = f{2xy + z‘^)dx = x-y + + f{y,z). 

Hence, differentiating this result partially and comparing with the 
above conditions, 

+ fv{y,z) = Uy = x^ + 2yz, 

2X2 + /.(y,z) = Uz = 2.rz + 

From these we have' 

fy = 2yz, fz = y“. 
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By the first of these / = ^{2yz)dy = y^z + g{z), aud, comparing 
this with the second, we have 

y‘^ + g'{z) = = y^. 

Thus, g'{z) = 0 and g{z) = C, making / = yh + C, and, finally 
u = x'‘‘y + z^x + y^z + C 


Problems 

Show that the following are exact differentials, and find, in each case, the 
function of which the given expression is the total differential. 

1. (2a: - y)dx + (3?/ ^ x)dy. Ans. — xy -f C. 

2 . ( 2/2 - 2xy + y)dx + {2xy — x)dy. Ans. xy^ - x^y xy C. 

3. (sin 2 / -f- 2 / cos x)dx -f (a: cos y + sin x)dy. 


. ^2xe^^+^^ -\-^dx + ^2ye^' 

• (-- + ^ + + (— 
\ 2/2 x^ x^yj \xy 




■''(vr= 


^lyj. 


+ 


\dx 4- 
1 

^2 _|_ - 


-I) 


y 

xy'^ 2/3 
dx X 


Ans. 

dy. 


QX^+y^ -f log {xy) + C. 


1 


Vl “ X^y^ + 2 /^ 


^dy. 


7. (2a: yz)dx H- {2y -f- zx)dy + {2z 4- xy)dz. 

Ans. a;2 4- 4- 4- xyz 4- C. 

8. (sin 2 / 4- z sec2 x)dx -h {x cos y 4- cos z)dy 4- (tan x — y sin z)dz. 

Ans. a; sin 2 / + y cos 24 - 2 ' tan r + C. 



CHAPTER XIII 


MULTIPLE INTEGRALS— LINE INTEGRALS 



103. Regions. We shall deal, in many places in this chapter, 
with the concept of a region in a plane or in space. By a region 
in a plane we shall mean all of that portion of that plane which is 
inclosed by some finite continuous closed curve. By a region in 
space we shall mean all of that portion of space which is included 
within some finite continuous closed surface. 

We shall speak, upon occasion, of dividing a region into sub- 
regions, meaning that the subregions are nonoverlapping and that 
every point in the given region is either y 
interior to one of the subregions or upon 
one of the boundaries. See Fig. 176, for 
an example which shows a region R of the 
xy-plane which has been partitioned into 
four subregions, Ri, R^, Ri, and Ri. We 
shall also, at times, speak of allowing the 
number of subregions, into which a given 
region has been divided, to increase beyond bound, while the area 
of each region is made to approach zero. By that statement Ave shall 
understand, not only that the measure of the area of the subregion 
approaches zero, but also that it takes place in such a way that 

the radius of the least circle inclosing the 
subregion approaches zero, i.e., the largest 
diameter of the subregion approaches zero. 
Similarly, the bare statement that the 
volumes of the subregions into which a 
region of space has been divided approach 
-^X shall be construed to mean that the 
greatest diameter in each subregion ap- 
proaches zero. 

104. Double Integrals. Lot a function f{x,y) be defiiu'd and 
continuous over a region A (Fig. 177), including its boundary. 
Let the region be i)artitioned, in any maniH'r whatever, into a 

391 
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Fia. 177. 
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number of subregions, of area Au4, A 2 A, . . . , A^A, and the func- 
tion be computed for one point chosen at random in each of the 
subregions. Finally, let us compute the sum 

S - fixi,yi)AiA -f /(x2,t/2)A2A + ■ ■ ■ + /(a;„,2/„)A„A, 

where {zi,yi) is a point selected in the region of area AiA. It 
is evident that the value of S above will depend on the mode 
of partition of the region A (the number of subregions and 
their shape), as well as on the choice of points, {Xi,yi) in each sub- 
region, after the partition has been made. Now let the number of 
subregions be permitted to increase indefinitely, while the area of 
each is made to approach zero in the sense agreed upon in the 
preceding article. The sum S just defined will then approach a 
limit, in view of the following fundamental 

Theorem. Given a function f{x,y), continuous over a region A 
of the xy~plane, as well as on the boundary of the region, the sum 

n 

S == '^f{xijyi)AiA — where AiA is the area of a subregion of A and 

i~i 

point within or on the boundary of that subregion — 
approaches a limit, as the number of subregions is made to increase 
beyond bound, while simultaneously the area of each is made to 
approach zero, this limit being independent of the mode of partitioning 
A into subregions and of the choice of the point (xi,yi) for each 
subregion. 

71 

This limit, in other words, lim ^f{xi,yi)AiA, is defined as the 

.AiA — ^0 

double integral of the function f{x,y) over the region A. The 
student will not fail to note the similarity between the double 
integral just defined and the definite integral of /(r) over the 
interval a g a: g 6, as defined by the fundamental theorem of 
integral calculus, page 287. As in that case, we shall here also 
forego the actual proof of the existence of the limit just stated. 
We shall content ourselves, instead, with the following 
observation. 

Let us erect a z-axis and set up the surface z — f{x,y), where 
f{x,y) is the given function. A cylindrical surface through the 
boundary of the region A and with elements parallel to the 2 -axis 
will intercept a portion B of that surface, as shown in Fig. 178. 
As we partition A into subregions. A, A , these will project vertically 
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upon the surface, dividing it into parts AfS. Now, if is 

positive, will represent the volume of a cylindrical 

solid of base A, -A and of altitude PiQt, where Pi and Qt have the 
coordinates (xi, yi, 0) and [x;, yi, f{xi,y,)\. This volume is, in gen- 
eral, not identical with that of the column bounded below by the 
base AiA and above by the portion of sur- 

n 

face AiB. The sum S = (xi,y^)AiA 

1 

will, then, represent a total volume not, 
in general, identical with the volume of the 
column bounded below by A and above 
by B. It is tolerably clear, however, that 
as the area A^A of a subregion is assigned 
an increasingly smaller value the volume 
f{Xi,yi)AiA will represent more and more 
closely the volume of the column from the subregion AiA to 
the portion AiB of the surface, and consequently, as all the 
AiA are assigned ever smaller values, the sum S will represent 
ever more nearly the volume from A to B , — the volume under 
the surface B, as it is commonly put. As, finally, the number 

of subregions of A is increased beyond 
bound, while their areas are let ap- 
proach zero, the sum S will approach 
a limit, viz., the number representing 
this volume. 

To compute the double integral, we 
may proceed as follow.s. Divide the 
area A into subregion.s by drawing 
lines parallel to OY at equal intervals 
of length Ax and lines parallel to OA' 
at equal intervals of length Ay. Let 
us first sum the products /(Xi,yi)Ai.-l 
over the strip of area ABCD, bounded by the lines AB (x = 

CD (.r = -f- Ax), and the arcs AD and BC. In that stri}) draw 

any line PQ, parallel to OY, and form the sum 

Si = f(xi,yi) ■ Ay ■ Ax + i{xi,yi) ■ Ay ■ Ax -\- 

+ • Ay ■ Ax 

where the points (x;,?/,-) at which the function is computed are 



z 

'Qi 
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all on the line PQ, and Ay ■ Ax is the area of each of the rect- 
angular subregions in the strip between the lines AB and CD. 
Then, as Ay approaches zero, the sum Si approaches the limit 

Ax • r~^f(xi,y)dy. 

(We are assuming here that a line parallel to OY crosses 
the boundary of A in not more than two points, and that y, 
explicitly in terms of x, is given hj y = fj(x) for the lower part 
of the boundary and hjy= fsix) for the upper part. If a region 
that does not meet these requirements is such that it can be 
divided into a finite number of parts, each of which does meet 
them, then the double integral over the entire region can be com- 
puted as the sum of the double integrals over the sundry parts.) 
In this integration, f{xi,y) enters, of course, as a function of y 
alone, since x is held fast to the value, Xi, which it has on the line 
PQ. 

Clearly, P ^f^'^f{xi,y)dy will amount to some function of Xi 

alone, say ip(xi), and, thus, the products f{xi,y^ • Ay • Ax over 
the strip ABCD have a sum whose limit is <p{xi)Az as Ay is 
made to approach zero.* The sum of products over the entire 
region is, evidently, to be obtained by adding the results for all 
such strips. In other words, 

8 = <p{xi)Ax <p(Xi)Ax + ■ • ■ + ‘p{xm)Ax, 

where m is the number of the strips and, as Aa; approaches zero, 
this sum approaches 

J’’’<p(x)dx, 

where x = a and x = b, are, respectively, the least and greatest 
values of x on the boundary of the given region. 

We have thus obtained the double integral of the function 
f{x,y) over the region as 


* To be exact, <pixi) ■ Ax represents the limit of the sum of those products, 
not over the strip ABCD, but over a rectangle bounded by the four lines, 
X = ii,x = + Ax, y =/i(Xi), and y = f^Xi), where ^ Xi g + Ax, 

i.e., a rectangle with base Ax and altitude PQ. The di.screpancy is immate- 
rial in view of the fact that we are about to let Aj approach zero, thus erasing 
the distinction between the strip ABCD and the rectangle just described. 
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To illustrate, let us evaluate the double integral of the function 
over the region (Fig. 180) bounded by the parabola y = x- 
and the line y = 2x. By the above argument, this is represented 
by 

+ 2/^)d2/ dx 

We first evaluate the inner integral, with x held constant, 
and obtain 


x^y + ^ 


x^ ■ 2x -{• — 

3 


x^-x^ + ^ 
3 


= 2x^ + — a;'* — gX® = 


14x3 - 3x3 


This is the ^(x) pointed out above, and ^(x) • Ax now forms one 
term of a sum S whose limit is sought as the y 
proposed double integral. The limit of the I . 

sum of such terms is // 




\x^)dx 


x® - 

w = w- 


Note that the double integration is actually 
performed as if we hsid J^^^J'“^(x^ + y^)dy^dx, / ^ 

and that, in general H f^‘^^^f(3:,y)dy dx is com- // 

Ja JMx) — 

puted as 

Fig. ISO. 

Exercise 1. If a line parallel to OX crosses the region A in not more than 
two points, and if x, explicitly in terms of y, is given by x = gi(y) for the 
left-hand part of the boundary and by a: = g^iy) for the right-hand part, 
show that the value of the double integral oif(Xjy) over the region A is also 
..(//) 

f{x,y)dx dy^ where c and d are the least and greatest 
iCv) 

values of y, respectively, for the region. 

Note that, in the integral of this exercise, the inner integration is per- 
formed with y held constant and yields a function, <p{:y), of y alone. The 

force of the two integral signs now is as 

Exercise 2. Evaluate the double integral coniputetl in the illustration 
above by the method of Exercise 1 . 
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It may happen that the nature of the function S{x,y) or the 
shape of the region over which its double integral is to be taken, is 
such that a system of polar coordinates may be used to advantage. 
In such a case the area A may be divided into subregions by draw- 
ing lines through the pole separated by equal angles A0, and 
circles with center at the pole, at intervals Ar. 

We must first express the area AA of one of the subregions, say 
ABCD as shown in Fig. 181 (note that the subregions are not all 

equal in area). If 

OA = OB = r,OC = OD = r-^ Ar, 

and angle AOB = AS, then the area 
of ABCD is given by 

+ ArY ■ Ad ~ ■ Ad = 


Fia. 181. 

Let the function to be integrated hef{r,d). To sum the products 
f(ri,Si)AiA over the strip EFGH, let us hold d constant, say, equal 
to the value dt which it has along the line OP. The value of this 
sum depends, not only upon the di and the Ad, which we hold fixed 
for the present, but also upon the Ar and the choice of the Vi. 
If we let Ar approach zero, however, this sum will approach a 
limit not dependent upon the r,-, a limit which we may write as 

n 

where we are computing the value of the function f(r,d) for the 
least value of r in each subregion, viz., r.j, the value of r for the 
smaller circle bounding the subregion. Now, by Duhamel’s 
theorem, page 232, this limit is equal to 

lim T[/(r, •,(?,■) • (r/Ar)] • Ad, 

n-^ oo 

since the summands, uj = f{rj,Si) ■ (r,Ar) and 
= f{r-hdi) • (rjAr + 
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satisfy the hypotheses of that theorem. Hence, as Ar approaches 
zero, the products f{r j, 6 i)AiA summed over the strip EFGH have 
as their limit 


X 


■ ‘>'dr ■ Ad,’* 


where we have assumed that a line through the pole will meet 
the boundary of the given region in not more than two points, 
and that the loci of these points are given by r = fi{6) and 

r=Me),Me) sue). 

This last integral is, clearly the product of A6 by some function 
of 6 evaluated at di, say, <p{di). The limit we seek is that of the 
sum of such products as this, or 


171 

lim = f^<p{9)d9= f^f{r,9)rdr d9, 

^ Jet Jot 


where, again here, the notation has the force of 



dd. 


Exercise 3. If every circle with center at the pole meets the boundary 
of a region in not more than two points at which 0 =/i(r) and d = f*i{r), 
fi{r) prove that the double integral of f{r^d) over the region is 

given by 


rr2 ^Mr) 

Jn J/i 


n JMr) 


/(r,^)r do dr, 


where ri and r 2 are, respectively, the least and greatest values of r over 
the region and where the notation has the force 


xtx: 


'Mr) 

Mr) 


f(r,e)r de 


dr, 


in wlii(‘h r is held constant for the inside integration. 


To illustrate, let us compute the double integral of the function 
r sin e over the area ABC (Fig. 182) bounded by the initial line, 


* Here, as in the case of rectangular coordinates, if the boundaries of the 
given region do not happen to be circles about the pole, we fail to sum over 
the exact strip EFGH by an error which disappears as we later allow 16 to 
approach zero, i.u., has no effect upon the ultimate limit sought. 
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the circle r = 2 and the circle r = 4 cos d. Its value, by the 

above, is 



X tt/Z /•4 cos 0 . , 

I r sin 0 r dr d9. 
The first integration yields 


, 14 cos 

3 ’J, 


64 cos^ ^ • /I 8 . 

- — ^ sin 0 — ^ sin 


Proceeding to the second integration, we obtain 

cos^ 0 sin 0 — sin 6)d0 = cos^ ^ + H cos $ 

- (-}4 + Vs) - + ^) = 


Problems 


1 . Compute each double integral below. Identify, in each case, the 
function /(a:, y) ov f(r,e), as the case may be, and the region over which it is 
inte ted. 


'•>rr 
rx 
<“> rx 


xy dx dy. 
’3 /'2.C 


2/2 dy dx. 
>3 r4:x-x^ 


(x + y)dy dx. 


(d) r 

jTr/e Jo 

r\/2 pos-i (r/2) 

^ ^ Jo Jsin-i 


r cos 0 ’ r dr dd. 

r dd dr. 


(-r/2) 


Ans. 3. 
Ans. 

Ans. 

Ans. 

i- 

Ans. 1^4 - log 2. 


2. In each case below, integrate the given function over the given region. 

(a) J{x^y) = X. Quadrilateral bounded by the lines, ?/ = 1, a: = 0, 
2 / = 3, and y - x. Ans. Af^i. 

Q>) = x^ A y^- Quadrilateral bounded by the lines, x - 2, 

2 / = 0, a: = 3, and y — 2x. Ans. 75^. 

(c) f(x,y) == Trapezoid bounded by the lines x ~ 1, y = 0, 

X = 2y and y ~ x. 

(d) f(r,d) = r. The half crescent bounded by the circles r = 3 and 
r = 6 sin 0 and included between the lines $ = Iw, 6 = 

Arih’. 27\/3 St. 

(e) = r sin 6. The circular sector in tlie first (luadrant 

bounded by the lines ^ = 0, 0 — ^tt, and the circle r = 4. 

(/) = sin (^^)- The area in the first quadrant bounded by 

the straight lines 0 = tt/G and 6 ~ tt/S and by the spirals r$ = t and 
rd = 2w where 0 < ^ < t/2. i4n.s‘. —9. 
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3. Compute 


0 Jo 


Key: It is advantageous here 

to change to polar coordinates. The region of integration is, evidently, the 
area in the first quadrant of the circle =■ a^, and the function to be 

integrated is equivalent to e'^. Hence the double integral becomes 


^7r/2 

Jo Jo ' 


dr de. 


4. Compute the following by changing to polar coordinates as in Prob, 3, 

sin Va;® + y- dy dx. A ns. r/% 


r X 


e® dx dy 

*>/ ■n/2 f^'\/‘ir/2 


A ns. 


1 


fri 


cos {x^)dx dy. 


^ tt/S 

6. Compute I J isLn {x^)dx dy. Hint: It is to advantage here 
to change the order of integration- The region of integration is, evidently, 
the triangle bounded by the lines ?/ = 0, a; = ?/, and the line x = Vt73. 

We compute, then, the double integral as (^^)dy dx. 

6. Compute the following by changing the order of integration, if neces- 
sary (see Prob. 5). 

^ ^ A?is. }4(e^ - 1). 

Ans. H(2V2 - 1). 






<”> n 


y sia {x^)dx dy. 


105. Applications of Double Integrals. In the chapter on 
definite integrals we made use of integration in computing 
the values of various quantities, such as areas, volumes, moments 
of inertia, etc. The problems treated in that chapter were such 
that a proper choice of an element (of area, \mlume, etc.) enabled 
us to compute the quantity sought by means of a single integra- 
tion. This, however, is not always the case. We frequently meet 
problems in which the element must be so chosen that two integra- 
tions need be carried out to obtain the result, i.e., where we are 
forced to deal with a double integral. 

To illustrate, consider the moment of inertia of the area AOB 
bounded as in Fig. 183, about an axis through the origin perpen- 
dicular to the a-y-idane. Here we arc unable to formulate at once 
the moment of inertia for either an element like I, parallel to OX, 
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or an element like II, parallel to OY, since the distance from the 
origin throughout either element is variable. We take, therefore, 
an element of area Ax Ay, of density 5 and mass 5 Ax Ay. If we 
assume this mass concentrated at a point {x,y) situated within the 
element of area, the moment of inertia, about the origin, of that 
mass is S(x^ + y^)Ax Ay. The sum of the moments of inertia of 
all such elements of mass is an approximation to the moment of 

inertia sought, an approximation, more- 
^B(4,2) over, which is made ever closer by 
taking the elements of area smaller and 
smaller and allowing their number to 

/ I become correspondingly large. It is 

^ NJi clear, from this, that the desired moment 

of inertia is the limit approached by 
that sum as the process is continued, f.e.. 
Ah, - 2 ) that to obtain the moment of inertia 
which we are seeking we must find the 
double integral of the function S{x^ + y^) over the given area. 
The result is represented by either one of the expressions 


+ y^)dx dy or y^)^y 

assuming that 5 is constant throughout the given area. 

Exercise 1. Show that either one of the above integrals yields the 
result 

As another example, consider the prevssiire against the area 
bounded by the parabola — 4:X= iy 
and the line x = 2j/, immersed in a ■ 
liquid of weight 50 Ib./cu. ft., if the 
:r?/-plane is assumed to be vertical 
and the surface of the liquid is at the 
level y = 5, where all dimensions are 
in feet. 

This pressure could be computed 
by a single integration if we first -g 
formulated the pressure on a hori- 
zontal strip of area, i.e., the pressure 
on an element of area ( 0^2 ■“ ^ 1 ) * Ay. 

Note, however, that for the part of the area above OX, X\ is tlu^ 
abscissa of a point on the line x ~ 2y and for the part below OX, 
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it is the abscissa of a iDoint on the parabola. We cannot, conse- 
quently, express — Xi as an algebraic function of y which would 
obtain for the entire area we are considering. We could, to be 
sure, obtain by a single integration the pressure upon the area 
above OX, and then again, by another single integration, obtain 
the pressure upon the area below OX. We elect, instead, to 
proceed as follows: 

The pressure upon the element of area Ax Ay, all assumed to 
lie at the depth of the point {x,y) located within that element, is 
readily seen to be 50(5 — y)Ax Ay pounds. If all such elements 
of pressure are added, the limit of the sum obtained, as the size of 
the elements is made to approach zero while their number 
increases beyond all bound, is the ^ 

pressure which we desire. In other | 

words the double integral of the func- 
tion 50(5 — y) over the given area 
furnishes us the total pressure on that 




Exercise 2. Carry out the integration of 
the last paragraph above and thus show that 
the pressure on the given area is 1980 lb. 
Note that this integration is more readily 
effected by integrating first with respect to y. 


^ Ax 


As still another example, let us com- 
pute the volume in the first octant 
bounded by the coordinate planes, the 
surface = 12 — 2 ;, and the 

plane 2a: + ^ = 2. 

In an attempt to obtain this volume ^ 
by a single integration we should meet 
with difficulty. We choose, therefore, 

as element of volume, a column parallel to 02', and standing on the 
rectangular base Aa hy. The volume of this column is z Ax Ay or 
(12 — x'^ — 3y^)Aa: Ay, or, rather, is approximated to by that 
expression if (a-,y) are the coordinates, in the xy-plane, of a point 
wdthin the base of the column. Hence, the limit of the sum of 
such exi)rossi()ns as their number increases indefinitely while the 
areas Ax Ay approach zero, is the volume we proposed to find. 
Theresultis, then, that of integrating the function (12 — — 3y^) 

over the triangle in the xy-plane bounded by the x-axis, the y-axis 
and the line 2x + y = 2. 
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Exercise 3. Perfonn the integration indicated above and thus show that 
the desired volume is 

Exercise 4. Show that the double integrals Jfdx dy and Jjr dr dO, 
computed over a closed area, represent the numerical value of that area. 
Exercise 6. Show that the double integrals SJ(x^ + y^)dx dy and 

I dr dB, 


computed over a closed area, represent the moment of inertia of that area 

about an axis through the origin perpendicular to the plane of the area. 

^ XI X - J[x dx dy / Jr^ cos d dr dd , 

Exercise 6, Show that x = ^ = and 


area 


y 


Jfy dx dy 
area 


area 

J sin 6 dr dd 
area 


where the double integrals are computed over the area which appears in all 
denominators, and x and y are coordinates of the center of gravity of that 
area. 

Exercise 7. Show that the expressions for the area, employed in single 
integration, viz.j I y dx and K i dd^ are equivalent to the expressions 

Jx = a Jd = a 


dy dx and 


rx 


r dr ddj employed in computing the same area by 


double integration. Illustrate by a figure. 


Problems 


1 . By double integration, compute the area 

(a) Bounded by the curve = y^ and the line y = x. 

Ans. Xo- 

(b) Inside the ellipse + Zy^ = 12 and one branch of the hyper- 
bola - 8. 

(c) Bounded by the parabolas — Qx A- ^y - 0 and 

2x^ - 12x + 9^ = 0. Ans. 4. 

(d) Inside the circles x^ — 4:x + y^ = 0 and — iy = 0. 

(e) In the first quadrant, bounded by the line 4x = 3//, the circle 
= 25, and the parabola — IQy. 


curve y 


(/) In the first quadrant, bounded by the line iry = the 

= cos X, and the curve 2y = sin x. Ans, — 1 -f 


(g) Outside the circle r — 2, and inside the circle r - 4 c.os d. 

(A) Outside the cardioid r = 2(1 sin 6) and inside the circle 
r = 6 sin d. 


(i) In the first quadrant, bounded by the parabola 


sec'-^ the 


rose r 


r — \ 


= cos 30, and the line 20 = tt. Ans. ^ ~ 

3 24 

(j) In the first quadrant, bounded by the polar axis, the spiral 
= 2x/0, and the line 0—1. 
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(k) Between the lemniscate = 2 cos 2d and the line 

2r cos e =- V3. Am, V'3/4. 

(l) Between the circle r = — sin 6 and the loop of the curve 
r = 1 — 2 sin 6. 

2. Compute the moment of inertia and the radius of gyration of the area 

(a) Between the y-axis and the parabola x + = 4:^ about the 

origin. 

(h) Inside the circle — 4:X -i- — 0, about the origin. 

Ans. 247r5, 

(c) Between the a;-axis and the parabola — 4:X + Ay = 0, about 
the x-axis. 

(d) Between the parabolas = 2x and + 4a; = 12, about the 

.y-axis. Ans. 

(e) Between the parabola y^ — Zx - 9 and the line x + y - Z* 
about the y-axis. 

(/) Inside the ellipse x^ + 2y^ = 6 and the parabola 4 - 4^ = 0, 
about the a;-axis. 

(g) Of a right triangle of sides 1, 2, Vo, about the hypotenuse. 

Ans. fs5. 

(A) Described in {g)j about the vertex of the right angle, 

Ans. 1 5. 

(i) Of a circle of radius a about a tangent, if the density at any 

point is twice the distance of that point from the diameter perpendicular to 
that tangent. A?is. 

3 . Find the dimensions of a rectangle of perimeter 4jy in order that its 
moment of inertia about a vertex be a maximum. Ans. a = b = p. 

4 . Compute the moment of inertia and the radius of gyration of 

(a) The area of the circle r = 2, about the pole. Am*. SttS. 

Ztt 

(b) The area of the circle r = 2 sin 6, about the pole. Ans. -y 

(c) The area of the cardioid r = 1 — cos about the polar axis. 

(d) The area in the first loop of the curve r — sin 29, about the 

. i Stt 

polar axis. Ans. 

(e) The area inside the circle r - 6 sin 0 and outside the circle 

, , . /SItt , 243 V3\, 

r = 3, about the line i9 = 90 . Ans. f -py- 4 16 “ )^* 

(/) The area inside the circle r == cos $ and outside the lemnis- 
cate r2 = cos 2d, about the line 6 = 90°, 

(g) The smaller area, in the circle of radius a, between a (diord of 

length and the circumference, about that chord. 

(h) The area described in (g), about the midpoint of the chord. 

6. Find the center of gravity of the area 

(a) Between the parabola x^ y =4 and the line y -- x - 2. 

Ans. y = 

{b) Between the parabolas y = x- + 13 and y = 2.r“ 4“ 4. 

(c) Inside the parabola 4;r^ = 9y and the circle 4- = 25. 
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(d) Between the parabolas - 4:X ^ 2y and - 2x + ^ 8. 

Ans. 2/ = 

(e) Inside the circles x^ - 25 and — 25x +• = 0. 

(/) Between the parabola 2y^ — 12?/ 9x = 0 and the line 

Zx + 2y = 0. Am. x ~ 

{g) In the first quadrant, bounded b}^ the 2 /-axis and the curves 

2/ = sin a;, 2/ ~ 

(Ji) In the first quadrant, bounded by the circle + 2/^ == 16, the 
parabola = 6rr, and the line x = ^\/3. 

6. Find the center of gravity of each of the following areas. (Find x, y 
and from that the polar coordinates of the center of gravity; see Exercise 6 
of this section.) 

(а) Upper half of the circle r = 4 cos 6. Ans. y = S/Stt. 

(б) Inside the limayon r = 2 + cos 0. 

(c) Inside the first loop of the rose r = sin Zd. 

f = SIV^/SOtt. 

{d) Upper area bounded by the lemniscate = —2 cos 2$ and the 
line 2r sin 6 = 

(c) Common to the two circles r = cos 6 and r = sin B. 

(/) The area bounded by the first spire of the spiral r — 2d and 
the line 6 = 90°, the density at any point being twice the distance of that 
point from the pole. 

7 . From a circle of radius 2, in which the density at any point is propor- 
tional to the distance from the center, the area of a circle of radius 1, tangent 
to the given circle, is removed. Locate the center of gravity of the remaining 

Ans. 7 P" .. ' n in^its from the center. 

iOTT — iU 


8. Compute the liquid pressures upon the following areas if, in each 
case, the a:?/-plane is assumed vertical, and the liquid is water, weighing 
ton/cu. ft., and all coordinates are in feet. 

(a) Bounded by the parabola Zy — 6x — and the line y = 0. 
Water surface at y — 4. Am^. 1.05 tons. 

(h) Upper half of circle x^ y'^ — Ax = 0. Water surface at 


y = 3. 


Am. 


dr - 8 
48 "' 


tons. 


(c) Bounded by the parabola y = x^ — 4:r and ?/ = 0. Water 
surface at y = 0. 

{d) Bounded by curves 2y ~ 5x — x^ and rr + // - 0. Water 
surface at y = 6. 1(),121 /25()0 tons. 

(e) Bounded by curves Zx = y^ — Zy and Zx -f- 2y^ = 18. Water 
surface at y =4. 

(/) Bounded by the lower half of the circle = i)x and the 

parabola x^ — Qx + Zy = 0. Water surface at y = 5. 

. . 2257r + 6)36 

Ans. tons. 


{g) A trapezoid with parallel sides of lengths 5 and 7 ft. and vertical, 
lower side 3 ft. long and horizontal, and topmost vertex at the water surface. 
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{h) An elliptic disk of semiaxes 5 ft., vertical, and 3 ft., horizontal, 
the top of the disk being 1 ft. below the surface. Ans. 45ir/16 tons. 

9 . Compute the following volumes; 

(а) In the first octant, bounded by the coordinate planes, the sur- 
face ^ 4: - z, and the plane x + 2y = 2. Ans. 

(б) In the first octant, bounded by the coordinate planes, the 

cylinder ^ and the plane 2x + z/ + 32 = 12. 

(c) In the first octant, bounded by the planes 2=0, a: = 0, 
X + 2y 3z = 12, and x ^ y. 

(d) Bounded by the cylinders ~ x and x- = the surface 

^2 ^ ^2 ^ = 2, and the plane 2=0. A?is. ■^?las- 

(e) Bounded by the cylinder x^ + ^ 9 and the planes z = 3^^, 

z = y. 

(/) In the first octant, bounded by the cylinder :r- + 2 /^ = 16 and 
the planes 3x + 2y + I2z = 24, 2 — y = 8. 

(g) Common to the cylinders x^ -P y^ = and x^ + az = a 2 , and 
lying in the first octant. Am. 37raV 16, 

(A) Inside the cylinder x^ = a?/, the paraboloid + z^ — 4ay, and 
bounded by the plane y = 3a. 

(i) Bounded by the surfaces 2x^ + = z, x^ + 2/^ == 2^, and 

2 = 0. 


(j) Bounded by the paraboloid 2x^ + = 2 and the plane 

2 — rr = 3. 


(k) Common to the paraboloids x^ -j- 2z^ = 4 — y, and 
2x^ z^ ~ 3y. 

10 . Compute the following volumes (they are treated to advantage by 
cylindrical coordinates. The cylindrical element of volume with base 
r dr dd in the xy-planc and altitude 2 , where 2 = f(r,6)j is, then, zr dr dd, 
and the volume vsought becomes /jV dr de^ the integral extending over the 
entire base. Likewise, a cylindrical element may be of the form yr dr dO, 
where r dr d6 is an element of area in the rc 2 “plane, etc.): 

(a) Common to the sphere z^ = 36 and the cylinder 


-(- ?/2 = 6 a :. 


Hint: In cylindrical coordinates, the two surfaces are = 36 and 

J f*ir/2 /*6 COS 0 

. S 


r = 6 cos 6. The volume is, then 

(b) Inside the sphere + z^ 


r\^36 — dr d$. 
16 and the cylinder 


+ ^ 9. 


Ans. r(256 — 28\/7)/3. 

(c) Outside the paral)oloid -f 2/2 = 25 - 52, inside the cylinder 
^2 y 2 = and l)eneath the plane 2 = 5. 

{d) Bounded by the paraboloid + if = 42, the cylinder 
-p y 2 =; gyy^ n,iid the :ry-plane. Am. 9 (> 7 r. 

(c) Inside the cone x^ + if - 2 ^ = 0 and the sphere 

a '2 + //2 ^2 == ig , 

(/) Bounded by the cylinder ^2 4 . ^2 = 4 ^^ the plane 2x = 4 -\- 2 , 
and the y 2 -plam‘. 
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(^) Common to a sphere of radius a and a cylinder of radius \a 
having an element passing through the center of the sphere. 

Ans. —(Stt - 4). 

(A) Common to a sphere of radius a and a cone of revolution whose 
semivertical angle is 30°, whose axis of revolution passes through the center 
of the sphere, and whose vertex is in the surface of the sphere. 

Am. 

11. Find the mass of that part of the cone -j- = (5 — between 

the vertex and the ajy-plane, if the density at any point is proportional 

to its distance from the axis of the 
cone. 

12. Find the attraction of a circu- 
lar disk of radius a upon a unit mass 
situated at a distance h above the 
center of the disk, if the density at 
any point of the disk is proportional 
to its distance from the center. 

106 . Areas of Surfaces. We 

prove the following 
Lemma. If an area B lying 
in a plane II is projected orthog- 
onally into an area A in a plane 
I, then A = B cos 6, where 6 is 
X the angle between the planes I 
and II. 

Proof. Assume the line of 
intersection of the two planes as 
a y-axis, and draw in each plane 
a line meeting OF at right 
angles in the point 0, to serve 
as the rr-axis in its plane. An 
element of area of the type {xi — X 2 )Ay in plane I is the orthogonal 
projection of a corresponding element (x\ — x\)Ay in plane II. 
The areas A and B may be represented as integrals in the form 

A = J'(ri - X 2 )dy, B = j{x\ - x' 2 )dy, 

where the limits on y are the same in both cases. Now 
Xi — X 2 = (r'l — x'f) cos d, so that 

A = J(a:i - xf)dy = - x'f) • cos d • dy 

= cos d f{x\ — x'f}dy = B cos 6. Q.E.D. 
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We turn, now, to the problem of finding the area of a portion S 
of a surface whose equation is z = fix,y). Let S be projected 
orthogonally into A, upon the a:y-plane. An element of area 
Arc Ay of A is the orthogonal projection of an element AS of S.* 
Through any point {x,y,z) of AS, say P, let a plane be drawn 
tangent to S. The lines parallel to OZ which proj ect Arc Ay into 
AS will intercept on that tangent plane a parallelogram (not shown 
in the figure). If the normal of <S at P makes an angle y with OZ, 
this, by definition, is also the angle 
between the tangent plane at P and the 
rcy-plane, and hence, by the lemma just 
proved, the area of that parallelogram is 
ArcAy/cosT. Now 

1 

cos J = , ; 

\/zx^ + Sj,® + i 

computed, of course, at the point P, and 
the area of the parallelogram is, then, 

\/l Zx^ Ax Ay. 1S7. 

Let now the subregions Ax Ay of A approach zero by letting 
all the intervals Arc and Ay tend to zero as a limit. The elements 
/AS on S, and with them the intercepted portions (parallelograms) 
on the tangent planes will simultaneously tend to zero. We 
define the area of S as the limit cf the sur.i of the intercepted elements 
on the tangent planes, as their number increases beyond bound and 
their areas all approach zero as a limit. But this is nothing else 
than the double integral of the function ■+ Zx^ + over the 
area .4. Hence, an expression for the area of S is 

S = /Jy/l + Zx + zfi- dx dy 

with limits suggested by the boundary of A. 

The continuity of the functions z^ and Zy, and hence of 
y/l + + Zy^, at all points of /S is assumed, to jiustify the 

existence of the limit of Z-v/l + Zx^ + zf^ Ax Ay. Geometrically, 
this amounts to a.ssuming that there is a tangent plane at every 
point of S. 

* This iissimies that no nonual of iS is parallel to the jp-plaiie. It is 
also assiiiued that every parallel to OZ meets S only ouee, which assigns 
a vuiique element SS corresponding to the element \x Ay of .4, 
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Exercise 1. If no normal of S is parallel to the i/z-plane, prove that an 
expression for the area of S is S J/Vl + ds, the double 

integral extending over the projection of S upon the yg-plane. 

Exercise 2. If no normal of S is parallel to the »r-plane, prove that an 
expression for the area of (S' is jS = //•%/!+ 2 / 2 ^ + 2 /*® da dx, the double 
integral extending over the projection of S upon the aavplane. 

Exercise 3. Prove that an expression for the area of the surface S, 
expressed in the form z = f{r,B) is dr d6, the double 

integral extending over the projection of S upon the r5(a;j/)-plane. 

To illustrate, consider the area of the paraboloid = Ay, 

intercepted by the cylinder = y and the plane y — 3 (OAB, 


Z 



the part shown in Fig. 188, is one-fourth of the area in question). 
The figure sho\v.s an element Ax Ay in the xy-plane and the element 
AS of which it is the projection. 

At any point on OAB we have 


2 = V4y 


Zx 


^Ay — X- 
and hence, by the formula above, 


Zn — 


■\/ Ay — 





where the order of integration and the limits are a.s indicated in 
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the figure and the coefficient 4 is used because the area OAB 
is but one-fourth of the desired area. 

Exercise 4. Show that the above indicated integration gives the result 
1127r/9 for the area called for in the illustration. 

Problems 

1. Verify that the above process gives 47ra^ as the area of a sphere. Hint: 

Assume the sphere so placed that its equation is - a-. 

2. Verify that the area of a right circular cone of radius a and altitude h 
is ira \/ + A2. Hint: Assume the cone so placed that its equation is 

“h ^ o. 

3. Compute the area of 

(a) The portion of the plane ^ + | + ^ ^ 1 (a, 6, c > 0) in the first 

octant. Ans, 

{h) The portion of the cylinder -{- 2 ^ = < 2 *^, intercepted by the 
cylinder x^ + = a^. Ans. 8a-. 

(c) The portion of the plane x + t/ + 2 == 4, intercepted by the 

cylinder = 2. Ans. 27r\/3. 

(d) The cylinder x^ — ay = 0, intercepted by the sphere 

Ans. 4a^. 

(e) The sphere x^ + intercepted hy the cylinder 

— ay -p — 6- Ans. 2(x — 2)a^. 

(/) The cylinder — ay + y^ - 0, intercepted by the cone 

+ 2 /^ = z^. 

(g) The portion of the sphere = '^y, inside the para- 
boloid y = x^ 4- Ans. 27r. 

(h) The part of the cylinder z = y^j intercepted by the planes 
2x y ^ 4, X = 0, y 0. 

Ans. H4[31\/6S + 1 + 12 log (8 + V65)]. 

(i) The sphere + y^ + intercepted by the cylinder 

constructed on a single loop of the curve r = a cos nd as base, and elements 

2fl2 

parallel to OZ. Hint: Use cylindrical coordinates. Am*. ^ 2). 

{j) The cylinder which is contained in the cylinder 

4- y^/^i = 

4. For a hemispherical surface of radius a, find 

(a) The moment of inertia about the radius perpendicular to its base. 

Ans. 2aKM/S. 

(h) The attraction upon a unit mass situated at the center of the 

base. 

5. For the surface of a cone of revolution of semivertical angle 45° and 
altitude h, find 

(a) The moment of inertia about the central axis. 

Ans. MhU2. 

(b) The attraction upon a unit mass situated at the center of the 


base. 
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107. Triple Integrals. Given a region F of space and a 
function S(x,y,z), defined, single-valued, and continuous at all 
points of the region, as well as on its boundary, let the region be 
partitioned, in any manner whatever, into a number of nonover- 
lapping subregions. If we multiply the volume of each of these 
subregions by the value of the function computed at some point 
either within it or on its boundary, and sum these products, we 
obtain an expression of the form 

n 

(143) 

i = 1 

where izi,yi,Zi) is a point in, or on the boundary of, the subregion 
of volume AiU. In entire analogy with the case of a function of 
two variables defined over a plane region (Sec. 103), there obtains, 
also in this case, the theorem that the sum (143) approaches a 
limit, as the number of subregions increases beyond bound, while 
simultaneously the volume of each approaches zero; and that this 
limit is independent of the manner of partitioning the region V into 
subregions and of the mode in which the points (Xi,yi,Zi) are chosen 
in the corresponding subregions. This limit is called the triple 
integral of the function f{x,y,z) over the region V. 

To compute such a triple integral, we may pass planes parallel 
to the coordinate planes at intervals Ax, Ay, and Az, thus dividing 
the region V into rectangular parallelepipeds of volume Ax Ay Az 
each (except that at the boundary we may have only parts of such 
parallelepipeds). If we hold, say, x and y constant and integrate 
with respect to z, we obtain 

as the sum of our products over a column of the region V, parallel 
to OZ (see Fig. 189), of height fi{x,y) — fi{x,y) and of cro.ss- 
sectional area Ax Ay. [To be exact, this column is not, in general, 
identical with the column actually intercepted by the surfaces 
z = f\(x,y) and z = f%i:x,y), a discrepancy which is immaterial in 
view of subsequent integrations.] This integral is a function of 
X and y alone, and hence the result of the first integration can be 
represented as (p(x,y)Ay Ax. If we now hold x con.stant and 
integrate with respect to y we obtain 
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as the sum of the products over a slice of volume parallel to the 
2/2-plane. The result now is a function of x alone, say i/{x)Ax. 
Integrating with respect to x from the least to the greatest value 
of X over the entire volume F, say from x = ato x = b, we obtain 

yp{x)dx as the value of the triple integral. 

Z 





X 

Fig. 189 . 


In Other words, we have evaluated the triple integral as 



z)dz dy dx, 


the notation, as in similar former cases, having the force 


The student will perceive at once that a possible, and perhaps 
in some cases more convenient, order of integration may differ 
from the one just displayed, and that the value of the triple 
integral may in such cases be represented by 


or 



etc. 
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Exercise 1. Show that when cylindrical coordinates {Tyd^z) are employed, 
the value of the triple integral of a function /(r, 0 , 2 ;) over a region V may be 
represented as 


'Qm 


n om p 

m Jfi 




f(r,6,^)r dz dr d6. 


If Spherical coordinates are employed, an element of 

volume bounded by two concentric spheres differing in radius by 


z 



Ap, two planes through the 0 «axis meeting at the angle A/9, and two 
cones with OZ as axis and 0 as vertex, with semivertical angles 
differing by A(p is, apart from infinitesimals of higher order, equal 
to p^ sin (p Ap A(f> A9. Indeed, the volume of the element, except- 
ing for such infinitesimals, is equal to Ap times the area of 
CLEF (Fig. 191), an area which may be computed as CD times 
CF. Now CD = p A(p and CF - AB = OA • Ad = p sin p AB. 
Hence, 

AV = CD * CF * Ap = (p A(p)(p sin (p Ad){Ap) = p^ sin Ap A<p AB. 


If, now, the triple integral of a function f{pj<pj6) is to be com- 
puted over a region V and spherical coordinates are employed, 
the value of the integral may be represented as 



y(pjB) ‘ p“ sin (p dp dip dd. 
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Exercise 2. Show that /// dx dy dz, J//r dz dr dS, and 
J//p^ sin (p dp d<p dd, 

computed over a region V of space, all represent the volume of that region. 

Exercise 3. Show that the triple integrals of the functions d(x^ + 
and 5p2 sin^ ^ over a region F, represent the moment of inertia of the mass of 
V about the s-axis, where 5 is the density of a point of V and by the s-axis in 
spherical coordinates we mean the line = 0. 

Exercise 4, Show that the quotients, of the triple integrals of 5 • x, 
d ■ r cos d, and b • p sin (p cos B over a region, by the mass of the region repre- 
sent the x-coordinate of the center of gravity of F, where 5 represents the 
density at a point of F. 



Fig. 191. 


Problems 


1 . Compute each of the triple integrals below. Identify the function 
integrated and the region over which the integral is computed. 




(c) 


X dz dy dx, 

Cr/% r2 sin d , , 

I I I dz dr dd, 

Jo Jo Jo 


(*a r27r rT/4: 

Jo 


p2 cos <p sin <p dtp d6 dp. 


Ans, 0. 


Ans, 


4 


2. Compute the triple integral of each function below over the region 
indicated. 

(a) f(x,y,z) = y\/x; region in the first octant, bounded by the 
planes x = 0, ^ = 0, ?/ = 1 , and Sx 2y z = 6. 

.4n.v. 64(243 v' 2 - 104v3)/8505. 

(h) fix,y,z) = xz; region in the first octant, bounded hy the coordi- 
nate planes, the cy linder x^ + = 25, and plane 5x + 15^ F 14s ^ 90. 
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(c) f{x,y,z) = 


the cylinder + 'ip' — 
coordinates, 

{d) j{x,y,z) = 


y 


region bounded by the paraboloid 


+ 2/^ + 2 — 9, 

Zy, and the X2/-plane. Hint; Change to cylindrical 

Ans, SItt/S. 

the region bounded by the two cones 


X 


+ y^ = 3z^ and the sphere + y^ + Hint; 

Change to spherical coordinates. 

3. For the region in the first octant, bounded by the planes x = 0, z =0, 
X + y - Ij y - 2x - 4, and the cylinder x^ + z^ = 1, compute as a triple 
integral the following; 

(a) The volume. Ans. ~ + 1. 


(b) The moment of inertia about the y-axis. 


Ans. 


(IStt + 24)M 
SOtt + 40 

Stt + 16 


(c) The oj-coordinate of the center of gravity. Ans. ;j^2T + 16' 

(d) The mass, if the density at any point is proportional to the 

distance from the ojy-plane. Ans. llk/8. 

4. For the region in the first octant, bounded by the coordinate planes, 
the plane a; + 2y = 6, and the surface x^ -j- y^ ^ 86 — 6z, compute by 
means of a triple integral ; 

(а) The volume. 

(б) The moment of inertia about the a;-axis. 

(c) The y-coordinate of the center of gravity. 

(d) The mass, if the density at any point is proportional to the 
distance from the 7/2:>plane, 

5. For the region in the first octant, bounded by the planes a; = 0, 

y ^ Qj z y = 6j X 4- 2y 4- 2z = S and the cylinder x^ 4- = 4, compute 

by means of a triple integral: 

(a) The volume. 

(h) The moment of inertia about the 2 :-axis. 

(c) The a;-coordinate of the center of gravity. 

(d) The moment of inertia about the line x — 2^ y ~ 6. 

6. For the pyramid whose faces are the coordinate planes and the plane 
X tJ z 

~ I -f ^ - 1, find by means of a triple integral: 

(a) The moment of inertia about the edge of length a. 


Ans. 


M + c^) 


10 

(b) The y-coordinate of the center of gravity. An.s, 6/4. 

(c) The moment of inertia about a line parallel to the edge of 
length a, and passing through the midpoint of the opposite edge. 

Ans. Mih"^ + c^)/]0. 

7. For the volume above the xy-p\ano and inside both the cylinder 
4- — 8x — 6 and the sphere = 9, compute, using cylin- 

drical coordinates and triple integration, 
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(а) The ^-coordinate of the center of gravity. 

(б) The moment of inertia about the a;-axis, 

(c) The moment of inertia about the line through (3,0,0), parallel 

to OZ. 

8. For a hollow cylinder of altitude h and radii of base a and h (a > h)j 
using triple integration and cylindrical coordinates, find 

(а) The moment of inertia about the axis of the cylinder. 

(б) The moment of inertia about a diameter of either base. 

(c) The moment of inertia about an outside element. 

(d) The center of gravity, on the assumption that the density at 
any point is proportional to its distance from one of the bases. 

9 . A volume is in the form of a cone of semivertical angle a, capped 
by a portion of a sphere of radius a whose center is at the vertex of the cone. 
Using triple integration and cylindrical or spherical coordinates, find 

(a) The volume. Ann. . 

o 

(b) The moment of inertia of the volume about the axis of the cone. 

cosa — cos^g) 

5. 

(c) The moment of inertia of the volume about a line through the 

vertex of the cone perpendicular to the axis. 

^ a^M (4 + cos a + cos^ a) 

Ans. 

(d) The moment of inertia of the volume about a diameter of the 

, ^ . a^MiS — 13 cos a A- 7 cos^ a) 

base of the cone. Ana. 

(e) The center of gravity, on the assumption that the density 
at any point is proportional to the distance from the plane through the 
vertex of the cone perpendicular to the axis. 

8a/l + cos a + COS= q;\ 


base of the cone. 


Ans. Distance from the vertex equals ^ — ) ■ 

15 \ 1 -f- cos a / 

10 . A lune is cut from a sphere of radius a by two planes through a diam- 
eter making an angle 2a with each other. Find 

(a) The center of gravity of the lune if its volume is homogeneous. 

, Sra sin a „ . 

^ from center. 

loa 


(5) The center of gravity of the lune if the density at any point is 
proportional to the distance from the edge of the dihedral angle 2a. 

. 32a sin a . , 

Ans. — from center. 

Iowa 

(c) The moment of inertia of the lune about the edge when the 
volume is homogeneous. 

(d) The moment of inertia of the lune about the edge with the 
density as in (b). 

11. A cylindrical hole of radius 8 ft. is cut from a sphere of radius 10 ft., 
the axis of the hole coinciding with a diameter of the sphere. For the remain- 
ing part of the sphere, find 

(a) The moment of inertia about the axis of the cylinder. 
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(6) The moment of inertia about a diameter of the sphere per- 
pendicular to the axis of the cylinder. 

(c) The moment of inertia about an element of the cylinder. 

(d) The center of gravity. 

12. Find the attraction of a hemispherical shell of radii a and h {b > a) 
upon a unit mass placed at the center of its base. 

(a) If the shell is homogeneous. Ans. Z jT ^ I}. ^ 2 )’ 

(5) If the density at any point of the shell is proportional to its 

kir(b^ - a2) 

3 


distance from the radius of symmetry. 


Ans. 


13. A solid is bounded by the plane z = 8 and the surface — 2 : — 4. 

Find its attraction upon a unit mass placed at the origin 

(a) If the solid is homogeneous. 

(b) If the density at any point is proportional to the square of the 
distance from the origin. 

14. A hemispherical shell of radii a and b (b > a) is intercepted by a right 
circular cone of semivertical angle ot and with vertex at the center of the 
shell. Find the attraction of that part of the shell outside the cone upon a 
unit mass placed at the center 

(а) If the volume is homogeneous. 

(б) If the density at any point is proportional to the distance 
from the base of the shell. 


108. Line Integrals. Let a function P{x,y) be defined, single- 
valued, and continuous over a region R of the r^z-plane, and let C 

be a curve in that region at all 
points of which y is a single-valued 
and continuous function of x, say 
y = f{x)) s-nd a; is a single-valued 
function of y, say x = g{y). Let 
the portion of C between any two of 
its points (a, 6) and (c,d) be divided 
into n parts of length Ais, A 2 S, . . . , 
A„s, whose projections upon the 
coordinate axes are Aia;, L^x, . ■ ■ , 
Lr.x and Aiy, Aay, . . • , A„.y, 
respectively. Compute the func- 
tion P{x,y) for some point, at random in every subdivision 

of C and set up the sums 



i=l i=l 

Since, at all points of C, P{x,y) is essentially a function of x 
alone, viz., P[a:,/(x)], single-valued and continuous in view of the 
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assumptions made on P and /, and likewise a single-valued and 
continuous function of y alone, viz., P[g{y),y], each of the above 
sums approaches a limit as » oo and Ax, Ay — > 0. These limits 
are called line integrals of the function P{x,y) along the curve C, 
between (a, 6) and {c,d), and are designated, respectively, as 

j^l'y{x,y)dx and j^^'y{x,y)dy, 

taken along C, or as 

jP{x,y)dx and jjP{x,y)dy, 

between (a,t) and {c,d). The curve C is spoken of as the path of 
integration. 

This notion of a line integral is easily extended to three dimen- 
sions, and for a function P(x,y,z), single-valued and continuous in 
a region R of space, and a curve C in that region, we obtain 


jp{x,y,z)dx, ^P{x,y,z)dy, jjP{x,y,z)dz 


between two points {a,h,c) and {d,e,f) of C, as line integrals taken 
along the path of integration, C. 

The computation of a line integral follows directly from its 


definition. 

Thus, 


— xy)dx along y^ = x 

reduces to 

^^(x® — x^)dx = ^^^5, 

while 

- xy)dy along y^ = x 

reduces to 

Cii/* - y^)dy = m- 

Again, to compute | "" (x^ + xy - along the curve 

J(2/VsA/Vm 


X- + y^ 4 z) along the ]jath of integration, 

y = 2x j 

y2 — 42 ; 2 ^ 5a;2 — 4 — z, xy = 2 x^. Hence, the integral reduces to 



- 2 , 2(4 - z) 
5 ^ 5 



U 

15 
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The line integrals of most frequent occurrence in problems are 
of the form 

^P{x,y)dx + Q(x,y)dy, 

understood as J^P(x,y)dx + J* Q{x:,y)dy, or of the form 


,y,z)dx + Q(x,y,z)dy + R{x,y,z)dz, 

understood as ,y,z)dx -{■ ,y,z)dy + j^R{x,y,z)dz. 

As an example, let a particle be displaced along the curve 

C from (a,b) to (c,d) under the 
action of a force F whose x- and 
i/-components, say X{x,y) and 
Y{x,y) are single-valued and con- 
tinuous functions of x and y in 
some region containing the curve 
C. If we resolve the force F in- 
to two components, one along 
the tangent and the other along 
the normal, hence represented by 
F ■ cos |8 and F ■ sin d, the amount 
of work done by the force in displacing the particle is 

lim V {F • cos |S)As = f cos ds, taken along C, 





Fig. 193. 


since the direction of the curve at any point is that of its tangent, 
and the only effective component of the force F in displacing the 
particle is its component along the tangent. Now, by Fig. 193, 
(3 = 0 — 0 :, whence cos (3 = cos 0 cos o: -[- sin 0 sin a. Hence, 

F cos P ds — F cos 0 cos a ds -|- F sin 0 sin a ds 
— F co-s d dx F ,sin 0 dy 
= X{x,y)dx -h Y{x,y)dy, 

since cos a ds = dx, sin a ds = dy, F cos 0 = X{x,y) and 
F sin 0 = Y{x,y), and the work done is, thus, represented by 

j^^'^^X{x,y)dx -f Y{x,y)dy, taken along C. 

The student will extend this result to three dimensions by 
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Exercise 1. Prove that the work done by a force F whose components 
parallel to the a:-, y-, and 2 -axes, X{x,y^z), Y{x^y,z)^ and Z{x,y,z) are single- 
valued and continuous functions of a:, 2 /, and 2 in some region in space, in 
displacing a particle along a curve C in that region, is given by 


X 


X(x,y,z)dx + Y{x,y,z)dy + Z(x,y,z)dz. 

Exercise 2. Prove that P(x,y)<h may be put in the form 
J^Qix,y)dx + R{x,y)dy, 

where ds is the element of arc of the path of integration. Hint: If a is the 
inclination of the tangent of C to the a:-axis, then ds — dx ■ cos a dy ■ sin a.. 

The student will note in passing that the expression for the area 
bounded by a curve y = /(a;), the a;-axis and the two ordinates 

X = a, and x — h, viz., J'‘’f(x)dx, is actually a line integral of the 

form T'^^^^P{x,y)dx, taken along the curve, where P(x,y) = y. 

Exercise 3. Exhibit the area bounded by the curve x = g(y), the y-axis 
and two lines y = c, y = d, as a line integral 
along that curve. 

As an important application of line 
integrals, we consider the problem of 
finding the area enclosed by a curve. 

We assume, first, that the curve is such 
that a line parallel to OX meets it _ l 

in two points at most, thus having 
y = yi(a;) along the portion AC5 and rn.. 

y = y^(x) along ADB. Then the area enclosed by the curve is 
equal to the area LADBM — area LACBM 





ACBDA 


'P 


dx.* 


An alternative expression for the area enclosed l^y a cur\-o 
the student is asked to obtain in 

* This number will always be positive if the path of integration is so 
traversed that the enclosed area is to the left of it. 
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Exercise 4. Prove that the area enclosed by a curve C is represented by 
the line integral J'^x dy. Hint: Assume that the curve is met by a line 
parallel to OF in at most two points. 

Oa account of the possibility of dual representation just brought 
out, it is customary to display the area enclosed by a curve C 

in the form dy — y dx. 

Exercise 6. Prove, in case a closed curve C is met by some lines parallel 

to OX and OF in more than two places, that 

the formulas — dx and J^x dy still repre- 

rg ^ sent the area if it can be subdivided into a 

/ ^ finite number of subareas, each of which is 

bounded by a curve which is met at most 
/j) Q twice by lines parallel to OX and OF. Hint: 

/" It is sufficient to consider two subareas, as 

in Fig. 195. Let C represent the curve 
^ ABBE A j Cl represent the curve ABBA, and 

^ C J O 2 represent the curve A Note that in 

traversing Oi and Co each once and each 
Fig. 195. counterclockwise, the line AB is traversed 

twice, once from O to A and once from A to O. 

By changing the expression dy — y dx from rectangular 

to polar coordinates, prove 

Exercise 6. The area enclosed by a curve C is represented by the lino 
integral dd. 


The student learned in an earlier chapter to express the area 
OAB bounded by the two lines OA and OB and the curve C as 

X /3 

dd. He now recognizes it as the 

line integral dd between [/(a), a] 

and [/(d), d] where r = f{d) is the equa- 
tion of C. This will square with the 
result of Exercise 6 if we note that the ^ 
boundary of the area consists of the lines 
d = a, 9 = ^ and the curve C, that along the two lines dd = 0, and 
hence, that the line integral along the entire boundary reduces to 
the line integral along C. 

One feature of a line integral will have been observed by 
the student, viz., that its value depends not only upon the iute- 
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grand function and the limits, but also upon the path of integra- 
tion. Consider, however, the integral 

in the case when P{x,y)dx Q{x,y)dy is an exact differential. 
(A necessary and sufficient condition for this, the student will 
recall from Art. 102, is that Py = Qx.) Let any curve C, passing 
'through (a,6) and {c,d), say y = f{x), be taken as the path of 
integration. Now, to say that P{x,y)dx + Q{x,y)dy is an exact 
differential, amounts to sajdng that a function <fi(x,y) exists such 
that 

d<p = P{x,y)dx -h Q{x,y)dy. 

Hence, the line integral 


reduces to 


r‘'f^P{x,y)dx + Q{x,y)dy, taken along C, 

J{a,b) 


r‘’'‘^^d<p(x,y), taken along C, 


and this, in turn to 


CdgCx) == g(c) - g(a) 

(Ji 

= AcJic)] - ¥>[«,/(«)] 

= <p{c,d) - <fi{a,b), 

where we have used g{x) to represent <p[x,f{x)]. The result 
clearly does not involve the equation y = f{x) which we assume 
for the path of integration. In other words, if 

P{x,y)dx -h Q{x,y)dy 

is an exact differential, the value of the integral 


r‘'’^P(x,y)dx -h Q{x.,y)dy 

depends upo 7 i the f unctions P and Q and the IvmitSj but 7iot upon the 
path of integratio7i. 

Exercise 7. Sliow that if Fdx + Qdij + Rdz is an exact differential, the 

J *{d it f) 

P dx Q dy + R dz is independent of the patli of integration. 

(a,b,c) 


r(2,2) 

1. Compute I 

J(O.O) 


Problems 

{x^ -h xy)dx + {y^ - Jcij)dy 


(n) Along the line y = x. 


A ns. 
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(6) Along the parabola «*= 2y. Ans. ®K6- 

(c) Along the a:-axis from the origin to (2,0), then along the line 
X = 2 from (2,0) to (2,2). Am. 4^. 

j 'Cl.-i) 

yx^ dx (x + y)dy 

( 0 , 0 ) 

{a) Along the straight line joining the two points. 

(b) Along the curve y = 

(c) Along OY to (0,-1), then along the line y = —I . 

{d) Along the circle — 2x = 0. 

J *(s,0) • 

{x - 2y)dx + xy dy 

(0,2) 

(a) Along the straight line joining the two points. Ans, 

(h) Along the ellipse x — 3 cos 6, y — 2 sin 6. Ans. — Stt. 

(c) Along the parabola 2{x — 3)^ = 9?/. Ans. — Ko* 

J *(l,2,4) 

’ ’ (x + y)dx + (2/ + ^)dy + (z + x)dz 

( 0 , 0 , 0 ) 

(a) Along the straight line joining the two points. Ans. 

(b) Along OX to (1,0,0), along a straight line to (1,2,0), and then 
along a straight line to (1,2,4). . Ans. 

(c) Along the curve x^ — y z = 8x. z = 2y. 

6. Compute /(x* — y)dx + (y -h x)dy around the entire circle + 2 /^ =4. 

Ans. Stt. 

'•(3,4,8) 


/•(3,4,8) 

6, Compute ^ (xy — z)dx + dy -I- y dz 


(а) Along the straight line joining the two points. 

(б) Along the curve x t 1, y = z = 

7. Show that the value of each of the following is independent of the 
path of integration, and compute in any convenient manner. 


<‘> x:: ■ 
« £ 

<•> i: 


(3,1) 

(e® + 27y)dx + (2x + log y)dy. 

i3) 

(-1,3) 

(2xy - y^ + y)dx + - 2xy + x)dy. 

j , 2x j 
dx 4 - — ; , 


( 0 . 2 ) (xy + 1)2 ' (xy + iy 

(1,3,2) 

Q (V “ ^)dx + (x + z^)dy + (2yz - x)dz. 

(1,0,3) 

^ ^^^{yz + 2x)dx -f xz dy + (xy — 2z)dz. 

8. Compute the following areas as line integrals, by using the formulas 


jmpute 

X* X* dy -y dx, or 


do. as niav be found 


convenient: 


(a) The area bounded by one arch of the cycloid x = a(d — sin 0), 
y - a(l — cos 9). 

(b) The area liounded by the straight line x + y — a and the first 
quadrant arc of the foiir-cusped hypocycloid x - a cos^ y — a Hin“ 0. 
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(c) The area in the first quadrant bounded by OZ, the ellipse 
X = a cos 6, y = h sin 0, and the line y = x. 

(d) The area in the first quadrant bounded by OX, the circle 
X — a cos 6,y ^ a sin 0, and the line x = 2/^3. 

(e) The area outside the cardioid r = a(l + cos B) and inside the* 
circle r = Za cos 6. 


9 . Compute (a) 


(2, log 2) ^ 
(1,0) 


(x -h eM) ds along the curve y ~ log x. 

j *( 4 , 9 ) 

(3a; — y)ds along the curve a; = ^ + 1, 

( 2 , 1 ) 

(c) ^ (x^ -f xy)ds around the circle — 4cy == 0. 

10 . Show that if P(x,y)dx -}- Q{Xjy)dy is an exact differential, the integral 


j*^P(x,y)dx + Q{x^y)dy equals zero if 0 is a closed curve lying entirely in a 

region where P and Q are continuous, single-valued functions of x and y. 
Hint; Choose any two points, (a,6) and (c,d) on the curve, and integrate 
between the two points over each portion of C joining them. 

11 . State and prove a three-dimensional proposition similar to that of 
Prob. 10. 


12 . Verify the proposition of Prob. 10 for C 

is the boundary of the square whose vertices are (1,0), (3,0) (3,2), and (1,2). 

13 . Verify that the value of the integral of Prob. 12 over the boundary of 
the square with vertices at (-2,-1), (1,-1), (1,2), and (—2,2) is 2t. 
Explain in what way the proposition of Prob. 10 fails to be met in this case. 



CHAPTER XIV 


INFINITE SERIES 

lOd. Series of Constant Terms. One frequently meets, in 
mathematics, with iniinite sequences, i.e., sequences of numbers in 
which the number of terms is infinite. Thus, the sequence of 
positive integers, 1, 2, 3, ... , is such a one. Usually, some law 
is given by which the terms of the sequence can be determined. 

Ti 

For example, if the wth term of a sequence is lj2,3, 

• • • ): the sequence itself is ■ ■ ■ ■ 

Associated with every infinite sequence Ui, Ui, Uz, . . . is the 
infinite series Ui + Uz Uz ■ A question of importance 
that arises in connection with an infinite series is this. If we 
form the sequence )Si, ^ 2 , • ‘ • , where Si = Ui, S 2 = + Uz, 

Sz = Ui Uz Uz, ' ' ' , Sn = Ul -{■ Uz Uz Un, 

does lim Sn exist? 

n-4 CO 

This question presented itself, in fact, in the student’s earlier 
experience, in the case of the sequence a, ar, af-, . . . and of the 
corresponding series a ar ar^ • ■ ■ (the geometric series), 
and the fact encountered in that connection was that 
Sn — a T ar + ar^ + • • • + does indeed approach a 

limit when |r| < 1, and that in that case lim Sn = > while no 

1 - r 

limit is approached by Sn when |rj ^ 1. 

We now lay down the 

Definition. An infinite series Ui fi- Uz uz fi- • ■ ■ is said to 
be convergent when lim Sn exists, where 

7L-^ 90 

(Sn = Ul d" ^2 4“ 'W 3 T • ■ • -T Un- 

The value of that limit is then said to be the sum of the series. 

A series that is not convergent is said to he divergent. 

A series may diverge by reason of Sn becoming positively infinite 
(as is the case with l + 2-f4-l-8-|- • • ■ + 2"“* +•••); 
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negatively infinite (as in the series -1-2-4-8 - • ■ ■ ), 
infinite but with no definite sign (as in the case of 
1 — 2 + 4 — 8+ • • • ), or remaining finite but failing to 
approach a limit (as in the series 1-1 + 1-1+---, where 
;S„ = 0 for even values of n and Sn = 1 for odd values of n). 

The problem now arises, given an infinite series, what means 
to employ to ascertain whether it converges or diverges. * The 
student’s first attempt to solve this problem might be to exhibit 
Sn as a function of n and to determine from that whether lim Sn 


exists. This may be easily done occasionally, but in general 
the task is prohibitive. An observant student may note, for 
instance, that the series of which the nth term is 


1 

n(n + 1) 


(n — 1 , 2 , 3 , 


• • ), 


W2., 3^^ + K + H2 + ■ ■ ■ , may be displayed as 


(M - M) + (M 


~ M) + (y'i — M) + ■ ■ ■ 


+ 



n + 1/ 


+ • ■ • 


(since = ^ r hence S,. = 1 7-^, and 

\ n[n + 1) n n + 1/ n + 1’ 

lim Sn = 1 - This informs us at once that the series converges 
00 

and that its sum, as defined above, is 1 . In most cases, however, 
it would be out of the question to obtain an expression for Sn, 
and we must seek some means of determining from the series 
itself its property of convergence or nonconvergence. To that 
end we lay down a number of theorems. 

Theorem 1. + necessary condition for the convergence of the series 

ui + lei + U3 + • • • + + • ■ • is that lim u,, = 0. 

30 

For, to say that the series converges to S as a limit amounts to 
saying that given any arbitrary positive constant e, a number vi 
may be found such that whenever n ^ m, we have j/S — < e. 

We can, therefore, fix an integer p so that whenever n ^ p, we 
have \S - ;S „1 < e/2, and hence, for such values of n, we have 


* That the ((uestiou of the eolivergence or ilivert?ence of a series is of 
significance, will appear abundantly as we go on. 
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|>s - <S„| < ^ 

and 

|;S - S„+r\ < ~ 

Now 

|m„+]| = l/Sn+l — >Sn| = |/S — Sn + ~ ^Sj ^ IS" — /S„ 

+ |*S„4.i — >S| = 1*S — /S„i + |>S — ;Sn+i| 2 2 ~ 

To say, now, that given any positive quantity e (however small), 
a number p may be found large enough (i.e., a place in the series 
far enough) so that |w„+i| < e for all values of n ^ p, is only 
another way of saying that lim Un = 0. 

n~^ 00 

By means of this theorem, we can at once pronounce a series 
as divergent if it appears that, for it, lim 0. For example, 

71”+ 00 

in the series 


5 ^ 8 ^ 11 


7 , . . . , 2n - 1 
i4+ +3;rr2 




lim Un 

71 — > w 


\Sn + 2 


lim 


,3 + 



and the series 


diverges. 

The condition of Theorem 1 is not, however, a sufficient condi- 
tion for convergence of the series. That is, we may have a series 
for which lim «„ = 0 and which, nevertheless, diverges. The 

fl > 00 


case of the so-called harmonic series, 


1 ^ 2 ^ 3 ^ 


+ - + 
71 


is an illustration. Here lim = lim (l/ft) = 0. Let us group 

n—* » ??— + 00 

its terms as follows: 


H + M + {}'i + H) + 0-5 + /6 + A + /s) + 

{}4 + Ho + • • ■ + He) + (H? + Hs -f • • • -f ^ 2 ) 
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It is evident that the first pair grouped exceed 2 • i.e., } the 

next group of four terms exceeds 4 • i.e., the next group of 

eight terms exceeds 8 • He, i-e., etc. Since each of these 
groups exceeds H ^'Hd the number of groups is infinite we may 
readily choose a value for n large enough so that, for m > n, Sm 
will exceed any preassigned positive number. Emdently the 
series diverges. 

Theorem 2. (Comparison test.) (a) Given a series of positive 
terms -f t »2 + 2^3 + ' • • , known to converge, if each term of the 
series Ui u% + Uz • • ■ is positive or zero andless than or equal 
to the corresponding term of the given series (i.e., 0 ^ Ui ^ Vi for 
every positive integer i), then the series Ui + U 2 + ws + • • • 
converges. 

(h) Given a series of terms Vi Vz Vz ■ ■ • , positive or zero, 
known to diverge, if each term of the series Ui -j- ih uz + • • • is 
positive and greater than or equal to the corresponding term of the 
given series (i.e., m, ^ ^ 0 for every positive integer i), then the 

series Ui + Wa + Ms + ' ' ' diverges. 

Proof of (a). Let represent the sum of the first n terms of 
the given series and Un the sum of the first n terms of the series to 
be tested (viz., the series ui uz Uz ' ■ ' )- Since the 
terms of the latter series are positive or zero, Un is a function of n 
that increases as n increases. By hypothesis Un S If V 
is the sum of the given series, F„ < V, whence Un < V 
(n = 1,2,3, • ■ • Since Un increases but always remains less 
than a finite fixed number V, it approaches a limit which is ^ V 
(page 151, Theorem 1) and the series Ui uz + Uz ■ ■ • 
converges. 

Exercise 1. Prove part (6) of this theorem. 

Note, in passing, that the convergence or divergence of a series 
is not altered by discarding a finite number of terms or by prefix- 
ing a finite number of terms. Hence, in applying the comparison 
test embodied in Theorem 2, if it appears that Ui ^ lu or «,■ ^ Vi 
(i = m -j- 1, m -t- 2, m -t- 3, • • • ), where m is finite, we draw 
the appropriate conclusion regardless of how the first m terms ot 
the two series compare. 

Let us employ Theorem 2 to study the behavior of the series 

Y, + -k + ^- + ■ - ' + -U. + ' 
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the hyperharmonic series, to use the term introduced by the Ameri- 
can mathematician Pierpont. 

1. When h = \, this series becomes 

T + 5 + 5 + - ■ • +^+ ■ • • , 


the harmonic series which we studied above and found to be 
divergent. 

2. When k < 1, each term (after the first) of the hyperharmonic 
series is greater than the corresponding term of the harmonic 
series, since < n (n = 2,3,4, • • • ) when k < I and hence 
1/ra* > 1/n. By part (b) of Theorem 2, the hyperharmonic 
series is, in this case, divergent. 

3. When k > 1, let us group the terms as follows*: 

p + (|. + 31) + ( 

+ (^ + p + ■ ■ ■ + + • • • . (144) 

Now, the series 

^ + ^ + ^ + ■ ■ ■ 

converges, since it is a geometric series whose ratio is 

2 1 
2* 


4i ^ 5 * ^ 6* 7* 


r) 


a positive number less than 1 when fc > 1. We can display its 
terms as 

1 + /I + + /i. , 1 4. 1 , 

p ^ ^ 2y ^ \^ 4 ^- ^ 4^ ^ 4*: ^ pj 

+ (^ + ^ + • • • + ^) + • • • • (145) 

A comparison of (144) and (145) shows that the group of terms 
(after the first term) in each parenthesis is less in sum for (144) 


* If a series of positive terms is grouped, without changing the order of 
the terms, the property of convergence or divergence, and the value of the 
sum of the series, in case it converges, remain undisturbed. For, if the 
nth term of the original series occurs in the mth group and represents 
the sum of the first m groups, then < Sn ^ 
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than it is for (145), By part (a) of Theorem 2, the hyperharmonic 
series is therefore, in this case, convergent. 

The hyperharmonic series, thus, diverges when A’ ^ 1 and 
converges when A > 1. 

Exercise 2. Prove that if a series converges {pv diverges), it will still 
converge (or diverge) if every term of it is multiplied by the same constant 
^ 0. 

'Exercise 3. Prove that if the series of positive terms t’l +■ t’2 + t’s -}- • * * 
is known to converge and Un < hvn, for every where A is a finite constant, 
then the series of positive terms ui + + uz • - • converges. Hint: 

Use Exercise 2 and Theorem 2(a). 

Exercise 4. Prove that if the series of positive terms vi -f- vi> + + • - • 

is known to diverge and Un > kvn, for every n, where k is a finite positive 
constant, then the series of positive terms Ui + wo + ws + ■ • • diverges. 

Exercise 6. (a) Prove that if the series of positive terms 


Vi 4" lU -f" ?.’3 -}"••• 


is known to converge and lim {Un/vn) = A, a finite constant, the series of 

n-^ 00 

positive terms Ui + m uz -F • ’ * converges. Hint: For any positive 
constant €, there exists a value of n, say tt?, such that for every n > m we 
have < A + e = Z, hence < Ivn (n = m -j- 1, m + 2, m + 3, • • • )• 
(h) Prove that if the series of positive terms vi i’o + i's + • • ■ is 
known to diverge and lim (un/vn) = A, a finite constant not zero, the series 

so 

of positive terms Ui + Ui + Uz ■ • • diverges. 


Problems 

1. Write the first four terms of the series whose nth term is 


(a) 


2n 

w 4* 1 


(h) 


Zn -2 


(c) 


s/n 


(d) 


«= + 1 


2. Write the nth term of each of the following series 

, . 1 , 3 , 5 , 7 

+ ■■■■ 


Vs 


Vs 


(S) V2 + 4^ + ^ + + 

4 8 16 

^ “ V2 ^ V3 “ T + ■ ■ ■ ' 

_i__ 2 A- IL 

V3 ” 2 + Vs " Vi3 ^ V7 " ■ ■ ■ • 

3. Show that every infinite arithmetical series diverges, except when 
a = d = 0 

4. Prove that the following series diverge: 
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(a) 


1111 

V2 Vs Vs 

(6) Vi - %+ h'o - 1^7 + ■ • • . 

(c) H - + % — Hi + ■ ■ • ■ 

(d) M M + K + M + • • ■ • 

, , Isec A\ , |sec 2A\ |sec 3A\ . [sec 4A| 

(e) - 2 - 1-3 -t- 4 -t- 5 -t- 

(/) I + H + H H -‘r 
(g) (V2 - VT) + (V3 


VS) + (Vi - VS) + 


1-2 , 2-3 , 3-4 , 4-5 , 
^^^^4+475+5^6+6^ + 


(VB - V2) -I- 


6. Prove that the following series converge: 

(a) 34 + /^ + He + Hs -f • * ’ . 

sin B sin (B + 30®) sin (B +• 60®) . 

2 4 ft 

sin + 90®) 
16 

(0) ___ 4 , 4 , J_ ^ L 

2i'\/^ “h 1 3^/^ ~|“ 1 4-\/4 -j- 1 5\/5 -I” 1 

(d) }i + 3-11 + Ha + Ml -+-•••. 

(«) -t- ■+ + 


+ 


if) 


1-4 ' 2-5 ‘ 3-6 ' 4-7 
3 -1 , 3 - i , 3 

• 09 “T" 


-H- 


+ 


2 ‘ 22 ' 23 ' 2'* 

6. Test the following series for convergence : 

(a) + Vs + Hi + yii + ■ ■ ■ . 

0-1 
(&) ^ 


(c) 


p 

2 

1-1 


2-2 2“3 2"-* 

f L _L f L 

23 ^ 33 “ 43 ^ 


Ans. Div. 
ilns. Conv. 


5 10 

2-3 "^3-5 


17 

4.7 


+ 


(d) H + H 2 + K5 + Hs + 

(e) 

(/) 


p “ 22 ~ ” 4^ 


1 

'2-3 


1 

3-4 


1 


1 

5-6 


(„^ + :a + v3 + :?5 + ... 

iff; 1 -t- 2 ^ 3 4 T 

(A) (V2 - VT) -h (V3 - V2) + (VT 


V3) -f- 

(V5 - VT) + 


no. Further Tests for Convergence. The comparison test, 
embodied in Theorem 2 and in Exercises 3, 4, and 5 of the fore- 
going section, has the weakness that it is not always easy or even 
possible, to make use of an appropriate series whose behavior is 
known. Further tests relating to the series itself, which is to be 
tested, are contained in the following theorems. 
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Theorem 3 (D’Alembert’s Ratio Test). If, in the series of 
positive terms Ui + «2 + ws + • • • , lim {Un+i/uf) exists and 

n— > 00 

equals r, then if r < 1 the series comerges, while if r > 1 the series 
diverges. (If r = 1, no conclusion can be drawn.) 

Proof. If r < 1, let us set up a positive number e such that 
r + £ = /S is still less than 1. Corresponding to e, we can find 
a value of n, say m, large enough so that for every n > m the 
fraction Un+ifun, will take on values in the interval r + £ and hence 
be less than S. Then Mm +2 < Sum+i, 

^ *3^7714*3 ^ ‘ , 


Applying Exercise 3 of the preceding section to the series 
Um +2 “I" Um+3 ”1“ Um +4 "1“ ’ ' ‘ aud S “t" -f- -|- * ‘ ' (the lat- 

ter being the geometric series and known to converge, since 
S < 1), the conclusion is established. If r > 1, it is easy to 
show that Un fails to approach zero, and hence, by Theorem 1 of 
the preceding section, the series diverges. 

The example of the hyper harmonic series, in which r = 1, 
independently of the value of k, shows that a series may converge 
or diverge when its test ratio r has the value 1. 

To illustrate the ratio test consider the series 



a number less than 1, and hence the series converges. 
Again, for the series 

2»+i 


+ + l + 

p “ 2^ 3‘^ 


2 '* 

+ ^ + (n + 1)^ 


lim = lim ■ y) = 


2 + 
2n-^ 


lim 


(a + D- 
2 


.(1 + l/n)\ 

a number greater than 1, and the .series diverges. 


1 

2 


= 2 , 
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Theorem 4. (Cauchy’s Integral Test.) Given a function f{x), 
positive for all x > a, constantly decreasing as x increases, then if 

Y \f(x)dx exists, the series 

I 

f{a) +/(o + l)+/(a + 2) + - • - 

converges, otherwise the series 
diverges. 

Proof. Consider the set of rec- 
tangles each of base length 1, and 
of altitudes 

Fig. 197. /(o + !),/(« + 2), • ’ ' ,f{a + p). 

From the hypothesis on/(x), the sum of the areas of these rectan- 
gles is less than the area ABQP under the curve (see Fig. 197), i.e., 

/(a -h 1) + /(a + 2) + • • ■ -h /(a + p) < £^^f{x)dx. 

Hence 

lim [/(a -f 1) -l-/(a -f 2) -H ■ '+/(« + p)] 

i lim C°''^^f{x)dx — f°°f(x)dx, 

and if the latter exists, the conclusion about the convergence of 
the series is evident. 

On the other hand, it is seen, by considering the rectangles 
with altitudes /(a), /(a -h 1), /(a -h 2), • ■ ■ that 

f{a) +f{a + l)+ ■ ■ ■ f{a + p - 1) > f'''^y{x)dx 

Jet 

whence 

lim [/(a) + fia + 1) + ' ' • -f /(a + p - 1)] 

^ lim p^^/(r)dr 

p~~* 00 Cl 

If the latter limit does not exist, the integral f‘‘'^'’f(x)dx becomes 

infinite, as p becomes infinite (since it increases as p in(*reas(‘s and 
would approach a limit if it remained finite). The series in ques- 
tion, evidently, diverges. 

To illustrate Cauchy^s integral test, examine, (jiic.e more, 
the hyperharmonic series 
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— + — + A-j_ . . . . . . 

The function /(x) = l/x*= satisfies the hypotheses of Theorem 4 
(with a = 1), while our series is of the form 

/(I) +/(2) +/(3) + • • • . 

Consider, then, ( i.e., lim f 

(1) If ^: = 1, this gives lim Aog xV = lim (log p) = oo. 

jj— > 00 \ /I p— >- CO 

(2) If fc 7 ^ 1, we have lim 1”::^ — rl = lim i^-z r^Y This 

CO L ^ Jl 00 \ 1 K / 

last limit is «> when fc < 1 and equals ^ if fc > 1. By 

Theorem 4, then, the series converges for fc > 1 and diverges for 
fc ^ 1, as has been previously shown. 

Exercise 1. Prove, for the series of positive terms ui + Uj + Ms + • ■ ■ , 
that if lim exists and equals I, the series converges if Z < 1 and diverges 

n— > 00 

if Z > 1. Hint: If Z < 1, assume an e such that Z -t- « = <S < 1, and for 
values of n from a certain number m on, Um+i < S"'*^, Um-i < etc. 

As to series in which positive and negative terms occur, the 
following should be noted; 

Theorem 5. A series which has both positive and negative 
terms converges if the series of the absolute values of the terms con- 
verges (or, what is the same, if the series converges when aU. its 
terms are made positive. The series is said, in such a case, to 
converge absolutely.) 

Proof. Let the first n terms of the series contain p positive 
terms of sum Pp and q negative terms of sum —A,,. Then 
Sn = Pp — Nq, while for the corresponding positive series, 
,S'„ = Py + A,. By hypothesis, the latter series converges, to 
some sum S. Now Pp increases as p increases but remains less 
than S, and likewise increases as q increases but remains less 
than S. Hence, Pp and N„ both approach limits, say P and A 
(see Theorem 1, page 151). S,,, then, approaches a limit, and 

lim S„ = lim P,. — lim Ng — P — A. 

ri— >• 00 p — * ac q — y ao 

Note: If the luiiiiber of either positive or negative terms in the series is 
finite, Theorem 5 is evident at onee. Explain why. 
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A series which has positive and negative terms may, however, 
converge while the corresponding positive series does not. The 
series, in such a case, is said to converge conditionally. Thus, 
the series 

I — }-i + H — /■i + H ~ ■ ■ ■ ) 

we shall presently show, converges, while the corresponding 
positive series is the now familiar harmonic series, which diverges. 

Exercise 2, Prove that a series containing positive and negative terms 
converges only if the two series, one of the positive terms alone and the other 
of the negative terms alone, both converge or both diverge, and that in the 
first case the series converges absolutely, while in the second case it con- 
verges conditionally, if it converges at all. 

Theorem 6. An alternating series (i.e., a series in which the 
terms are alternately positive and negative) converges if each 
term is numerically less than the f receding one and the limit of the 
nth term is zero as n — >■ «> . 

Proof. Let the series be Mi ^2 + Ws + ^4 + • • • , where the 
odd-numbered terms are positive. We write Sn, where n is odd, 
as 

ui + {ui -|- uf) (wi + Ws) -|- uf) 

and as 

(Wl uf) -|- {Ui W4) “t" • ■ • -f- (n„_2 -f Un-l) -|- u„. 

Since the number in each parenthesis is, by hypothesis, negative in 
the first case and positive in the second case, the first expression 
shows that >S„ decreases as n increases through odd values, while 
the second expression shows that S„, with n > 2, is greater than 
ui -(- U 2 . Hence, Bn approaches a limit S as n increases through 
odd values. Also, S„+i = )S» -f n„+i and since Un+i 0, 
approaches the same limit as /S„, i.e., S,, approaches the same 
limit as n becomes infinite through even or odd values. The 
series, thus, converges. 

Note that 

'S Sn = Un+i -1- (Un+i -\- 'Un+^) + (Un+4 d" Un+b) "h ’ ' ' , 

Sn ~ S = — Wn+i — (m,,+2 + Mn+s) — (m,h-S + Un+f) — ' ' ' , 

If Un +1 is positive the first form shows that S — S,, < Un+i, and 
if Un+i is negative the second form shows that Sn — S < —Un+i. 
Since S — Sn and Sn — S are positive in the respective cases, 
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we conclude that in every instance |d] - For 

example, in the case of the alternating series 

I - y2 + ys - H + ■■ ■ 

the sum of the first nine terms differs from the sum of the series 
by less than the absolute value of the tenth term, i.e., by less than 
Ko. 

Exercise 3. Prove that Theorem 3 can be stated as follows. If in the 
series Wi + W2 + Ws -f- • • • lim exists and equals r, then if jrj <1 the 

n — w Un 

series converges and if |r| > 1 the series diverges. (If |r| = 1, no conclu- 
sion can be drawn). 


Problems 


1 . 


Test each of the following series for convergence. 


(a) 

1 1- -1 J: 1- J[ .... 

V 2 ^V 3 Vi Vs 

A ns. 

ib) 

P , 22 , 32 , 42 J 

1 ! ^ 2 ! 3 ! 4 ! ‘ ■ 

A ns. 

(fi) 

3 3-6 3 - 6-9 3 - 6 - 9-12 

4 ''' 4 - 6 ”^ 4 - 6-8 ' 4 - 6 - 8 - 10 *'' 

A ns. 

id) 

iW + (M )2 + iH)^ + iViV + • • ■ . 

Ans. 

(e) 

3 32 , 32 3 ^ , 

Ans. 

if) 

1 ! 2 ! 3 ! 4 ! 

3 32 32 3 ^ ‘ ■ 

A71S. 


ig) log (K) “ log (^) + log (H) — log (H) + • • • . 

A ns. 


Conv, 


Conv. 

Div. 

Conv. 

Div. 

Div. 

Conv. 


ih) 

(^) 

(i) 

(k) 

(i) 

(m) 

(n) 

(o) 


+ ; 


1 - 3 ^ 2 -32 ‘ 3 -33 ' 4-34 


“h ' 


+ 




+ 


1 + VT 2 + V2 3.+ \/3 i + VI 


+ 


-2 + -3 + A + -6 + 

TT^ TT^ TT'’ 


1 


1-3 ^3-5^5-7^7-9^ 


1 l_ >- _|_ ^ + . . . , 

2V2- - 1 3V3^ - 1 4\/4* - 1 

_L_ + _A_ + + . . . . 

12 + 2 ^ 22 + 2 ^ 3''® + 2 ^ 

1 j. ^ -I — 5 1- . . . . 

(log 2)2 ^ (log 3)2 ^ (log 4)* 

1! • 2 ^ 2! • 22 ^ 3! ■ 22 ^ 4! • 2^ 
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ip) ^ + v^m)^ + vioi)^ + + • ■ • . 

Jlogl ' 310^3 ‘ 4log4 ' 

2. Examine the following series for absolute and conditional convergence, 
with reference to the proposition of Exercise 2 . 

32 ,3^ 3® , 38 


i-ii + ii-ii + ii 


Ans. Conv. absolutely. 


(b) 1 

(c) 1 

id) 1 

ie) 


_L , J L 4. J_ 

-^3 ^ ^5 


2^3“ 
i -j- ^ 

9,1 ^ 


32 


(/) 


2 (log 2)2 
sin A 


1 +i_i+i 

4 ^ 5» 6^7* 

.i+i _i+ 

43 +54 05 + 

1 1 

+ 


Ans. 

- 1 4 - Jl. 

8 ^ 9® 


Conv. conditionally. 


Ans. Div. 


1 


3(log 3)2 


P 


sin 2A ^ sin BA 


22 


32 

2 


4(log 4)2 5(log 5)2 
sin 424 

T* * * * 


+ 


4 


+ 


converges, and 


3. (a) Show that the series 4 ] ^ “ 1^ 

that its sum lies between ^ 24 : and ^% 20 - How many terms of the series, 
beginning with the first, must be summed to represent the sum of the series 
correctly in the second decimal place? 

6 . 8 


2 4 

(&) Show that the series ^ Jo W 


10 * 10 * 


verges, and that its sum lies between 0.84 and 0.834. 
rectly in the fifth decimal place. 

111. Power Series. Consider the series 


Obtain its sum cor- 


ao + aix + a2X* + asx^ + ■ ■ • , 
where ai (i = 0,1,2, • • ■ ) are real constants, positive, negative 
or zero and x is a variable. Such a series is called a 'power series 
in x. Its behavior, as to convergence or nonconvergence, 
will evidently depend on the value as, signed to the variable x 
in it, though it is entirely conceivable — and in fact we shall meet 
such cases — that a given power serie.s may (•onv(wge for all real 
values of x, or diverge for all real value.s excepting x = 0. Evi- 
dently, whatever the coefficients, when x = 0, S,, = uo and hence 
lim Sn — at). In other words, every power series converges for 

n-^ oo 

* = 0 . 

An important property of power series is embodied in 
Theorem 1. If the power series aa -j- aix + a^x'^ -f- -)-■■■ 

converges for x = b, then it converges absolutely for x = c, where 

|cl < Ibj. 
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Proof. By hypothesis, the series Oo + aib + + azb^ - 1 - . . . 

converges. Consequently, every term in it is finite, i.e., 
|ai?>*| < N (i = 1,2,3, • ■ • )j where N is some finite positive 
number. We now write the series 


ictoj + |(iic| + {azC^l + \azC^\ + • • • 


as 


|<Jo| + \(iib\ 


■]- |n2&*j 


+ \cisb^\ 


+ 


The terms in this series, after the first, are all less than the cor- 
responding terms of the series 


+ N 


+ N 


+ N- 


+ 


Beginning with the second term, the latter is a geometric series in 
which r = |c/6| and is, by hypothesis, less than 1. It, thus, con- 
verges, and hence, with it, the series 

|aoi “H laic| -h |a2C®l -|- jasc®! -]- Q.E.D. 


An obvious corollary to Theorem 1 is that if a power .series 
diverges for x = d it must diverge for x = e, if [ej > |d|. For, if 
it converged for x = e it would converge, absolutely, for x = d. 

It follows that the range of values of x for which a given 
power series converges constitutes an interval from x — —I to 
X = I, the value of I, depending, of course, on the coefficients 
tto, Xi, az, ... of the series; and that, furthermore, for every 
value of X, such that |x| < I, the series converges absolutely. 
Theorem 1 and its corollary give no clue, however, to whether the 
series converges for x = I ov x = —1. That must be ascertained 
by testing the series itself with I and —I substituted for x. 

To determine the interval of convergence for a given power 
sorie.s, we may resort, and usually do, to the ratio test, in which we 

inquire into the liin — - — The student will establish 

n — > 00 ClnX 


absolutely for 


< - 
r\ 


rtn+i 
an 

and diverges for |a'| > 


Theorem 2. If lini exists and equals r, the series converges 

Un 


I ( 


No conclusion 
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■ The student may find it desirable, sometimes, to employ 
Cauchy’s radical test, embodied in Exercise 1, Sec. 110. Its 
application to power series is contained in 


Exercise 1. Prove that if lim exists and equals r, the series con- 

n— > 00 

verges absolutely for \x\ < i and diverges for \x\ > ~* ^No conclusion for 

1*1 = r) 

As an illustration, consider the power series 


2x . 8a:® 

Here 

lim = — lim 


■ ■ ■ ■ ± ^ jy; A. 

2«+i . n • 3" \ 

(n + 1) • • 2" J 



2 

3 


By Theorem 2, the series converges absolutely for lx| < 
and diverges for |a;| > As to the cases when x = ^ and 
X = — we note that these values of x convert the given power 
series into + + ' ' ' and 




respectively. The first is readily seen to converge, and the other 
diverges. We may now display the interval of convergence, if 
we wish to, as all values of x satisfying —^<x^^. 


Problems 


Find the interval of convergence for each of the following: 


1 , 

2 . 


j- -J!: L 

2 • 5 ^ 3 • 52 ^ 4 • 5® 




+ ■ 


22+1 '32 + 1 ‘42 + 1 


+ 


X x^ 

+ 3 


+ 


5-35 




4 + i — ±^ 4 . 

2! ^ 41 6! ^ 


Ans. — 5 ^ a; < 5. 
Ans. “1 ^ a; S 1. 
Ans. —3 < X <3. 
Am*. All real values of x. 


5. 1 + (l!)a; + (2!)a:2 + (3!):^3 + . . . . ^ = 0. 

. , 2^2 4^4 g ^6 10^8 

®*1 3"^5 7~^9 *" 

Ans, --l/\/2 ^ X ^ l/V^. 

n _1 ^ , 

'1*2 2-4'^4-6 d-S'*'’*’ 
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8. a; + 2%2 ^ 3103.3 + 4103.4 4. . 


9.1+—+—+—4- 
i -r 1! -r 2! T g! -t- 




^ _u 

" 4 ! ’ 

>0 A O o'!” 


2 ■ 4-6 


12. 


13. 


32a; 
4+1 
a; — 1 


33^2 3^ * a:^ 

4H=1 43+-~l 


2 ‘ 4 - 6-8 
3 Sa;^ 


44 + 1 


+ 


(x 


- 1)^ , (x - 1)^ _ (x - 1)* 
2 3 4 


power series in w = x — 1. 


■ • . Note: This isa 
ilns. 0 < a; g 2 . 


14. 


a: - 2 
1 ! 


{x 


3 ! 




5 ! 


( 3 ) - 2 )^ 
71 


+ 


l(a;+2) , 3(a:+2)2 , 5(a; + 2)^ , 7(a: + 2)^ , 
16 . ^ , + _ + ^ ^ ^ 


16. 1 +I 4 . — + -^+i5-(- 

^ a; rr2 ^ 2^3 -i" ^4 


in w ~ 1/x, 

1 22 

17. 1 + __ 


Note: This is a power series 
Anfi. a: < — 1 and i > 1. 


3 ^ , 4 ^ 

33 a :3 3 <a:^ 


112. Maclaurin’s Series. For every value of x, within its 
interval of convergence, the power series 


tto + aix + atx^ + CsX^ + 


determines a corresponding number, viz., the value of the sum of 
the series for that value of x. We speak, then, of the power 
series as representing a function of x, say Pix)', [where by P( 6 ) is 
meant the sum of the series Oa + o,ib + if x = b is 

within the interval of convergence] and represent this relation by 
writing 

P{x) = ao + aia; + a 2 X^ + asx^ + • • • . 

We .state, without proof, the following important properties of 
the function Pix) : 

I. It is a continuous function of x. 

II. The series obtained by differentiating the successive tei'ms 
of the given series with respect to x, converges in the same interval 
as the latter,* and the function represented by it is the derivative 
of Pix), i.e.. 


P'ix) = tti + 2 a.)X + Sa-iX^ + • • ■ • 


With tiie possible exception of the end points. 
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III. The series obtained by integrating the successive terms of the 
given series converges in the same interval as the latter,* and the 
function represented by it is the integral of P{x), i.e., 


J P(x)dx = c -f oox H — ^ — I — I — 
where c is an arbitrary constant. 

The problem that we shall confront in connection with power 
series is this. Given a function of x, say, f{x), to set up a power 
series such that the function represented by it in its interval of 
convergence shall be precisely the given function. 

We note, in the first place, that if the problem has a solution at 
all, the solution is unique, i.e., if there should exist two series 
fflo + uia: + aix^ + • • • and bo -f bix + b^x^ guch that 

each equals f(x) then a; = bi {i = 0,1,2, ■ ■ • For, by II, we 
have, in that ease, 

fix') = Ui 2 a 2 X “h SagX^ ia^x^ 

f{x) = h] + 2 b 2 X + 363a:* + 464X® + ■ ■ • • 

Again, by 11 

fix) = 2a2 -h 6033; + 12043;^ + ■ • ■ ) 

fix) = 2 b 2 + 663a: + 121)43:' + • • • , 

and again 

f"ix) = 6a3 + 24043: + • ■ ■ , 

fix) - 61)3 + 241)43: + • • • . 

Now 3: = 0 is certainly within the interval of convergence of each 
series and of the successive derived series. The sum of any power 
series for 3: = 0 is its constant term. Thus putting a: = 0 in the 
above equalities we obtain 


ao = /(O) = /'(O) 

ho = /(o) hx = no) 


02 = 


fif _fiO) 

2 2 ! 


03 - g 


_r(Q) _fio) 

2 2! 

5, 3 = 


fid) 


fio) 

3! 


3 !“' 


With the possible exception of the end points. 
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Continuing our differentiation, and substituting a: = 0 in the 
resulting equalities, we shall find 



and the corresponding coefficients of the two power series are 
identical, as we set out to prove. 

The fact that the power series representing a given function 
is unique is of importance, inasmuch as it tells us, if we succeed 
in any manner whatever to obtain a power series to represent it, 
that it is the only series possible. Thus, by division, we obtain 

I'ZTJ = 1 + a; + + X® + • ■ • , the interval of convergence 

for the series being — 1 < x < 1. This, then, is the power 

series for the function — Again, by division, we obtain 


1 + 


I — n -jr 


( — 1 < n < 1). By III 


r * , Fin - fVdn- f 

Jo 1 + n Jo Jo Jo Jo 


dn -f * • • 

( — 1 < X < 1) 


Hence, log (1 + x) = x — ^ — -j + * • * ( — 1 < ^ ^ 1); 

and this, then, is the power series for the function log (1 + x). 

Note again that in our argument above we ascertained the 
values of the coefficients ciij • • • ? • • • as jf(0), 


/'(o) no) 


n(o) 


and we are prepared to state 


1! 2! ’ nl 

Theorem 1. If /(x) can be represented by a power series m x, 
then 

+ + 




nl 


+ 


The vseries on the right of the last equality is called a Maclaurin 
series for the function /(x), after the mathematician Maclaurin 
(1698-1746), and the content of Theorem 1 is usually spoken of as 
Maclaurin’s formula. 
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To illustrate, consider again the function/(a:) = ^ - For it, 

• • • C-^Hx) = ■ 

’ ^ ^ ’ (1 - xY+^ 


Hence, /(O) = l,f(0) = 1 - l!,r(0) = 2 = 2!,/"(0) = 6 = 3!, 
• • • = n !, and by Maclaurin’s formula we have 


1 I 2! 2 1 3! 

1 - X ‘ ' Tf^ 2f ■‘' 3 !' 

= 1 + a; + a;2 + + 




+ a;” + 


, as above. 


-1 

(1 + xy’ 
-6 


Again, for the function log (1 + a:). 

Six) = log (1 H- a;), fix) = f'ix) = 

= ra- - 0+^-' ■ ■ ■ ■ 

Hence /(O) = 0,f(0) = l,r(0) = -1 = -l!,/"'(0) = 2 = 21, 
f^iO) — — 6 = —31, • • •• , and Maclaurin's formula yields 

1 1 ' 2 ’ 3 ' 

log (1 + a:) = 0 + Y|a; - + -^^x^ 


2r ' sr 4!^^ + • ■ • 


x^ , x^ X* . 

= x- -^+-^--^ + ■ ■ • , 

as above. 

As still another illustration, consider fix) = sin x. Here 
fix) — cos X, f'ix) = —sin x, f"ix) = —cos x, f'''ix) = sin x, 
fix) = cos X, ■ ■ ■ , and /(O) = 0, /'(O) = 1, /"(O) = 0, 
f"i0) = — 1, f^'^iO) = 0, f''iO) = 1, • • • and by Maclaurin’s 
formula, 

.,1 ,0, 

sm a: = 0 + Yf + ff ~ ■*" 4 !'^ “ ' ' ’ > 


= X 


3! 


_i_ r 

^5! 7!^ 


This series, the student will find, converges for all values of x. 

A question of importance now is this. We know, from its 
mode of derivation, that Maclaurin’s series represents the func- 
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tion/(a;) from, which it was derived, for a: = 0; also that the suc- 
cessive derived series represent the successive derivatives of 
S{x), 'at X = 0. But what assurance have we that the series 
represents f(x) for all values of x in its interval of convergence, 
■i.e., that the sum of the series, say for x = a, where a is ajiy value 
within the interval of convergence, is f(a)? Indeed, there is 
nothing in the argument employed above to give us that assur- 
ance, though, as a matter of fact, in the case of the functions that 
the student will meet in elementary calculus this will indeed be 
the case, -i.e., that the function determined by the Maclaurin 
series will, for all values of x in its interval of convergence, repre- 
sent the function from which it was derived. 

We may be able, in some cases, to check up on the question 
raised above in this manner. In Sec. 62 we developed Taylor’s 
formula with the remainder, which stated that 


f(x) = f(0) +f(0) ■ X + 


f"(0) 

2 ! 


x^ + 


/'"(O) 


4- 


+ 


/w(0) 


nl 


x" -f 


3! 

(n + l)l 


(l?i < 1x1) 


provided, of course, that /(O) and all the derivatives involved 
exist and are finite. Now if we can ascertaiir that property 
for every value of x in the interval of convergence, and if we may, 
furthermore, by taking n large enough, make the last term above 
(the remainder) as small as we please, we can conclude that the 
sum of the first n terms in the Maclaurin series indeed approaches 
f(x) as a limit, i.e., the Maclaurin series actually converges to 
f(x). For example, in the ease of the function sin x, just treated, 
we know that |/''‘'(x)| = |eos a:| or |sin r|, and hence 

, , f '*+“(?) 

= |eos or jsin f|, and the remainder -_j_ ^ 

, , 1 1 i 1 kos sin ^1 „ 

has the absolute value 1)! 

finite value of x, this indeed approaches zero as fi becomes infinite, 
and the series found for sin x represents that function for every 
finite value of x. 

Suppose, now, we wish to compute sin 8°, l,)y means of the 
series obtained above for sin x, to five decimal places. Sub- 
stituting for X the value, in radian measure, of 8°, viz., 0. 139626, we 
obtain 
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sin 8° = sin (0.139626) = 0.139626 - 

, (0.139626)® 
5! 


This is an alternating series in which the terms diminish in numer- 
ical value and approach zero as a limit. By the property of sik4i 
a series pointed out in Sec. 110, the sum of the series differs 
from the sum of the first two terms by less than the absolute value 
of the third term. That term, it is easy to verify, is less than 
0.000001 in absolute value. The sum of the first two terms is 
0.139626 — 0.000454 = 0.139172, and the value, to five decimal 
places, of sin 8°, is, then, 0.13917. 


Problems 

1 . Obtain,, by Maclaurin^s formula, the following expansions, and verily 
m each case the interval of convergence indicated. 

CC^ 

(a) cos ^ + ■ * • (all values of x) 

{h) = 1 4- + • • * (all values of x) 

(c) ~ — == 1 — .T -f a:- ~ • • • ( — 1 < x < 1) 

(rf) log (1 - x) = ^ ™ - • • • (-1 S X <l) 


(e) (1 + x)"*' = 1 -f rnx + — ^ 
when m is not a positive integer. 

/y' 3 .v5 A* 7 

if) sinh.T=x-+|-,+|-,+f-,+ . . 

■y2 yv 4 /wB 

(?) = l +ft+f-!+T!+ • • 


, 'm(m — \){m — 2) , 

H- a,, 

+ ■ • • (-1 < a < 1 ), 

(all values of x) 

(all values of x) 


2. (a) Obtain the power series of 1(a) by making use of the fact that 
Da: (sin x) - cos x and employing the series for sin x displayed in the text. 

(6) Obtain the series in 1(c), by making use of the series displayed in 

the text, for 

(c) Obtain the series in 1(d) by making use of the series displayed 
in the text for log (1 + :r). 

3. (a) Obtain, by any method, the expansion 


= 1 - - x“ + • • • 

and from it, by integration, the result 

^3 /v*7 

tan"i = 


(-1 < X < 1), 


(“1 ^ X ^ 1). 
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(6) By the result of 3(a) compute t to four decimal places, from the 

TT 1 1 

formula j = 2 tan“^ ^ -j- tan""^ -• 

4 o 7 

4. From the series in l(e)y by setting m — —h '2 replacing x by — 
obtain : 


1 


and, from that, by integration 

1 X'^ 


^ ^2-4* 2 • 4 • 6 ^ 


1-3 ^1.3-5 r 
r 5 ^ 

6 . Obtain the expansion 


^ X = X 4- ^ ^ J ^ + “ — I — ~ ■ y -f- 


(-1 <x < 1), 


(--1 < X < 1). 


(a + yV^ = 0^'“ H- m.a^^~hj + zl.a^,i-Ayz 

-r • • ‘ (\y\ < ia|), 

(a) by using MaclauriiFs formula; (5) from the series in 1(<?); by 
setting X = y/a, 

6* From the series in 1 (d), or otherwise, obtain 
log (a - y) = log a - I - ■ (- a g ?/< a), (a > 0) 


7. From the series in 1 (6), or otherwise, obtain (a) the expansion for 
(b) the expansion for 

8. Show that the expansion, by Maclaurin's formula, of the polynomial 

a + 5x + +■ dx^ 4. . . . -f kx"^ reproduces the polynomial. 

9 . If we designate by Sn the sum of the terms in the Maclaurin expan- 

/(«) (0)x^^ 

sioii of f(x) = log (1 4- x) as far as - — — , show that, for values of x 


within the interval of convergence of the series, jlog (1 4- x) — iS"/,! < 


n 


when X > 0 and |log (1 + x) - Sn\ < 3^4+1 x < 0. 

10. Compute to five decimal places, by employing an appropriate Mac- 
laurin series (r^) sin 0° 30'; (b) cos 4" 20'; (c) id) (0.8)^; (e) log (1.2); 

(/) cosh (0.3); (g) tan-^ (i). 

11. By using tt/G = sin"’^ (3^), compute tt to four decimal places from the 
Maclaurin series for sin"’- x. 

12. By employing a Maclaurin series for the integrand and integrating 

term by term, compute to four decimal places 

X 0.36 — 

Vx tan ^ X (ix; 

(e) log (1 + \/x)dx. 


(a) 

f COS dx 

JO 


ro.5 

ib) ^ 

1 dx; 

JO 

(c) 

r^J^dx; 

J 0.3 X 



446 


CALCULUS 


[Chap. XIV 


( x^\ 

13. Show, for the error committed in taking I (1 - as an approxi- 

Sin 2/ 1 

mation to I " dx, that its absolute value is less than Hint: 

Jq X 

QqI 1 ™ = ^(x). By the mean value theorem for integrals, 

X 6 

£^R(x)dz = Wii) (0 < ? < ^). 

14. For the catenary, the curve assumed by a hanging chain, and whose 
equation is y - a -cosh show that the length from the lowest point to 

(l a cosh is a sinh Show that an approximation to that length is 
\ ^ aj a 

53 55 

5 _ q- . Show that an approximation to the sag in the chain is 

¥ ¥ 

2a 24o3' 

113. Taylor’s Series. It is evident that in order that a 
function may be developed into a Maclaurin series, it must 
be defined, along with all its derivatives, at a: = 0 . Such is not 
the case, for example, with the function log x, and no Maclaurin 
expansion, i.e., no expansion into a power series in x, is possible 
for it. We may, however, in such a case, he able to expand 
the function into a power series in a: — a, where a is some constant, 
i.e., into a series of the form 

Oo + ai(a: — a) + a2{x — a)^ + ■ ■ ■ + an{x — a)" + • • ■ . 

It is clear that all we have learned about a power series in x may 
at once be applied to this form of a series, viz., that there exists for 
it an interval of convergence { — l<x — a<l) (with possible 
equality signs adjoined to either “less than” sign), that within 
the interval of convergence the series defines a function of x, that 
the series obtained by differentiating its successive terms defines, 
within the same interval of convergence, the derivative of that 
function, etc. 

Again, if a given function, ssbjfix), may be represented by such 
a series, i.e., 

f{x) = tto + ai{x — a) + 02(1 — a)‘^ 

+ ■ • • + ajx - a)'* + ■ ■ • , 

we may show, precisely as in the former ca.se, by con.sidering 
the additional equalities 
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f{x) = ai + 2a‘i{x - a) + Za^ix - a)^ + 4:ai(x ~ a)^ + ■ ■ ■ , 
j"{x) = 2a% + %az{x — a) + 1204(3: — aY + • • ■ , 
f''’{x) = 603 + 2404(3; - o) 4 - • ■ • , 

/^(3:) = 2404 + ■ • • 


and setting 3 ; — a in all of these (since each series surely converges 
for 3 : = o) that Oo = /(o), Oi =f{a), o^ =^—^, cts 
(o) 

■ • ■ ,o,n = — ■ ■ ■ , i.e., that the series is unique, and that 
the resulting relation is 


fix) = fia) + ^-^i^ 




o)^ + 


ria) 

3! 


{x - 


+ 


+ _ a)n 4_ 


n\ 


af 

(146) 


This equality is known as Taylor’s formula, after Brook Taylor 
(1685-1731), and the series on the right is called a Taylor series. 

It is evident that a Maclaurin series is a Taylor series with the 
constant a set equal to zero. 

By setting x = a + y, we may write the Taylor formula as 


fia + y) = fia) + •'-^y + 




2! 


3! 


(o) 

>yi 


+ 


+^-^r + 


n\ 


(147) 


By appealing to Taylor’s formula with the remainder (Exercise 
5, Section 62), which may be displayed as 


/{a + y) =/(«) + • ■ ■ + 


+ 


n\ 


/('‘+»(o + e y) 
C/j + dT 


(0 < < 1 ) 


we may be able, in some cases, to ascertain that the last term 
above, the remainder, may be made to approach zero by taking n 
large enough, for all values of y within the interval of convergence 
of the Taylor series, and in such cases we have the assurance, 
precisely as was found for the Maclaurin series, that the series 
represents the function from which it was developed, for all \'alues 
of the variable within the interval of convergence. Generally, 
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again in this case, the functions met with in elementary calculus 
will be represented by their Taylor expansions for the entire 
range of the interval of convergence of the latter. 

Let us illustrate Taylor’s formula by developing the function 
logxaboutx = by expanding it into a power series in a; - 1. 

Here /(a) = log x, f{x) = l/x. f"[x) = -l/x\ f"{x) = 2/x^ 
- -6/a;^ • ■ ■ , hence /(I) = 0, /'(I) = 1, /"(I) = -1, 
/'"(I) = 2 = 2!, = — 6 = —3!, ■ • • , and Taylor’s for- 

mula yields 


log X = a -f ^(x - 1) - - 2)^ 

2 ! 




= (X - 1 ) 


(a: - 1)^ 


+ 


1 )^ 
(x - 1)^ 


31 

^;(x - 1)4 + . . . 

- 1)^ , 

4 ^ 


The interval of convergence of the series is found to be 
(-1 < a: ~ 1 g 1), or (0 < g 2). 

Exercise 1. Given a function /(a;), setf{x + a) = g{x)^ hence 
f(x + a) - g'(x), 

f''{x -ha) - g"{x), • • • , and /(a) = g(0), f{a) = .< 7 ^( 0 ), f^{a) = ^"(0), 

. . . , Show that the Maclaurin expanKsion for gix) ]ead8 to Taylor’s 
formula in the second form displayed above. 

As an illustration of the use of a Taylor series, consider the 
problem of computing the value of cos 47°. We might be able to 
use Maclaurin’s series, viz,, 


cos X 


x'^ 

~ ^ 4 ! 


inasmuch as that series converges for all values of x. However, 
with the radian measure of 47°, viz,, 0.82030 substituted in it, the 
series would converge quite slowly, i.e,, the terms would not 
diminish rapidly enough, and a greater number of them tlian is 
desired would have to be summed before we could get an approxi- 
mation, say, to five decimal plae(\s to the value sought. L(!t 
us, instead, set up a Taylor expansion for cos x, with a set (Xjual 
to t/4. Now, fix) = cos x, fix) = - sin x, f'ix) - — cos x, 
f'fx) = sin X, ' • ‘ , hence /(a) = ■\/2/2, fin) = - \/2/2, 
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/"(a) - — •\/2/2, /'"(a) = ■\/2/2, ■ ■ • and, thus, by Taylor’s 
formula. 



We now put x = 47°, and hence, x - a = 2° = 0.034907 (in 
radian measure), and obtain 


008 47“ = - 0.034907 - ^ 

(0.034907)* 

_|_ 


The first four terms in the parenthesis come to 

1 - 0.034907 - 0.000609 + 0.000007 = 0.964491, 

and the product of that by \/2/2 gives 0.68200 as the value of 
cos 47° correct to five decimal places. 

Exercise 2. State a necessary condition that f(x) and its successive 
derivatives must meet, in order that fix) may be developed into a power 
series in a; — a. 


Problems 

1 . (a) By using form (147) of Taylor^s series, obtain the expansion 

log(«+ 2 /)=Ioga+f-.£+^+..-, 

and from that obtain the expansion of Prob. 6, of the preceding section. 
State the interval of convergence for the series representing log (a + y), 

(b) By using form (147) of Taylor's series, obtain the expansion for 
(a + 2/)"' check with the result of Prob. 5 of the preceding section. 

(c) By using form (147) of Taylor’s series, obtain the expansion for 
cosh {a + x), and from that, by differentiation, the expansion for siiih (a -f x). 
State the interval of convergence for each series. 

2 . Using Taylor’s formula, expand 

(a) c® in powers of x — ‘2; (c) x in powers of x — 1; 

(b) x^ 4- 3x - b in powers of x 4* 1 ; [d) sin x in powers of x - 
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3. Compute the following to five decimal places, by employing an appro- 
priate Taylor series: 

(a) cos 42° 30h (c) sin 58° 40h (e) a/B.6. 

(&) sin 34°. (d) </Ki, if) 

4. By use of the series for log (a + 2 j) given in Prob, 1(a), compute, to 
five decimal places, 

(a) logi(j 10.8. Hint: Note that log lo m = log« m • logi,, e ~ M ■ log m, 
where M - logio e — 0.434294, to six decimal places. Set a = 10, and 
note that M * logs 10 = logio 10 = 1. 

(5) logio 8.8 (c) logio 105. (d) logio 980 

6. Show that in computing J^f(x)dXj if we replace /(:r) in the integrand 

by the first four terms of its Taylor expansion in powers of (x — a), the result 
is the prismoidal formula. 

6, (a) Sliow that the expansion of a polynomial in x of any degree into a 
power series in — a is a polynomial of the same degree in (rc — a). 

(b) By (a) show that the prismoidal formula gives the exact value of 

the integral f f(x)dXj iff(x) is a polynomial of degree three or less. 

Ja 

114. Operations with Power Series. Let two functions, /(x) 
and g(x), be represented in power series as 

f(x) = do + dix -j- a^x^ + asx^ ~i~ ' ' ' , 
g(x) = 5o + bix + + bsx^ + • ■ ■ , 

then 

I. For values of x that belong to both intervals of convergence, the 
function h{x) = f(x) + g(x) is re-presented by a power series as 

h{x) = (ao + hii) + (fli + bf)x + {a^ + bf)x^ + • ■ • 

Proof. If a:() is such a value, then lim Sn{xf) = fixa) and 

n— > 00 

Urn S'„(;r(,) = p(xo), where is the sum of the first n terms of the 

n— > M 

first series and S' n, of the second. If we denote by S"n the sum 
of the first n terms of the third series, we have 

S"n(Xo) = Sn(X()) + S'„(Xii) 

and 

limS"„(xo) = lim <S’„(x-(,) + lim S'nixa) = f{xa) +^(xu) = /hx,,), 

71 — ^ 50 /i— > M n — > » 

which proves the proposition. 

We state without proof II and III. 

IL For values of x that belong to both intervals of convergence, 
the function <p{x) = fix) ■ g(x) is represented by a power series as 
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(p{x) = ao5o + (ao6i + aMx + {aobo + aibi + aJ)o)x- 

H" {cLobz 4" ciih^, 4" d^bi 4“ (i’zbQ)x^ . 

IIL If y and z are defined by the power series 

y = bo + bix + b^x^ + hzx^ -j- . . . |a:| < 

z = ao + aiy + a^y^ 4- azy^ + * ' • |2/| < Z 2 

iheUj under certain restrictions ^ one of which is that |6o| < h, ^ can 
be represented as a power series in x by substituting from the first 
series into the second and collecting like powers of .r. 

The three properties given above clearly apply to two series 
in a; — a as well. 


Exercise 1. If }{x) and g{x) are represented as in Property I above, a 


necessary condition that i/{x) 


’ q{x) 


be represented by a power series is 


that ho 0. Prove. Hint. Every power series in x is convergent for 


X = 0. 

Exercise 2. If \l/{x) of Exercise 1 is represented as 

{x) = Co 4- Cix + cox^ -b csx^ _j- . . . ^ 
show, in view of the uniqueness of the power series for a given function, that 



Xi — hiCo a-i — 62C0 — biCi 

Cl = T ^ C2 = j- ^ 

Oo Oo 

<^3 — bzCo — 6‘jCi — biC> 

^ , 

0() 

Xn — hnCo — hn-lCi ““ bn-'ZC'i 


biCn^l 


Exercise 3. Show by I that 



[~l < X < 1). 


Exercise 4. 

sliow that 


By setting 


1 

1 :r 


— and using the result of Exercise 3, 

71 


log (n + 1 ) = log + 2 


1 


2ti -j- 1 


^ 3(2n + 1 ? 


1 

5i2n 4- I)'" 


{,71 > 0), 


Problems 

1. Using the Macdaurin series for sin x and cos r, ol)taiu the Maclaiirin 

series for tan x = .4/^s. r + ^ -f -f 

cos X 10 OI.J 

Note: While the series for sin :r and cos x converge for all values of x, 

the series for the quotient converges only for [ai < tt 2. The student is 
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not asked to prove that. However, the fact that tan x becomes discon- 
tinuous for \x\ = 7r/2 may serve as a clue. 

2. Show, in the light of Exercise 1, or otherwise, that no power series in x 
is possible for representing ctn x. 

3. Obtain the Maclaurin series for sec x. 

Ana. 1 + 2 24 720 ‘ ^2/* 

4. Obtain the following expansions, continuing each by one more term, 
and state the interval of convergence in each. 

x"^ x^ 

(a) sin a; = rr H- -f — - — — • • • 


x^ x^ 

(b) cos a: = l“fa; — — 


(c) y/l + a; log (1 + a?) = a; 

6. Obtain the Maclaurin expansions to the 8th powers of x, inclusive, for 
(a) sin2 X. (b) cos^ x. (c) tan^ x. 

6. Obtain the Maclaurin expansions for 
sin X ^ ^ x 1 


(a) 


(b) 


24 


(c) 


cos X ' ' 2 + log (1 — x)' 

7. (a) Obtain the Maclaurin expansion for Hint : Set 


x^ . 


and 


z = e»ii>» = ei?=l + + 


y' 


and apply III. 


Ans. 1 + ^ ^ 


4! 


§£! _ -n 

5 ! 6 ! 


Q>) Obtain the Maclaurin expansion for 


Ans. 


/i 

2 ! 


+ 


4! 


31a° 

6! ■*" ■ 


) 


(c) Obtain the Maclaurin expansion for log (1 + tan a:), giving the 
first four terms. 

8. By use of the series of Exercise 4, compute to five de(dinal places 
successively, (a) log 2, {h) log 3, and (c) log 4. 

9. By use of the series of Exercise 3, compute to five decimal places 
(a) log (5)logi?^i. 

10. Assuming that the series for.c" has meaning when y is complex, 

(a) Show that = cos + i sin a:, = —1). 

(b) Show, from (a), or otherwise, that === cos x — i sin x. 

(c) Show, from (a) and (6), that sin {iy) = i sinh ?/, and 
cos iiy) = cosh y. 

(The student may take these formulas as the definition of the functions 
sine and cosine when the argument is imaginary.) 

(d) Derive, from (a), DeMoivre's theorem: 


(cos 6 i sin = cos (nd) + i sin (n9)^ 
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/ 

DIFFERENTIAL EQUATIONS 

116. Definitions. A relation between two variables may give 
rise to an equation that involves, besides the variables them- 
selves, their derivatives (or diferentials). Such an equation is 
called a differential equation. For example, if a curve has the 
property that at each of its points the square of its slope, less 
twice the ordinate, equals the abscissa, we should express the 
relation between x and y, the coordinates of any of its points, 
by the equation 



This is a differential equation, and is of the first order, in view of 
the following classification: 

A differential equaiion is said to he of order n if the highest ordered 
derivative involved in it is of order n. Thus, the equation 


dx^ 




is of the second order, while 


d^y 

d? 



+ r = 0 


is of the third order. 

We also classify differential equations as to degree by defining 
the degree of an equation as its degree in the highest ordered derivative 
entering it, after the equation has been made rational and integral 
in all of its derivatives. For the three differential equations 
written so far, the highest ordered derivatives enter to degree 
two, one, and one, respectively. They are, thus, of the second, 
first, and first degrees. Again, the equation 


^^1 

dx" 
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when cleared of radicals, is {d'^y/dx^Y + 2(dy/dx)^ — 1 = 0, and 
is of the second degree (as well as of the second order). 

If partial derivatives enter an equation, the equation is called 
a 'partial differential equation, otherwise it is an ordinary differ- 
ential equation. Thus, all the equations shown so far are ordi- 
nary, while the equation 2 ®® = 2 ^ -1- a: is partial. We shall treat 
only ordinary differential equations in this book. 

In the foregoing pages, the student has met repeatedly a 
particularly simple form of differential equation, of the first 
order and degree, viz., dyjdx = f{x). He has found a solution, 
in the sense that, by integrating, he has found a function y = g{x), 
such that by substituting g(x) for y and g'{x) for dy/dx in the 
differential equation, the latter was satisfied for all values of x 
for which /(x) and g{x) are both defined. In a similar way, any 
differential equation 

• • - ) = o (A) 

is said to have 

g(x,y) - 0 (B) 

as a solution if every value of (x^y) satisfying (5), and the cor- 
responding values of y' ,y" ^ . . . determined by {B), constitute 
a set of values {x^y,y',y'\ - • • ) that satisfies (^4). How to 
proceed about finding such solutions, at least for certain types of 
differential equations that frequently arise in practice, will be 
treated in the succeeding pages. Let us now illustrate the notion 
of a solution of a differential equation by the following examples. 

Example I. Show that ij - 4- ^ is a solution of the equation 

xhj" — 2xy' + 2y = 0. 

Proof. If y — H~ Xj y' = 6a: “f 1 and y'’ - 6. Substituting these, 
the left-hand member of the differential equation becomes 

• 6 — 2a:(6a: -(- 1) + 2(3a:^ + x) = iSx'^ — 120 :“ “ 2x + 2x =0. 

The differential equation is, thus, satisfied by the relation y = Zx^ + x, and 
the latter is a solution. 

Example II. Show that xy -h log (y/x) = C\ where C is any constant, is 
a solution of the equation \/{xhj -f x) + {xy^ — y) =0. 

Proof. Upon differentiating the given relation we ol)tain 

X dy -j- y -h ^ “ =0 

y X 

which may be written as 

(* + f)dy + (y - = 0 
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# _ y — xy^ 
dx x^y -f- X 

The left-hand member of the differential equation, with this expression for 
dy/dx substituted, becomes 

y xy^ 

x^y -I- - v) = y - xy^ + xy^ - y == 0 

The solution is verified. 


Problems 

1. Name the order and degree of each of the following: 

(а) xy' + y = 2x. (c) y" - Zy''‘ +- 2]/ = x. 

(б) iy" - Zy' +2y = xK (d) (y"'y + x\y"y - 3x = 0. 

2. In each of the following cases, verify that the given relation is a solution 
of the given differential equation. 

(o) y = Zx — x^, x^y” — 2xy' + 2y = 0. 

(6) y = y" _ ^y' + Sy = 0. 

(c) y = X — 1 + Ce~‘’ (C any constant), y' + y = x. 

(d) 2/2 = 2Cx + (C any constant), y ■ y'^ + 2xy' = y. 

(e) y = (Cl cos 3a: + Cs sin 3a:) (Ci, C« any constants), 
y" + 2y' + lOy = 0. 

if) x 2 — 2/2 = Cg-i ((7 any constant), 2x = '^yy'- 

(g) 2 / = Cic* + CiXe* + Cse"** (Ci, C->, Cs any constants), 
y'" - Zy' + 2y = 0. 

116. Primitives. Let us start with the equation y = Cx x^, 
where C is an arbitrary constant. Graphically, this represents 
an infinity of parabolas, and we wish to find the differential 
equation satisfied at every point of each. We proceed as follows. 
Differentiating the given equation, we obtain y' = C 2x. 
We now eliminate C between this and the original equation, get- 
ting, first C - y' — 2x and, hence, y = iy' — 2x)x + x% or 
xy' — — y — 0. This is the differential equation sought, and 

from the mode of its derivation it is clear that y = Cx x- is a 
solution of it. We call the given relation the primitive of the 
differential equation that we found, in accordance with the cus- 
tom of calling the relation from which a differential equation is 
derived, the primitive of that equation. 

Again, let us start with the equation y = C\x'' -H C-iX, where 
Cl and Ci are each arbitrary constants, a.s the primitive of a 
proposed differential equation, and find that equation. Graph- 
ically, we are seeking the differential ecjuation satisfied at every 
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point of each of the doubly infinite system of parabolas 
represented by the given primitive. To that end, we dififeren- 
tiate twice, obtaining y' = 2CtX + Ca, y" = 2Ci, and eliminate 
Cl and Cs from these and the given primitive. We get 

= y' - 2Cix = y' - y"x, and hence, y = + {y' - y"x)x, 

or 2y = y"x^ + 2y'x - 2y"x^, that is, x^y" — 2xy' + = 0. 

Again, the given primitive is, of necessity, a solution of the 
differential equation obtained. 

The significant thing to note is that a primitive containing 
one arbitrary constant gave rise to a differential equation of the 
first order, while a primitive with two arbitrary constants led to 
an equation of the second order. It is easy to see that a primitive 
containing three arbitrary constants would need to be differ- 
entiated three times in order to obtain four equations, counting 
the given one, from which to eliminate the three constants, and 
the resulting differential equation would be of order three. In 
general, we may conclude that the order of the resulting differential 
equation is equal to the number of essentially distinct* arbitrary 
constants in the 'primitive, f 

We note further that the primitive is, in each case, a solution 
of the corresponding differential equation. Now, we call a solu- 
tion of a differential equation the general solution if the number 
of essentially distinct arbitrary constants involved in it equals the 
order of the equation. By that definition, the primitive of a 
differential equation is its general solution. 

It is clear that the equation obtained, by assigning any par- 
ticular values to the constants in the primitive, will be a solution 

* f{x,y,Ct,C'2, ■ ■ • , Cn) is said to involve n essentially distinct arbitrary 
constants if it is not possible to replace it by a function g{x,y,ki,h2, . . . , km) 
{m < n) in such a way that for every particular set . . . , C„) there 

exists a particular set {ki,k-i, . . . , km) so that 

fix, y, Cl, Cl, ■ ■ ■ , C„) = g{x,y,ki,hi, ■ ■ ■ , km), 

for every value of x and y. Thus, the function y — which appears 

to involve two arbitrary constants, has essentially only one arbitrary con- 
stant, since it may be replaced by the function y — fcic*, where k, = Cic'-'-. 

t Exceptions to this statement arise in certain cases, due to the nature of 
the function f{x,y,ci,ci, ■ ■ ■ , c„), where Jix,y,ci,ct, • ■ • , c„) = 0 i.s the 
primitive. Such exceptions cannot be entered into in an elementary work 
on differential equations. 
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of the corresponding differential equation. Such a solution is 
called a particular solution. The curves represented by the vari- 
ous particular solutions of the differential equation are called 
integral curves of that equation. Thus, in the first example above, 
y = Zx is & particular solution of the equation 

xy' — x^ — y - 0, 

and in the second example y = 2x^ ~ xis a particular solution of 
the equation x^y" - 2xy' + 2y = Q. The two parabolas repre- 
sented by these equations would, in turn, be integral curves of 
the corresponding differential equations. 

Problems 

1 . Form in each case the differential equation whose general solution 
(primitive) is given. (The C's are understood to be arbitrary constants.) 

(a) y - Cix CtL. Ans. y" = 0. (d) y = Cie^ + C‘tx. 

(b) y = + X, (e) y = Cix^ Co_x -f Cs. 

Am. xy' --2y -\-x — 0. 

(c) Cy --x^ - X. (f) Cix^ + C2X = C32/2 

2 . Form the differential equation of all parabolas with vertex at the 
origin and focus on OX. Hint: The equation of this system is y^ == Cx. 

Ans. 2xy' — y. 

3 . Form the differential equation of all circles of radius 3 . Hint: The 

equation of this system is {x — Ci)^ {y — ~ 9. 

4. Form the differential equation of all parabolas whose axis is the 
y-axis. 

6. State the equation of the tangent drawn at (2,1) to that integral curve 
of the equation 1 / = x 2y^ which passes through (2,1). 

Ans. y — 4:X ~ 7. 

6. Find the curvature, at the point (2,3) of that integral curve of the 
equation xy' + 2y = a: which passes through that point. 

117. Equations of First Order and Degree. We turn now to 
the main problem of this chapter, that of devising means for solv- 
ing differential equations of certain types, and we begin by treat- 
ing the equation of the first order and the finst degree. Tlie 
general form of .such an equation is M(a:,j/) N{x,y)y' = 0, or, in 
the more symmetrical form, 

M{x,y)dx + N{x,y)dy = 0. (148) 

1. Variables Separable. It may happen that (148) is of the 
form 

Fi{x) ■ F‘iiy)dx -f Fz{x) ■Fi{y)dy = 0. 
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We may, then,' rewrite the equation as 


IM 

Fz{x) 


dx + 


F,(y) 

F,{y) 


dy 


0 , 


or 

gi{x)dx + g 2 {y)dy = 0, 

and the solution is obtained directly by integrating as 
Sgi{x)dx + igi(3j)dy = C, 


where C is an arbitrary constant, i.e., 

hiix) + AzCy) = C. 


We say, in such a case, that the variables are separable in 
the equation. 

For example, the equation y sin x da: + (1 -h J/) cos^ xdy = Ois 
of that type. We rewrite it as 


Hence, 


sm a: , , 1 + y . . 

— 5 — da: H -dy = 0. 

cos^ X y 




and the solution is logy + y — C. 

COS X 

II. Exact EqvMim. If the left-hand member of (148) is an 
exact differential, i.e., if a function f(x,y) exists such that 
M{x,y)dx -f N{x,y)dy = df(x,y), the equation is equivalent 
to df{x,y) = 0, and the solution is given directly by 

f{x,y) = C, 

An equation of this kind is said to be exact. In Sec. 102 
the student has learned that the test for the form M dx + N dy 
being an exact differential is the equality My = N as well as 
how to proceed about finding the function /(a:,y) when that equal- 
ity is satisfied. 


Example. Given the equation 

+ V cos X — 2x cos y)dx + <^2xy 4- sin x ■+ sin y)dy - 0, 

we note that My — 2y + cos x + 2x sin y = N-j,, and hence that the 
equation is exact. For the function f{x,y), we have 
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fix,y) = + y <x>s X — 2 x cos y)dx= y^ + y ^ x — 3? cos y j(y), 

where g{y) is a function of j/ to be determiued. By differentiating, 

fyix,y) = 2x2/ + sinx + s^siny + g'{y) = N{x,y) = 2ccy + sinx + x^sin y, 

making g'iv) ~ 0 8 'iid g{y) = G. Except for an arbitrary constant, we 
thus have 

/(x,2/) = X2/* + 2/ sin X — x^ cos y, 
and the solution of the equation is 


xy^ + 2/ sin X — x^ cos y — C. 

It may happen that the equation is not exact, but may be made 
so by multiplying it by an appropriate factor. Such a multiplier 
is said to be an integrating factor. To illustrate, consider 
the equation 

(x® + 1 — y)dx At X dy — 0. 


Here My = —1 Nx, and the equation is not exact. Let us 
group the terms asxdy — ydx + + l)dx = 0. The fact that 

suggests \ as an integrating factor. 




Multiplying through by it, we obtain 

xdy -ydx x' + 1 , . 

or 






The second term on the left is obviously the differential ol a 

The equation is now of the 


function of x, in fact it is — 0- 
form 


and the solution is 






X X 


or 


y + - I - Cx, 

As a second example, consider the equation 

(^2 ^ yi 2xy)dx - 2x:^ dy = 0 , 
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For it, My = 2y + 2x iV'*. Let us now group the terms as 
(a;2 + y^)dx — 2x(x dy — y dx = 0. 


We recall that d tan ^ - = 

X 


. y _ X dy — y dx _ x dy — y dx 


{‘ + ?) 


x^ + y^ 


The 


factor 


1 


x{x^ + 

the equation to —d\ 
dx 


will thus reduce the second term on the left in 


(2 tan- 1); 


it will also reduce the first 
1 


term to — , or d(log x). We thus identify -^ ^2 _|_ as an appro- 


priate integrating factor, and by means of it the equation becomes 
dx _ 2(x dy — y dx) 

X 
or 


= 0 , 


and the solution is 


x^ -h y^ 

d(log x) - d^2 tan-i = 0, 

log o; ““ 2 tan"^ U. ^ 


The treatment of integrating factors is extensive in the theory 
of differential equations. We shall confine ourselves merely to 
cases where an integrating factor may be recognized by inspection. 

Exercise 1. Show that l/x^ is an integrating factor of the equation 
[fix) - y]dx + X dy =0. 

Exercise 2. Show that l/y^ is an integrating factor of the equation 
y dx - \x +f(,y)]dy == 0. 


Problems 

1 . The variables are separable in each of the following equations. Find 
the general solution in each case. 

(а) (2 — x)y^ dx ■i' X dy =0. Am. 2y log x — xy - 1 = Cy. 

(б) dx + a;(l + ey)dy - 0. Am*, log x — + y = C. 

(c) tan 2/(1 + a/I — x^)dx -f a/I ~ ^^(sin y 4- l.)dy = 0, 

(d) y' • a;(l + x^) sec® y 2x^ x + 2. 

Ans. tan"^ x + log = tan y + C. 

(e) {xy'^ + x)dx + + 1)(2/ “ l)dy == 0. 

2 . Show that each of the following equations is exact, and solve: 

(a) ” 2)dx + i2xy + l)dy = 0. Ans. xy^ + y — 2x - C. 

(h) (sin y + cos y)dx + {x cos y — sin y)dy = 0. 

Ans. x sin y + c® (^os y = C, 
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(c) (2xy^ - 4xy + Zx^)dx + (3a:y - 2a^ - l)dy = 0. 

Ans. ii?y^ — 2x^ + — y = C. 

(d) sin-i y ■ dx ~ ~ ‘ '-^-‘^■dy =0. 

(e) (y sec^ a; + cos a: • log y)dx + ^tan x + = 0. 

3. Solve each of the following by employing an integrating factor: 

(a) (a:» - y)dx +xdy =0. Am. 2y + a:= = Cx. 

(b) dx- (xy -X? ~ y^)dy = 0. log y + tan'i^^^ = C. 

(c) —y dx + {x + y — l)dy = 0. Ans. 2 /(log y + C) = a: — 1. 

(d) (y + a:ye®)da; + x dy == 0. 

(e) (x^ + y“ — x)dx — y dy = 0. 

III. Homogeneous Equations. Elsewhere in this book (page 
348) we have defined a function /(a;, j/) to be homogeneous and of 
degree n if it has the property that f{tx,ty) = P- • S{x,y). Such 

is the case, for example, with S{x,y) = x^ cos - + 1/® — xye^'^, 

for which 

f{tx,ty) = Py^ cos - Pxye^y = P ■ f{x,y) 

— a function homogeneous and of degree 2. 

We now define the equation M dx + N dy = 0 as homogeneous 
if M and N are homogeneous functions of x and y, of the same 
degree. 

To solve such an equation, we introduce a new variable v, 
defined as v = y lx, {y = vx). With this substitution of vx for y, 
the equation becomes 

M{x,vx)dx + N{x,vx) ' {v dx X dv) = 0, 
or 

V dx + xdv M{x,vx) 

dx N{x,vx) 

By the hypothesis on the functions Jlf and N, the right-hand 
member of the above is equivalent to 

or" • M{l,v) _ M{l,v) ^ 

~x’^ ■ N(l,vj ~ N(l,v)’ 

clearly a function of v alone, say /(«;). Now, 

V dx + X dv ^ 
dx 
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reduces to 
or 


V dx + z dv = jiv)dx, 
dxiv - /(»)) + xdv 


and the variables are separable, giving 


dx . dv _ p. 
V- f{v) " 


and thence the solution. 

To illustrate, consider the equation 

(x^ + y^)dx — xy^ dy = 0. 

Here M and N are, evidently, both homogeneous and of degree 
3. Thus, the equation is homogeneous. We now put y = vx 
(hence dy = v dx + x dv), and the equation takes the form 

(x^ + v^x^)dx — vV(v dx -j- X dv) = 0. 

From this, 

(1 + v^)dx — v^(v dx + x dv) = 0, 

(1 _l_ ^3 _ v^)(^x — vH dv — 0, 
and 

— - v^dv = ^, 

X 

with the result, 

ifjZ 

log X - = C. 

Replacing, now, v by y/z, we have the solution as 

log.- 1-3 = C. 

Exercise 1. For the function /(y), which appears in the discussion above, 
show that if f(v) = v, the solution of the homogeneous equation is y = Cx. 

Exercise 2. Show that the substitution x = uy will also separate th(' 
variables in the homogeneous equation. 

Exercise 3. Show that the equation 

{ax + by + c)dx +■ (lx + my n)dy = 0 
may be made homogeneous in the variables r and a by setting 
ax by -\r 0 = r, lx -{• my + n — s. 

Hint: The equations 

ax + hy + c “ r, 
lx + my -b n = «, 
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lead to 


and these give 


a dx dy ^ dr^ 
I dx + m dy = ds. 


dx 

dy 


m dr — h ds 
am *" bl 
ads — I dr 
am — bl 


These substituted, the given equation reduces to 

{mr — h)dT + {as — br)ds = 0, 
a homogeneous equation. 

We illustrate Exercise 3 by treating the equation 
{2x + y — l)dx + {x — Zy + 2)dy = 0. 


I hence 


\r = 2x + y - l\ 

1.5 = a: - 3t/ + 2y 

idx = f dr 4- i ds 

{dy = ^ dr — ^ ds 

. r(3 dr + ds) , s(dr — 2 ds) . 

form 1 ^ = 0, 


Set 


dx and dy, 


idr = 2 dx At dy\ , , • ^ 

The equation now takes the 


or 


(3r + s)dr + (r — 2s)ds = 0. 


We now employ the method learned for the homogeneous 
equation and set s = vr {ds = v dr + r dv), obtaining 


(3r + vr)dr + (r — 2vr){v dr + r dv) = 0, 
(3 + v)dr + (1 — 2v){v dr + r dv) = 0, 
(3 4 + r — 2v^)dr 4 (1 — ^v)r dv = 0, 



1 - 2 ?; 

3 4 2?; - 2v^ 


dv = 0. 


Integrating this, we have 

log r 4 § log (3 4 2?; — 2v^) = log C, 
or 

rK3 4 2v - 2v^) = C. 

Exercise 4. In the last equation above, replace v by s/r, that is, by 

X - 3y + 2 2x + y - 1 and show that the solution reduces to 

■2z + y - I . ^ 

2x2 + 2 x 1 / - 3i/2 - 2x + 4y = C. 
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Exercise 6. Show that the method of Exercise 3 fails if am — 6/ == 0. 
Note that in that case a/l = h/m. If we call the common ratio k and set 
lx my — Zj the equation becomes (kz + c)dx + + '^)dy = 0. Now, 


y 



and dy = 


dz — I dx 
m 


Substitute this for dy and show that the 


variables are now separable. 


Problems 

1. Solve the following homogeneous equations: 
(a) {2x - y)dx + (a: + y)dy = 0. 






Ans. 

log (2x^ 

+ y^) + 

\/ 2 tan“ 

1 y _ 

: C. 







a:->/2 


(b) 

X 

'dy - 

y dx 

- — 

— y^ dx. 

Ans. 

log a; + £ 

3in~i - = 
■X 

■■ c. 

(c) 

y' 

= i 

X 

+ sin 

y. 

X 



Ans. X 

= C tan 

2x 

(<i) 


• dx + {xy ' 

- x^)dy = 

= 0. 





(«) 

y 

dx — 

{x + 

ye^^^)dy 

= 0, 






2. Solve by the method of Exercise 3. 

(a) {x + y - l)dx + i2x - y + l)dy = 0. 

(h) (3x - y)dx + (x — y + 2)dy = 0. 

3. Solve by the method of Exercise 5: 

(a) (2a; + 2y — l)dx + (x + y + ^)dy ~ 0. 

Ans. 2x + y + 7 log (x + y — 4) = C. 

(h) (Sx — 3y)dx + (x — y -A- l)dy - 0 

IV. Linear Equations. An equation of the type 

y' + y fix) = g{x) 

is called a linear equation. (Linearity here implies that the 
equation is linear in the dependent variable and its derivative.) 

To solve this equation we employ the integrating factor 
Multiplied by it, the equation becomes 

y' • y - fix) ■ = gix) • ^Lt*^*^* 

or 

^{y ■ = g{x) ■ 

and the equation i.s promptly solved as 

y . g[f(.T)dx _ ^ 

or 

y = ■+ C]. 
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Example. To solve y' + ^ = x + I, we note that f(x) = l/2a: and 
employ eJ 2 x as an integrating factor. This reduces to 

_ '\/x. 

Multiplying the equation by \/xj we obtain 

y'y/i + 


■^(y Vx) = VajCa: + 1), 

whence 


y\/x = f\^(x + l)dx = Hx^\^x + ^X's/x + (7, 


or 


2^2 , 2a; , C 

>'-T+T+^- 

Exercise 1. Show that the linear equation y' + y • f(x) = 0 has for its 
solution y = 


Exercise 2. Show that the nonlinear equation 

y' + y 'fix) = • gix) (n 0 , n 9 ^ 1 ) 

may be made linear by introducing a new variable z defined by 2 — 
Hint: Divide the given equation by y^j obtaining 

yf . y~n yi-n . ^( 3 .) ^ 


By 2 = 2 ' = (1 ““ n)y~'”‘ • y'. Show that the equation becomes 

2 ' q- (1 _ . 2 - fix) = (1 n) * gix)y a linear equation. 

Note: The equation y' ^.y-fix) - y "^ ' gix)j treated in Exercise 2, is 
known as the Bernoulli equation^ after Janies Bernoulli (1654-1705), a 
member of a (H;lel)rated family of mathematicians. 

Exercise 3. Discuss the equation of Exercise 2 for the excepted cases, 
n = 0 and n = 1 . 

Exercise 4. Show that if y = uix) and y — v{x) are any two particular 
solutions of th(‘ e(iiuition of Exercise 1, then y ^ kiuix) + hvix), where 
/ci and /C 2 are any two constants, is also a solution of it. 


Problems 

1. Solve; the following linear equations. 

(«} y' + ?y( 1 •" x^) = 0. 

ib) y' i- y sin x = 

3?y dx __ X dx _ 


(c) dy + - 


Ans. y = Ce^ 


Ans, y = 


■(f-4 


2 x - 1 ^/ 2 x - 1 

0^3 

Ans, y{2x — l)^A = — — ^ + C. 
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(i^) ( 2 / ~ sin~* x)dx + 

(e) ^ + 2x ■ esc 2y - sec® j 


0 . 


(/)|+4« 


. cos y. 

2. Solve the following equations by the method of Exercise 2, 
xy _ 2xy^ 


I + 1 - X® 


1 


Am*, y = 


2 V 1 - +C 


(b) X dy + y dx = y’’^ ' ^ log x • dx. 


Ans, 


I 


x^[C — (log a:)^| 


V. Miscellaneous Problems, Below is appended a list of prob- 
lems that will provide a review of the methods that the student 
has learned so far for solving differential equations and illustrate 
the use of differential equations in applications to geometry and 
mechanics. 

1 . Solve each of the following: 

(a) (x^ + y^)dx + Bxy dy = 0. Ans. x’^{x^ -f 42/^)'* ~ C. 

(b) + y sec^ x — y)dx + {xev + tan x — x)dy = 0. 

Ans. xe^ + y tan x -- xy = C. 

(c) (3a; — 2) dy + dy dx = sin a; (3a; — 2)dx. 

(d) (x + 2xy)dx + {y - 2xy)dy = 0. 

{e) y dx + ix A- xy^)dy ~ 0 . Am*, xy = 

(J) {y x-sj x^ — 1 • ~'^^)dx -f X‘\/x^ — 1 d?/ = 0. 

T 

Ann. ye^~'^ = xc2 + c. 

{g) {x +4y - 2)dx + (4x - y)dy = 0. 

(h) ya * dx + CSC x -Xogy • dy = 0. 

O') (2/® +^dx + (2x2/ + log X - \)dy = 0. 

(j) (x - 2/ + X® + 2/®)dx + (x + y)dy = 0. 

Am. log (x® + 2/®) -1-2 tan-> | + 2x = C. 

(k) 2/' + ^ = 2x2/® Vv Aw,?. y^i(Cx^ + 3x®) = 1. 

(2) (x — ^ sin ^^dx + x sin ^dy = 0. 

Am. y X eos“‘ (log x + C). 

(m) (3x + 2/ - l)dx + (6x + 22/)d2/ = 0. 

dy 3a;^ 

(n) e™" cos y-~ "3 - — j ' • = log x. Hint: Set z = e 

(0) X dyi2xY - 1 -f 2/®) -t- 2/ dx(2x®2/® -f- 1 -f x®} = 0. Hint: 

tlog -ydx 

\x/ xy 
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2. Solve each of the following and determine the equation of the integral 
curve specified. 

(a) y' + y ^ x/y. Integral curve to pass through (0,1). 

~ 37 — ^ 

(b) (2xy + y sec^ xy)dx + (rc^ + a; sec^ xy)dy ~ 0. Integral curve 
to pass through (7r/4,I). 

dx X 

dy'^y~^^ curve to have slope 1 at the point 

where it meets the 2 /-axis. 

3. Find the equation of the system of curves for which the slope at any 
point equals the product of the coordinates, 

4. If the slope at any point of a curve exceeds the abscissa of the point 
by 2, show that the curve is a parabola. Find its equation if it is to pass 
through (0,1). 

6. Find the equation of the system of curves for which the rr-intercept 
of any normal is twice the ordinate of the point of contact of the correspond- 
ing tangent. 

6. Find the equation of the system of curves for which, ^ at any point 

(r,^), B = where xp is the angle between the radius vector and the tangent 
(see Sec. 70). Am, r = (7 sin B, 

7. Find the equation of the system of orthogonal trajectories of the 
parabolas = Cy. 

Note: An orthogonal trajectory of a given system of curves is a curve that 
cuts every curve of the system at right angles. 

Hint: Form the differential equation of the given system of parabolas, 
which is y' — 2y/x. The differential equation of the trajectories is, then, 
2/' = ~-xl2y. 

8. Find the equation of the system of orthogonal trajectories 

(a) Of the circles x^ Ans. y = Cx. 

(b) Of the hypocycloids xH + yH == Ans, x^'^ — yH — C. 

9. The rate at w'hich a body cools is proportional to the difference in 

temperature between it and the surrounding atmosphere. If in air at 50° 
the body cools from 70° to 60° in 20 min., what will be its temperature 
20 min. later? Am. 55°. 

10. A particle falls from rest in a resisting medium, the retardation being 
g /1 00 times the square of the velocity at any instant, the acceleration of the 
particle, due to gravity, being the constant g. Show that as time goes on, 
the velocity of the particle will approach a fixed limit. Hint: The equation 
of the motion is dv/dt - g — {g/l0Q)v^. 

11. A particle falls from rest in a resisting medium, the retardation being 
proportional to the velocity. Show^ that the velocity approaches a limit 
as time goes on. 

118. First Order, Not of the First Degree. These, by defini- 
tion, are equations in which y' enters to degree two or higher.* 

*It is also possible that y' will not enter to any degree. For example, y' 
enters exponentially in the equation y = xy' -\- e«', and we cannot speak at 
all of the degree of this equation. 
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Several methods of attack may present themselves in connection 
with such equations. 

I. Equations Solvable for p. If we represent the quantity 
y' by the symbol p, the equation is of the form fix,y,p) = 0, 
and it may be possible to factor the left-hand member into factors 
of the form p — g{x,y). Each such factor, set equal to zero, will 
furnish a first-degree equation, whose solution will clearly be a 
solution of the given equation. Thus, in the case of 

p3 _ 2 ; _ y) pxy{x ~ y) = 0 

we may conveniently display it as 

pip - xy)[p - (x - y)] = 0. 

These factors, set in turn equal to zero, provide three first-degree 
equations, p = 0, p = xy, p = x — y. The solutions of the first 
two are obtained immediately as y — C and y = 

The third, when put into the form idy/dx) y = x/is seen' to be 
linear, and its solution is readily obtained as y = Ce~^ -H x — 1. 
All the solutions of the given equation are contained, then, in the 
relations 

y — C, y = y = Ce~^ -4- x — 1. 

We may leave these equations displayed in this manner or write 
the one equation 

iy - C)(y - - (7e-* - x -f- 1) = 0, 

to represent them all. 

II. Equations Solvable for x. The equation f{x,y,p) = 0 may 
sometimes be conveniently solved for x, yielding the form 
^ — Qiv^y)- such a case it is to advantage to differentiate with 

respect to y, and obtain ^ = 9p(p,y)^ + 9vip,y) (since ^ = ~ 

This differential equation is seen to involve p and ?/ only, and to he 
of the first order and first degree. If wo succteed in obtaining its 
solution as <pip,y,C) — 0, then this and the given equation, taken 

simultaneously, represent the solution sought as 

with pas parameter. If desired, and if convenient, the i)araineter, 
p, may be eliminated and the solution displayed in the form 
Fix,y,C) = 0. 


jv(p,y,C) = 
\K^,y,p) = 0 / ’ 
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To illustrate, let us treat the equation 

— 2y + X = 0. 

Solving for x, we have 

X = 2y — p^. 

Differentiating with respect to y, we get 

- = 2 - 2 J?. 

p ^dy 

The variables are separable, so we write it as 

^^^\ = dy 

2 - - 
P 

and this integrates to 


+ I + I log (2p - 1) = y + (7. 


The solution sought is, then, represented by the equations 

/2p^ + 2p + log (2p - 1) = iy + C{ 

]p2 - 2y + X = 0 /’ 

with p as the parameter. 

Exercise 1. Plstulilisli the reason for differentiating the equation 

^ = gip,y) 

with respect to y, liy showing that differentiation with respect to x would 
lead to an equation involving p, ?/, and x. 

III. Equations Solvable for y. Again, it may be convenient 
to solve the equation Jix,y,p) = 0 for y, to obtain y = h{x,p). 
In this case, differentiation with respect to x will lead to 

p = hpip,x)^ + hp{p,x), 

an equation of the first order and degree and involving only 
p and X. If this can be solved, its solution (p{p,x,C) = 0, coupled 
with the giv(Mi (Kpiation, will represent the solution of the latter as 

= oh with p as the parameter. 

)f(x,y,p)=i)j 
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To illustrate, consider the same equation as above, 

— 2y H- X = 0. 

Solving it for y, we have 

2y = + X, 

and differentiation with respect to x gives 

2 . = + 1 . 


We separate the variables and write 

2p dp 


2p - 1 


= dx. 


This integrates to 

p + log (2p - 1) = X -f C. 


The solution is now represented parametrically, with p as par- 
ameter, by 

/2p -t- log (2p - 1) = 2x -f C{ 

, \p^ - 2y + X = 0 j 

This form of the solution is slightly different from the one 
obtained in II, but it is demonstrable immediately that they are 
equivalent. 

Exercise 2. Show that differentiation of the eciuation y = h(p,x) with 
respect to y will, in general, lead to an equation involving p, x, and y. 


An especially interesting form of an equation of th(‘ first 
order, solved for y, is 

y = px -\-fip), 

known as the Clairaut equation after the French a.stron()iner 
Clairaut (1713-1765). Differentiated with re.sjK'ct to x, this gives 

or 

glx +/'(rtl - 0, 


The solutions of this, viz., p = C and x +f'ip} - 0, coupled, 
in turn, with the given equation, yield 

h = C I 

\y = px + fip) f 


and 


(x = -fip) I 
\y = px +fp)f 
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as the solutions of the Clairaut equation. If, between the equa- 
tions of the first pair, we eliminate the parameter p, we obtain 

y = Cx+f(C), 

the general solution. (The form is striking inasmuch as it is 
directly obtained from the differential equation by changing 
p to C.) 

The second pair of equations contains no arbitrary constant 
and might, therefore, be supposed to represent a particular 
solution. However, a particular solution must be derivable 
from the general solution by assigning a fixed value to the 
arbitrary constant, i.e., it must represent one of the integral 
curves of the differential equation. That is not the case here. 
In fact, the general solution represents a one-parameter family 
of straight lines, while the solution in question represents, 
as we shall show, the envelope of that family. We call such a 
solution, representing the envelope of the family of integral 
curves of the differential equation, a singular solution. It 
appears, then, that the Clairaut equation always possesses a 
singular solution unless f'{p) is a constant, in which case the 
integral curves are a family of straight lines through a point. 

As an example, consider the equation 

y = px + p^ — 2. 

Differentiate with respect to x, to obtain 

I dp ^ dp 

or 

|(x + 2p) - 0. 

The solutions of the equations are, thus, 

{p^C 1 , -2p \ 

\y = PX + p^ - 2/ \y = px + p‘'^ - 2f 

or, upon eliminating p in each case, 

y = Cx + - 2 and y = - 2. 

The first is the general, the second the singular, solution. 

Exercise 3. By the method of Sec. 99, find the envelope of the family 
t)f .straight liiHi.s forming the above geirernl solution, and show that the result 
Is precisely the singular solution. 
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Exercise 4. By substituting in the given Clairaut equation, show that 
the singular solution ^ — 2 actually satisfies the differential equa- 

tion, ^ m ^ 2. 

( £C = “~"f^ i'P ) / 

Exercise 6. Show that the solution •! . of the Clairaut 

\y = px +/(p)i 

equation, y = 'px + /(p), represents the envelope of the family of lines of the 
general solution y — Cx i{C)j or a point. 

Exercise 6. Show that if the integral curves of the equation /(a;, 2/,p) = 0 
have an envelope the equation of that envelope is a solution of the equation. 
Hint: Consider the value of p at a point {x,y) of the envelope. 


Problems 


1 . Integrate the following by first solving for p : 

(а) p® + fiy — sin a:) — ^ sin rr = 0. 

Ana. {y + cos a; — C){y + Ce~^) = 0. 

(б) p3 + p^{y tan x — xe^) — 'pxye'^ tan a: = 0. 

Ans. {2y\/x 4- a?® + C){2yy/x ^ x^ C) =0. 

2. Integrate the following by first solving for x: 

(а) + 35 - a; = 0. Ans. ^ 

(б) {35 — e>'~*)(3) — 1) =0. 

(y = C +log (3) - 1) 

Ans. 


= C + 




also y X C. 


(c) x^{l + P^) =1. 

3. Integrate the following by first solving for y : 

(a) + y — 2x = 0. 

\x — — 2p — 4 log (p — 2) + C 


Ana. 

(h) px^ p ~ y = 0. 


y = —4^ — 8 log (jD — 2) — p2 4- 2C. 


(c) 'y p - + p2. 

4. Solve the following Clairaut equations, showing the general and the 
singular solutions. 

(a) y — px ~ log p — 1. Ans. Sing, sol.: y = log x. 

(5) y = px + p ~ 2ph Ans. Sing, sol.: y = %(x + 1)^4. 

(c) y = '\/p{x'\/p +1). Ans. Sing. soL: 2-\/ — x\/y == 1. 

5 * Solve the following by any convenient method: 

(a) xp^y^ “ p(x^ + + xp = 0. (/) ?/p2 4- 2xp y 0. 

(h) xy px = 2p. {g) p2 „ 2px + 2?/ ~ 0. 

(c) p2 - 2a: + p = 2px. (h) p = sin-i (p2 + x). 

(cf) p — Vl “ P = p:i^. Ans. {d) Sing, sol.: 2^x\/y = ^/4x^ + 1- 
(e) p2 cos^ y 4- px cos p = sin p 4- 1. Hint: Set z = sin p. 

6. (a) Show that differentiation with respect to x reduces the equation 

p = xfip) 4 g{p) to a linear equation of the form + xF(p) = G{p). 
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[h) Solve the equation y = + p. 

(c) Solve the equation y = 

7. The general solution of a differential equation is Cx + = 1- 

Find the singular solution as the equation of the envelope of the integral 
curves. 

8. The general solution of a differential equation is a; cos C + y sin C - Z. 
Find the singular solution as in Prob. 7. 

9. Find the equation of the curve such that the area bounded by any 
arc of it, the two end ordinates of the arc and the :r-axis, be proportional to 
the length of that arc. 

Am. X = klogly + — k^] + C, also y - C. . 

10. Find the equation of the curve such that the sum of the x- and tz-inter- 
cepts of its tangents shall be a constant. 

119. Linear, with Constant Coefl&cients. A differential equa- 
tion is called linear if the dependent variable and all its derivatives 
enter in it linearly. The general form of such an equation is, 
then, 


+fi{x) . 

+ Sn-i{x) • y' + Sn{x) - y = g{x). (149) 

We shall restrict ourselves to the case where all the coefficients 
fi{x) are constants,* i.e., to equations of form 

+ • • • + an-iy' + any = g{x), (150) 

where the ai are all real constants. An effective way to study 
(150) is to introduce the symbol D, defined by 


(D + a)u = 
D^'*u = 


du 


dx 
d’^u 
dx’"" 

(bD’")u = b ■ D’"u 


+ au, {a constant) 


(m = 1,2,3, • • ■ ) 
(6 constant) 

From either of the first two, the .symbol Dw is defined as 


du 

Du = -x- 
dx 


(161) 


(152) 


We shall read (D + a)u as “D + a, operating on u” likewise, Du 
as “D, operating on u.” 


* For the ease n = 1, i.e-, the linear equation of the first order, we studied 
the equation in the form (149), in IV, Sec. 117. 
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A significant fact about the symbol D + a is that in many 
respects it behaves as if it were a number that multiplies u, 
though actually it is not a number but a symbol of an operation 
that is performed on an operator, as it is commonly called. 

To make that clear, consider the following equalities which 
we should expect to be true if D + a, and also D, were numerical 
factors. 


D(u 4- 2^) = Du + Dv, 

D{cu) = cDu, (c constant) 

D{D'^u) = 

(D + h)[{D + a)w] = [D^ + (a + b)D + ab]u 

^ (D + a)[{D + b)ul 

Now, in view of (151) and (152), 


D(u + v) 

also 

D{cu) 
D{D”u) 
{D + b)[{D + a)u] 


d , , . du , dv 


Du + Dv] 


d , . du 

-r(cu) = c-T™ = cDu: 
dx^ dx 

dx^ ^ dx\du^) 

^[(D + a)u] + b[(D + a)u] 


dfdu , \ , ,/du , \ 

+ "V + \Tx + ““ j 

d'^u , du , ,du , , 

rf? + “& + 

Dhi + (a + b)Du + abu 
[D^ -f" “I” b)D -f- (x6]Wj 




the last expression following if wo agree to write 

a^D^u + a2D^^u + a^u — (aiD"' + a2/)'' + (h)U; 


and the like. 


Exercise 1. By use of (151) and (152) verify that (D + a)[(D b)u\ has 
the same value as the one displayed above for {D +■ h)[{D -f- (zj/zj- 

We have seen, thus, that all of the equalities test(.d turned out 
to be true, with the symbols D and D + a havitig the meaning 
given them in (151) and (152). 
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The four equalities verified enable us to write (150) as 

[D» + + • • • + a„_iD + = gix) (153) 

or, in brief, as 

[Pmy = g{x). (154) 

We shall also need, in our work, a definition for the symbol 


yr u. We define it by saying that if y; u = v, then 

^ JJ — d 


(D - a)v = u. The latter, put in the form - av ~ u is a 

ax 

first order linear differential equation which gives at once (see IV, 
Sec. 117) V = dx + C]. In other words, 

w = 6“1/« • dx + C]. (155) 

Note further that if (D — a)v = 0, we have directly. 


av = 0, 


a dx = 0, log V — ax = log C, 

and V = Ce®®, 


which result may be put in the form 


1 

D — a 


0 = (7e®®. 


We are now in a position to attack the solution of (160). To 
•simplify the discussion, we consider, first, 

1. Homogeneous Equations. We shall call (150) homogeneous 
when the right-hand member, that is, g{x), is identically zero. 
To fix the ideas, let u.s first consider a second order homogeneous 
(iquation 

y" -f ay + aty = 0, 


or, in the form (153) 

(7)2 + axD -+- a,)y = 0. 

We solve (as though D were a variable) the equation 

+ aiD + 02 = 0, 

an equation we shall call the characteristic equation of the given 
differential equation. Let its roots be found to be D = r, and 
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D = Ti, supposed, for the present, to be two distinct real numbers. 
Then, by a well-known theorem of algebra, 

+ aiD + a 2 = {D - ri){D - r^), 


and our differential equation assumes the form 
(D - n){D - n)y = 0. 

If, for the moment, we put (D — r 2 )y = u, we have 

{D - ri)u = 0, 


and, by (156), 


u = Cie"**. 


By (D - n)y = u, we have y = ^ and this, by (155), 

yields 

y = dx + Ct] = dx -|- C2] 

= s’-' -e^n-r.)^ -h ^2 I = Cie’-'" H- 

ri - n 

c 

where we have replaced — by Ci. This is the general solu- 

ri — r2 

tion, since it contains two arbitrary constants. 

Exercise 2. Show that the equation + ad)^ + ag/) + ady = 0 has 
as its general solution y = if D = r i, D = r-i, 

D = are three distinct real solutions of the characteristic equation 

Z)'* + diD^ + (x>>D + ^3 “ 0, 

Hint: Write the equation as {D — ri){J) — ri)[D — r^y — 0. Set 
(D - ri)y = w, then by the above, u = Now find y as 

1 


The argument may be extended to yield the result embodied in 
Theorem 1. // the roots of the characteristic equation^ 

are n distinct real numbers, r\, 7'2, . . . , then the general solu- 
tion of the corresponding homogeneous equation, [P{D)\y = 0, is 

y - + * * • + 

To illustrate, we solve the equation 

y>n _ 2y" - By' = 0. 

In the form (153), it is 

(D3 ^ 2D^ - W)y - 0. 
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Its characteristic equation, 

- 2D2 ~ 82) = 0, 

has the (real and distinct) roots 2) = 0, 2) = 4, and 2) = — 2. 
Hence, by Theorem 1, the general solution is 

y = Cl + + Cse-^-. 

Turning again to Theorem 1, we note from it that the general 
solution of the equation (2) — ri)(D — rj) • • • (2) — ?-„)y = 0 
(vi all real and distinct) is the sum of the general solutions of the 
equations {D - rOy = 0, (2) - rz)?/ = 0, • • • (2) - r„)?/ = 0, 
for (2) — ri)y = 0 gives, by (156) 

y = {i = 1,2, ■ ■ ■ ,n). 

Let, now, two roots of the characteristic equation, say ri and rz, be 
alike. Then the differential equation is 

(2) - ri)2(2) - ri){D - ■ {D ~ r„)j/ = 0, 

and its general solution is the sum of the general solutions of 
(2) — riYy — 0 and of (2) — r^{I) — • {B — rY)y = 0, 

the latter being 

y = -I- + • • • + 

To solve (D - riYy = 0, or (2) - ri)[(2) — rOy] = 0, we put 
(2) — r^y = u, and (2) — ri)u = 0 gives m = C'le’’’*. Hence, 

y = ^ ^ dx + Cz 

= (Cie’'i*)e'^“' dx + Cz] 

= dx + Cz] 

= Cixe'^'^ + C'ze’'**- 

The general solution of the differential equation is now 
y = Cixe^'^ + C'ze’-** + + • ■ • + 

The case when three roots of the characteristic equation are 
alike may be treated in like manner by the student as 

Exercise 3. Show that if three roots, r,, r,, r^, of the characteristic equa- 
tion, are alike, the general solution of the corresponding homogeneous 
equation is 

y = -h -j- . . . 
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By extending the argument, we arrive at 
Theorem 2. If m roots, ri, r^, , r™, of the characteristic 

equation P{D) = 0, are alike, then that part of the general solution 
of the corresponding homogeneous linear differential equation, 
[P{D)]y = 0, due to the root ri, is 

y = + • • • + Cm-txe^'^ + 

To illustrate, we solve the equation 

(Z)s - 5D^ + 92)’ - 7D^ + 2D)y = 0, 
or 

D{D - 2){D - Iffy - 0. 

The roots of its characteristic equation are D = 1, D = 1, 
X) = 1, D = 2, and D = 0. Hence, by Theorem 2, its general 
solution is 

y = CixH^ + C^e^ + Cze"^ + + Cs. 

As another example, we treat the equation 
(Z>« - 3I>* + 2D’')y = 0. 

This may be written as 

- DKD + 2)y = 0, 

showing that its characteristic equation has the roots D = 0, 
0; 1, 1; —2. Its general solution is, then, 

y = CiX + 02 + Czxc- + C,(i^ + 

We turn our attention, lastly, to tlie case when two of the 
roots of the characteristic equation are complex and equal to 
a + hi and a — hi, (a and h real). Should we ignore the fact 
that these roots are imaginary we would have, as that part of the 
general solution corresponding to them. 

Taking a clue from the fact that this has the real factor h't 
us assume that the equation 

- 2aD + a^ + h'^)y = {), (157) 

whose characteristic equation has the roots a + bi and a — hi, has 
solutions of the form y = • u(x} and determine the function 

w(a;) by substitution in (157). Differentiating, we have 
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y' = 06 “* . u + • u', 

y" — oV^ • V, + 206““^ • u' + • u". 

Substituting these in (157), we arrive at the result 

u" = —h^u, 

as the equation that u{x) must satisfy. The functions sin hx 
and cos hx at once suggest themselves as such values of and in 
fact u = Cl cos bx C 2 sin hx, with Ci and 02 as arbitrary con- 
stants, is directly seen to satisfy. Hence, the general solution 
of (157) is y = e“*(C'i cos hx -)- Ci sin hx). We, thus, arrive at 
Theorem 3. The part of the general solution of the homogeneous 
linear differential equation, [P{D)]y = 0, corresponding to the pair, 
a ± hi, of complex roots of the characteristic equation, is 
y = e“*(Ci cos hx -f- Ci sin hx). 

Thus, in the case of 

(£)2 _ 6D + 13) (H - 1)(H + 2)2/ = 0, 

for which the roots of the characteristic equation are D — 1, 
D = —2,D = 3±2i, the general solution is 

y = Oje® + Cte~^^ -b e®*(C3 cos 2x + Ci sin 2x). 

Exercise 4. Show by (155) that 77 ^ — (u + -o) = -p— — u -h ^ — v. 

Exercise 6. Show that il y = u{x) is a solution of the homogeneous 
linear equation, then y = cu{x), where c is any constant, is also a solution. 
Exercise 6. Show that if ?/ == u{x) and y — v{x) are two solutions of the 
homogeneous linear equation, then y = u{x) + v{x) is also a solution. 


Problems 


1. Solve each of the following; 

[а) y" 4 - 2 /' = 0 . 

(б) y" - 2/' - % = 0. 

(c) y"' + V' + 47/ = 0. 

7 /'" + 4?/' = 0. Ana. 


id) 

(f-) 


Ans. y = Cl G2e~^. 
Ans. y = Cie^^ + 

Ans, y = Cl -h €2X6^^ H- Cze~-^, 
7/ = Cl + C 2 ■ cos 2x Cz- sin 2x, 


dj/ 
dx^ 

U) y’" 


dx^ dx^ 


= 0 . 


-H (a - b)y" - aby' = 0. 

(g) y'" - 3//" + 4a/' - 21/ = 0. 

(8/> - 12D“ + 6Z)= - 2D)y = 0 


(A) 

C) 

C) 


(fy 

dx^ 

dhj 


j. 


- 8 


_ 


dx 


0 . 


dx'^ dx^ 


= 0. 
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2. Write the differential equation whose general solution is 

(a) y = Cie^^ + + C,x. 

(b) 2 / = Cl + C 2 cos 3a; + C3 sin 3a; + x(_C4 cos Sx + Ce sin 3a;)* 

3. Find that solution of the equation 

(а) y'^ + Zy' - lOy - 0 for which ?/ = 1, and y' = 9 when a; = 0. 

Ans. ^ 

( б ) y'" + 2 /' = 0 for which y = — 1 , y' = — 1 , and y" = 2 when 

a; = TT. 

4. Solve the equation x^y'^ — 2xy' — 4?/ = 0 . Hint: Reduce this to an 
equation with constant coefficients by introducing a new variable defined 
as ^ = log X (and hence 

^ ^ ^ ^ = 1 . 1 . ^ __ L . 

c^a; di dx x dt^ dx^ x dt^ dx dt x^ dt^ x^ dt J 

Ans.. y = Cia;^ + — • 

X 

6. Solve fhe following by the method of Prob. 4. 

(a) x^y^' + Zxy^ — 81 / = 0 . Am. y = Cix^ + C2X~\ 

(h) x^y'" — 2xy' = 0. Am. y - Ct + log x + C^x^. 

6 . Show that the substitution of Prob. 4 will reduce every linear equation 
of the form 

x^yin) ^ -j- . . . -j- a^^ixy' + a^y - g{x) 

(the so-called Cauchy equation) to one with constant coefficients. 

II. Nonhomogeneous Equations. When the right-hand member 
of the linear equation is not zero, we have recourse to the following 

Theorem 4 . If y — yiix) is a solution of a given nonhomo- 
geneous linear differential equation^ and y = yffx) is the general 
solution of the corresponding homogeneous equation^ then 
y = yi(:r) + y2{x) is the general solution of the given equation. 

It is customary, in this connection, to refer to the equality 
y = yi{x) as a particular integral^ and to the function yffx) as the 
complementary function. 

Theorem 4 is easily established by setting yz = ?/i + 7/2 and 
noting that yf = yf + yf , yf' = yff + 2/2", etc. The result 
obtained by substituting yz in the left-hand m(;mber of the differ- 
ential equation is, then, equal to the sum of the two rr\siilts 
obtained by substituting yi and 7/2 in turn. The first result, by 
hypothesis, is g{x)^ the right-hand member of the ecpiation; the 
second is zero. The substitution of 7/3 in the left-hand iiKunber, 
then, reduces the latter to g{x), h(‘iu^(‘ y = y-^ix) is a solutiom It 
is also the general solution, sinci' it (‘ontains n cioiistants. 

Query. In what way would th(^ pr{‘s(‘nce of a nonlinear tcum 
in the equation, such as sin x, destroy the above proof? 
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Let us con.sider how the noahomogeneous equation 
y'' — y' — = sin X. 

The complementary function (the solution of y" - y' - 2y =0) 
is readily found to be y = Cie^^ + C 2 e~=‘. 

To find a particular integral of the given equation, we write 

(D + 1)(D - 2)y = sin a;. 


Setting, for the moment, {D - 2)y = u, this reads 

iJD + 1)m = sin a; 

and by (165) 


u = 


= J 

e"'^e^(sin x — cos x) 


sin X ■ dx. 
sin a; — cos a; 


2 


2 


(We ignore the constants of integration in this and the following 
integrations, because we are finding a particular integral.) Now, 


y = 


D 


--.u 


■I- 


sm X — cos X 


a—2x 


dx 


g- 2 i (_2 sin X — cos x) e-^^fsin x — 2 cos x) 


_ cos a: — 3 sin a: 

____ 

The geruwal solution is now at hand, by Theorem 4, as 

cos X — 3 sin a; 


y 


+ CiC-^ + 


10 


The integration just gone through with in finding the particular 
integral might have been simplified if we had written 

^ = (D + 1){D --2) ^ 

and resolved the operator into paHial fractions. 

(The legitimacy of that stop will be verified presently.) The 
student will easily establish that 

1 -Vs , Vs 
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HencQ, 
y = 


1 


— viN sm X 


{D + l)iD - 2) 

— sin x dx + sin x dx 


I 0 + 1™* + 52-^2““'^ 


sin X — cos X —2 sin x 
__ _ 


cos X 


cos a: — 3 sin x 
10 ’ 

as above. 

We now justify the resolution of the operator into partial frac- 
tions by considering the identity 

1 1 


(D - a){D - b) 
We wish to show that 
1 


a — fe 


D 


D 


(D - a){D - hf a - Hi 
(where u is any function of x) or, what is the same, that 

1 1 


-u — 


D -a D-b 


u 


a — b 

or, again, that 


[{D - a){D - b)] 


D 


~u 


D 


= u, (158) 


J(D - a){D 


— dx — dx 


u. 


a — H 

The verification will be left to the student as 
Exercise 7. Verify the identity (158). 

The forc'going argument can be extended to operators of a 

more complicated type, such as , +wrv— + or 

1 


(D - a)(D - b)(D - c) 

(D — ay(D —”5)’ legitimacy of resolving them 

into partial fractions can thus be; e.stablished for all ctases. 

We shall now consider another method for finding the jiartic- 
ular integral — that of xmdatermined coefficient)!. Let us return to 
the equation just treated, viz., 

y" - y' — 2y = sin x. 
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In seeking a particular integral for this equation, we are seeking 
a function of x such that a certain linear combination of that func- 
tion and its first and second derivatives shall be identically 
equal to sin x. Now, sin x and cos x are functions whose suc- 
cessive derivatives, apart from sign, are alternately sin x and cos x, 
and this suggests that the function we are attempting to find 
might well be one of the form A sin x B cos x, with proper 
choices of the coefficients A and B. Acting on that clue, let us 
assume as our particular integral 

y = A sin X + B cos x. 

Hence, we have the derivatives 


y' = ~B sin a: -f A cos x, 
y” = —A sin X — 5 cos x 


To have our equation satisfied by this y, we must have 


{ — A sin x — B cos x) — (—B sin x + A cos x) 

2(A sin X -j- B cos y) = sin x, 


or 


( — A -j- B ~ 2A) sin X + ( — 5 — A — 215) cos x = sin x. 

For this to be an identity, we must have 

(B -3A = 1 ) 

^-35 - A = oj 

from which wo obtain A = —Mo>B = Jq'o, and hence the partic- 
ular integral as ^ = — %o sin x -f- }'io cos x, the same as obtained 
before. 

This example will pave the way for the student’s appreciation 
of the following notes. 

Note (a): If the function g{x) in the right-hand merriber of 
the equation [PiD)]y = g{x) is of the form a cos mx + b sin mx, 
assume the particular integral asy = A cos mx 5 sin mx [except 
that if PiD) has the factor {D^ -j- assume y = x’'(A sin mx -f 
B cos mx).] 

Note (b). Ifg{x) is of the form ae™*, assume the particular inte- 
gral as y — Ae’'‘“^ [except that if P(D) has the factor {D — rn)', 
assume y = Ax'^e™^]. 

Note(c). If g(x) isof theformax"' + bx”‘~^ ■ ■ ■ + kx I, 

a polynomial of degree m, assume the partmdar integral as 
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y — Ax™ + + ■ • ■ + Kx + L [except that if P{D) has the 

factor D*", assume y = x''{Ax”‘ + Bx^~^ + • • • + Kx + L)]. 

In all cases, the assumed coefi&cients A, .S, ... are to be 
determined by substituting the assumed y and its derivatives 
into the equation and imposing the condition that the latter 
become an identity. We shall make no proof concerning the 
exceptions quoted for the three notes above, other than to 
remark that they are concerned with the cases where some 
of the terms of the assumed particular integral are of a type 
appearingin the complementaryfunction. Thus, e.g., in Note ( 6 ), 
if (D — m) is a factor of P{D), the complementary function will 
contain a term . Let the student reflect to see why it would 

not do to assume, in that case, a particular integral as Ae*"*. 
In every case, among the exceptions quoted, the exponent r 
appearing on a function of D is understood to be the largest 
exponent possible which will leave that power a factor of P(D). 

Let us illustrate the method of undetermined coefficients again 
by finding a particular integral for the equation 

y" + 2y' — Sy = — cos x + — x, 

or 

(P — 1)(P + 3)y = — cos x + — x. 

We assume it as 

y — Axe~^^ + 5 sin a: + (7 cos x + + Ex + F, 

the term Axe~^^ following the exception in Note (b), the next 
two terms by Note (a) and the last three by rea,s<m of Note (c). 
We then have 

y' = —ZAxe~^^ + Ae"’’^ + P cos x — C sin x + 2Dx + E, 

y" ■= 9Axe“*^ — 6 Ae“^* — B sin x — C cos x + 2D. 

The completion of the illustration is left to the student as 

Exercise 8. Substitute the above expreH.sion.s for y and its (leriviitive.s 
into the given differential ecjiiation, collect the terms and find values of the 
assumed coefficients which will produce an identity. 

Ans. ^ = -34, = -Ko, C = H, D = -Vi, E = F = -^ 7 . 

The particular integral sought is, thus 
y = — ~ 34^0 sill a: + cos a: - }ix^ — }4x - ^^ 7 . 
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Problems 


1 . 


2 . 


3. 


Solve the following by the method of operators: 

(а) y" A-y' = e*. Ans. y = Ci + Cje"* + 

(б) y" — 5y' + 6y = cos a: + 1. 

(c) y'" + Sy” = sin X — 1. 

(d) y"' - y' = X + e^. 

Ans. y = Cl + + C,e-- - f + 

Solve the following by the method of undetermined coefBcients: 

(а) y" - 2y' - 8y = X? - 1. 

Ans. y = Ci^ + Cae-^* “ f 

(б) y'" — Ay" + Ay' = sin x + e^®. 

Ans. y = Cy A + Caxe^® + ^ sin x — ^ cos x + 


(c) y"- 
id) y"‘ 


- y 
Ay" 


dx^ ^ "^dx^ 


20y = cosh X — 2 sinh x. 

= x^ — X. 

— 4y = cos 2x + 


Solve the following by any method, 
(a) y'" = a; + log x. 


Ans. y - Cl + CiX + Czxe ^ C^e ^ 


(c) ^ — a^v == cos ax-\- + 1- 

y' =r a; + sin rc — 1 . 


dx^ 

id) 3y'" - 42/' 

.d^y 


ff, d^y _ ^ - a: -l- e2® 

(fir) 3;y"' + y" - 2y' = e”*® + x* - 3x + 2. 

4. (a) Solve — Sy" + 16?/' = xe^. Hint: If done by undetermined 
coefficients, assuine particular integral y = - z. 

xe^ 


Ans. 


y — Cl + Cz'xe^^ + 


ih) Solve ?/'" + 3?/" = sin x. 

Am. y = Cl A C- 2 X A Cac'"®-' - ^ (sin x + 4 cos x). 

6. Solve the following Cauchy equations (see Prob. 6 under 1, this 


section): 


(a) x^y" + 4xy' + 2?y = (log xf + x^. 

, Cl , O , ,7 , (log :«)- 

4n.v. 1/ = 7a + -J + 12 + 4 + 


^log^* 


(h) x'V" + xV' 


Sxy' = |; + log X. 
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6. (o) Find that integral curve of the equation y" - Zy' - USy = (i 

which touches the line 1/ = at the origin. -4ns. y ^ 

(b) Find that particular integral of the equation y'" — Zy^ = 
for which, at x = 0, y == 0, and y'* = 0. 

7. A particle moving in a straight line is said to be in simple harmonic 

motion when its acceleration at any instant is directed toward a fixed point 
on the line and is proportional to the distance from that point. Show that 
the equation of the motion is d^x/dt^ == where x represents the distance 

of the particle from the fixed point. Find x in terms of tj if when t = 0, 
X = 2k and the velocity of the particle is -^k. 

Ans, X — 2k • cos kt A- H sin kt. 

8. A particle moving on a straight line is attracted to a fixed point on 
that line, as in simple harmonic motion, and is subject to a resistance pro- 
portional to the velocity. Show that the equation of its motion is 


dH 

dt^ 


-k^x - ¥ 


dx 

di 


Solve for x. If we set ¥■ = 2ju, distinguish among the cases > 0, 

_ ^2 - Q ^2 ^.2 jn the last case show that the motion is 

oscillatory, with the period equal to 2 T/\/k'^ — and that the amplitude 
approaches 2ero as time goes on. 

Note: The motion, in the case — k^ < 0, is called damped harmonic 
motion. 

9. The acceleration of a particle moving under the action of gravity is 
directed towards the center of the earth and is inversely proportional to the 
square of the distance from that center. Find the velocity with which the 
particle reaches the surface of the earth, if it starts from rest at an infinite 
distance. A ns. -\/ 2 gR. 

Hint: The equation of the motion is d^sfdt^ = This is a non- 

linear equation of the form d'^s/d¥ = f(s). To solve such, we multiply by 

2| obtaining 2/(.so| and j2/(.s0d.s. = gU) + C,. Hen.e 


Vg{«) + c, ' ’ 

and the variables are separated. 

10 . (a) The plates of a charged condenser, of {‘Upacity farads, are con- 
nected in series with a resistanee of R ohms and an indiK'taiice of L henries. 
The potential difference between tlie plates, of r volts, is represcmted by the 
equation 

‘in 4- ± 4 . JL 0 

ilR ^ L dl^ LC 

Find 0 in terms of /, distinguishing the cases Ri^C — 4A >0, — 4 L ~ 0, 

- 4L < 0. 

(6) li in {a) RHJ — 4L >0, determine u in terms of I, given that 
when / = 0, e = Co and duldt = 0. 
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11 . Solve the equation (Ty/dx^ = 2y by the method of the hint to Prob. 9, 
given that when a; = 0, y = 1 and dy/dx = 0. Check your result by solv- 
ing it also as a linear equation. 

120. Simultaneous Linear Equations. We treat now pairs of 
linear equations, involving one independent variable, say t, 
and two dependent variables, say x and y, confining ourselves, 
as heretofore, to equations with constant coefiicients. A general 
form of such pairs is 


ipm^ + Qmy = m) 

\P2(Z))x -b Qmy = RM, ^ ^ 

where Pi{D), PziD), Q\{D) and QzCD) are polynomials in the 
operator D, the symbol D denoting differentiation, now, with 
respect to t. 

As in the case of algebraic equations, the procedure is to elimi- 
nate one of the variables x,y and reduce the system to a linear 
equation in the other one, which may then be treated by the 
methods of the preceding section. One of the dependent vari- 
ables solved for, it is quite a simple matter to obtain the value of 
the second. 

To illustrate, we consider the pair of equations 


d^x 

dt 


+ |-2x-2v = e 


2t 


We write them in the form (159) as 

/(D^ - 2)x +{D- 2)y = 

\Dx -b (2D - l)y = 0 

To eliminate, say, y, we operate on both members of the first 
equation by (2D - 1), and of the second by (D - 2), obtaining 

(2D - 1)(D^ - 2)x + (2D - 1)(D - 2)y = 

(2D - l)e2‘ = 4e2' - = Ze^‘, 

(D - 2)Dx 4- (D - 2) (2D - l)y = (D - 2)0 = 0. 

By subtraction, now, we have 

[(2D - 1)(D- - 2) - (D - 2)D]a: = 
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and this reduces to 

(Z)« - Z)2 - Z) + l)x = 
or 

{D - l)\D + Da: = -|e^'. 

This equation is left to the student to solve as 

Exercise 1. Solve the last equation displayed above. 

Ann. X = Cie‘ + CdC + Cac-' + 

We may now obtain y either by eliminating x from the given 
pair of equations, or by substituting the value of x just found 
into either one of them. By the second plan, let us .substitute, 
say, into the second equation, obtaining 

(2D - l)y = -Dx = -Cie‘ - W - C,e* + CsC'' - e^‘, 
or 

(D - y2)y = -M[(Ci + C2)e‘ + C2te‘ - C,e-^ + 
whence, by (155) of Sec. 119 (page 475) 

Mr - - — ~ 

y = -leDCi + J [(Cl + C 2 )e 2 + C..ie2 - C^e ^ 

= + (2Ci + 2C2)e2 + - 1 j + 

= - (Cl - C2)c‘ - C2te‘ - iCsc-' - 

The number of arbitrary constants that appear in our solution 
is four. By a theorem in diffenmtial (‘Cjuations, the ‘number of 
arbitrary condaiiU in the solution of a system cannot exceed the sum 
of the orders of the equations of the system, \vhi(‘h is tlirec^ in this 
case. Evidently, there is some relation among tlu' (*onstants we 
have introduced. To find that ndation, we substitute' tlu' values 
that we have found for x and y into th(' first (M|uation. Operat- 
ing on X by D‘-^ — 2, we obtain 

(D2 ^ 2)a: = (2C, - - C,te^ - Car ^ 

Operating on y by D — 2, we get 

(Z) — 2jy = -j- (Cj — 2C2)c* -j- Cde^ d" 

The sum of these must be C', identically, i.e., 
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104^2 + 

Hence, C 4 = 0 , and the solution of the given system is 
X ~ Ci6* Cite* Gze~* - 4 - \e^*, 
y-=(Ci- C,)e* - Cite* - ^e-* - ^e^*. 

As an alternative method for obtaining y let us eliminate x 
from the pair of equations, just as z was found. To that end we 
phrase the following two exercises. 

Exercise 2. Operate on the two members of the first equation of the 
given pair by D, and of the second by — 2 and eliminate x by subtraction. 

Am. (D - iy-{D + 1 ) 2 / = -e^K 
Exercise 3. Find the general solution to the equation obtained in 
Exercise 2. Am. y = Cie* -\- Cy,e* -{■ Cie~‘ — 

The constants in the answer to Exercise 3 have been so labeled 
because at this stage we have no means of knowing how they are 
related to the constants Ci, Ci, C3 that appear in the expression 
for X. To find the relation of the constants, we substitute the 
values of x and y, as now found, say, into the second of the given 
equations. Now 

Dx = (C, + Ci)e* + Cite* - Cze* + 

{2D - l)y = (C4 + 2C,)e* + C 4 e* - ZC^e-* - 

The sum must be identically zero, hence 

■ (C4 + 2C3 = -Cl - Ci) (Ci = Ci - Cl) 

iCz = —Ci so that ■^Cs = —Ci V 

l- 3 Ce = Cs ) (Cfi = -IC3 ) 

and so we have 

y = {Ci- Ci)e* - Cite* - ^e~* - 

the same result as by the other method. 

Problems 


+ 22 - + 2 
- t. 
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(b) 




I 


di 


) 




■ ) 

1; 


X = Cie^ + 


-’2Cie^ + (72e"2« — e~«. 


Ans. 


f +f +.+2/+cosi=o| 

3 3 1 

X, = Cie-* + Cote"* + ^ sin i - cos i - 2 

^ 2 / = (3C2 - Cx)e-‘ - C4e-‘ - C,e^‘ + ^ sin i ^ cos i + ~ 


w 


m 


fs+f + '=°. 

f: 


c?a: 


2i; + + y 


= dt, 


dt. 


\Z — t + X 

2. Extend the principles of a pair of equations to a system of three ecjua,- 
tions and solve 

= -6V.' + u,c-‘ + r,, 

Ar V = C:c‘ + Cc-' + SI, 

z = 2C'ic' - 'iC'-iC-' + (5. 


Idx \ 


(a) 2^ - 


0 . 


(&) 


2^ + ^ = 0 

dt ^ di 

Id^x 

df + ^ *' ’ 

+ 2 = i, 

o I 

-x-Zy+^^ 


3* Solve the system dx/dt — 2x — // - dij/dt — x — 2y = 0 hy ;issumiiijy 
X = y — 

Key: By substituting the assumed values, obtain the ('(luations 

U(2 - m) + /i = O; 

(A + (2 - mj/i - of ■ 

Klirnination of m leads to A‘^ When A = Ji we find rn = 3, and when 

A — Bj m - I, Hence, we have the solutions 


{x ■ 

\x = t 

(y • Ae^^) 

1 

il 
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The student should verify that ^ is a solution of the given 

pair of equations, with A and B arbitrary constants. Since the general 
solution could not involve more than two arbitrary constants, this is the 
solution. 

4. By the method of Prob. 3, solve 
(dx 



Ans. 


I?/ = 2A^‘ + Be-‘. 


121. Integration in Series. It is often possible, in default of 
other naethods for solving a given differential equation, to obtain 
its solution in the form of a power series in the independent 
variable x, as an expression for the dependent variable y. Such a 
series (or rather such series, for the requisite number of arbitrary 
constants demanded by the order of the equation will actually 
turn up in the solution) will represent, within their intervals of 
convergence, the infinity of functions satisfying the equation. 

We arrive at the solution in series by assuming y defined as 


y = Ao + Aix + AiX^ + Azx^ + Aa^ + ■ ■ • , (160) 


and hence 

y' =■ A I 2 :A 2 X 4" ZAzx^ + 4A^^ + 5Azx^ + • • • , (161) 

y" = 2 A 2 + 6AsX +• 12AiX^ + 20 ^ 52 ;® -f- ")”■■■; (162) 

etc., substituting these expressions for y and its derivatives in 
the given equation and determining the coefficients Ao, Ai, Aa, 
. . . , so that it is satisfied identically. 

We illustrate by an example. Let the equation be 

y'(l + xy) + y = 0. 


By (160) we have 

1 + xt/ = 1 + A 02 ; + AiU'^ + AiX^ + Asr'* + ■ • ■ . 

The product y'{l + xy) is found as a series by multiplying (161) 
and the series last written according to the method of Sec. 114 
(page 450), by which we obtain 
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2/'(l + xy) Ai + {AjAo + 2 A 2 )x + + 2A2A0 + SAz)x^ 

+ (3A1A2 + 3A3A0 + 4A4)x^ 

On adding this and the series for y, the equation assumes the 
form 

0 = Ai + Aq + (AiAo “h 2A2 4" Ai)x '-h 

(Ai‘^ + 2A2A0 + 3A3 + A2)^^ + 

(3A1A2 + 3A3A0 + 4A4 + Az)x'^ ^ 

For this to be satisfied identically, every coefficient must be zero, 
and thus the set of equalities 

Ai + Ao = 0, 

AiAo 2A2 + Ai == 0, 

Ai^ “h 2A2A0 “h 3A3 -|" A2 ” 0, 

3A1A2 H“ 3A3A0 “h 4A4 A* A3 = 0 , etc. 

Hence 


Ai — —Ao, 

-“Ai(l + Ao) Ao(l + Ao) 
^2 = — 2 — = — 2 — ’ 


As = — + 2^0-42 “f“ - 4 . 2 ) — 
A4 — ^(3AiA 2 “h 3A3A0 A~ A3) 


Ao{2Ao^ 4" 5Ao + 1) 

■ ■ ■ , 


^„(64„=* + 264o^ + I7.I0 + 1) 
24 


etc. 


In this manner, all the subsequent coefficients are found in terms 
of Ao, (or A, if we prefer to call it) which is the arbitrary constant 
in the solution. The latter, thus, takes the form 


= A 


1 — X 


1 + 4 ^2 2A^ + 54 

6A'< + 264^ + 17A + 1 
24 


x"* + 


For linear differential equations, the effective; method is to 
assume the solution as 


y = 4ox'“ + Aix'"+“ + A2X"'+^" 4- AsX^"+'^“ + ■ ■ ■ , (163) 

the values of m and s, as well as tlie coefficients, to he determined, 
again as above, by substituting y and its derivatives into the 
equation. 
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As an example, we treat the equation 




To simplify the substitution of (163), we consider first y = x”^ 
and its derivatiAces y' = y" = (m^ - m)x”^-^. These 

substituted, the left-hand member of the equation becomes 


(m® — m)x”‘~^ — ( 2: + 


mx 


' ^ 


= (m* — 3m -b 2)*““^ — mx’^ 

= (m — l)(m — 2)x”‘~^ — TOX™. 

Plvidently, for y = we shall obtain the same result, with 

m changed to m -|- s, i.e., (m -j- s ~ l)(m -f s — — 

(m -f- 8 ) 0 :”+*; for y — (m -f 2 s — l)(m,-|- 2 s — — 

(m -f 2 s)a:”‘+^'', etc. Under (163), then, the left-hand member of 
the equation becomes 

An[(m — l)(m — 2)x^-^ — mx”'] 

-b Ai[(m -b s — l)(m -b s — 2 )a;“+*“^ — (m -b s)r“+*] 

-b A 2 [(m -b 2 s — l)(m -b 2 s — — {m -b 2 s)a;”‘'''^®] 

-b A 3 [(m -b 3s — l)(m -b 3s — 2)x'“+^*"‘^ — (m -b 3s)x”'+^'’] 

+ • • 


and this must be made identically zero. 

We see at once that the choice s = 2 will make the powers of 
z alike for the second term in each bracket and the first term 
in the following bracket. These terms, furthermore, will cancel 
away if we set 

— Aom -b Ai(m -b s — l)(m -b s — 2 ) = 0 , 

— Ai(m -b s) -b A 2 (m -b 2s — l)(m -b 2s — 2) = 0, 

— A 2 (m. -b 2s) -b As{m -b 3s l)(m -b 3s 2) = 0, etc. 

To insure the vanishing of the first term in the first bracket 
(and that will complete the vanishing of the entire left-hand 
member), we must have (m — l)(m — 2 ) == 0 , making m = 1 or 
m = 2 . 
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Now, for m = 1 (and s = 2) the last set of equalities becomes 


-Ao+ Ai(2- 1) = 0, 
-Ai-3 + A2(4-3) =0, 
-Ai-5 + A3(6 • 5) = 0, 


giving 


1 • 2^”’ 


1 • 2 ■ 4 

As 1 

T ^ 1 • 2 • 4 • 6" 


and hence, as a solution of the equation we have (setting m = 1, 
and s = 2 in (163) and using the set of A’s found) 


yi = x-\-^x^ + + 2Tj7fi 


a;? 


2-4-6 '{2k) 


j.2i+l + 


where we have arbitrarily set Ao = 1. 

For m = 2 (and again s = 2) the equalities become 


-Ao - 2 + Ai(3 • 2) = 0, 
■ Ai • 4 -|- A2(5 -4) =0, 
-Ao ■ 6 -h A3(7 '6) =0, 


A, g , 


giving 


A, = 


Ai A( 


5 3-5 

A 2 An 

T “ 


and hence, as a solution [with m = 2 and s = 2 in (163)] 

-I- ^ r 2 * -t- 2 J_ 

^3 -5 -7 (2fc + l) 

Ao being set equal to 1. 

By the property of linear homogeneous equations, 
y = Cl 1/1 -j- C^y'i 

where Ci and C% are arbitrary constants, is a solution, and, in 
fact, the general solution, since? the e()uation is of thf' second 
order. 
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To aid the student in grasping the method, we submit, as a 
second illustration, the equation 

xV' + (^z + - I = 0. 

Here, y = reduces the left-hand member to 





= m{m “H 2)x” {m — 


Then y — a:“+* will reduce it to 


(m H- s) (m + s 4- 2)a:“+* + (w -1- s — 
y = to 

(m -J- 2s) (m -j- 2s -h 2 ) 0 :”*+^* -f- (m + 2s — 
and the substitution of (163) will render it 

To[m(m -h 2)a;“ -j- (m — l)a;”*~®] 

+ Ai[(m -|- s)(m + s -h 2)a;”‘+* -f- (m -f- s — 

■+• A 2 [(fn H- 2s) (m -|- 2s -f 2)a:’”+^ 4- (m + 2s — 
+ Aslim -h 3s) (m H- 3s -4 2).'c'"+®® + (m + 3s — 


Again here, we can make the powers of x alike in the second 
term of each bracket and the first term of the following bracket 
by setting s = — 3, and we can make these pairs of terms cancel 
away by setting 

Aoim — 1) + Ax(m + s)(m + s + 2) =0, 

Ai(m 4- s — 1) -h Aiim + 2s) (m + 2s 4 2) =0, 

Aiim 4 2s — 1) 4- Azim 4 3s)(m 4 3s 4 2) =0, etc. 

The first term in the first bracket will vanish if, and only if, 
m = 0 or m = —2. 

For m = 0 (and s = —3), the above equalities become 


Ao(-l) 4 Ai(-3)(-l) = 0, 
Ai(— 4) 4 A2( — 6)( — 4) = 0, 
A2(-7) 4 A3(-9)(-7) = 0, 



. 4 , = -4y.., 

giving ■ " 6 3-6 

. _ Ai _ Ao 

' " “9 “ 


etc. 


etc. 
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and hence a solution is (since m = 0 and s = — 3) 

j/i = 1 + lx-** + + 

^ 3 • 6 • 9 (3k) ^ 

where we set Ao arbitrarily equal to 1. 

Tor TO = — 2 (and again s = —3), the equalities are 

_ Ao 

5’ 

A^ Ao 

~T ~ 

Ao Ao 

~ IT “ 5 • 8 • 11 


and as a second solution we have, setting Ao = 1, 

»■ = ^’ + + 6^*“* + + 

^ 5 • 8 • 11 ■ • • (3jk + 2)* + 

The general solution of the equation is y = Ciyx + Coyo. 

Note that the solutions in this example are in the form of power 
series in 1/x. 

Exercise 1. Show in what way the method of assuining a .solution (163) 
depends on the linearity of the differential equation. 

Problems 

1. Solve the following nonlinear equations by assuming a series (160) of 
the text as solution. 

(a) y'-+t-Zx = 0 , .(c) y'(i ^y) =Q, 

(h) y'(l + xy) -2/2=0, (d) y" + = 2x. 

Am. (a) y = A - A^x + ^ - (A + A*)x^ + — ^ + • • ■ , 

(d) y =A+Bx- ^x‘ + ^-=^x^ + + • • • . 

2. The following equations are integrable in finite form by methods 
previously learned. Solve each also by assuming a scries (If)O) of the text 
as solution, and compare the two results in each ease. 

(a) xy' = x^ - x^ + y. (5) y> _ 2a;2jy = 2x'‘. 


Ao(-3) +Aa(-5)(-3) = 0, 
Ai(-6) + A2(-8)(-6) = 0, 
A2(-9) + A3(-11)(-9) = 0,1 
etc. 


giving 


^Ai 

Ias 

fAs 

lete 
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3. Solve the following linear equations by series. 

(а) y" + = 0- 

(б) x^" + 2 /'(a^ + x) + y{x^ - 4) =0. 

(c) xy" y'{x^ - 3) + ?/0 - = 0. 

(d) x^" + xy'{l + 2x^) - 2j/ = 0. 

(e) x’‘y" + y'{x + Zx*) + 3y(l - x^) = 0. 

{/) a^y" + y'{6x^ + a;) + yi4^ + 2) = 0. 

is) — 2a;y' - IQy = 0. (This is a Cauchy equation, also 

solvable by the method of Prob. 6, page 480.) 

Am. (a) - C, + C.[** - jV + S-f-f’ ' + -"]' 

(<l) 1/ - C.[l +•-■ + V + ^+3^T7 + ] 

+ C,[»-.+*J‘+ . 5-.-^. + ■]. 

is) y = Ciz^ ~ 

4. Obtain the general solution of the Legendre equation 

(1 - x^)y" - 2xy' + w(n + 1 ) 2 / = 0 
as 2 / = 0 x 2/1 + 022 / 2 , where 

„ 1 . w(w - 2)(n + l)(w + 3) _ 

yi i - X t X 

n{n — 2)(n — 4)(ra -)- l)(n + Z)[n + 5) „ , 

eT ^ 

{n l)(a + 2) (n - l)(n - 3)(n + 2)(rt + 4) 
y.,=x -ji ^ + 5! ^ ~ 

in - 1)(« - 3)(n - 5)(n + 2)(n + 4)(n + 6 ) , , 

7! 

6. (a) Show that if n is an integer, yi or 7/2 (Prob. 4) becomes a polynomial. 
(h) Considering yi and 2/2 of Prob. 4 as functions of n, show that 
Z/i(0) = C //i(2) - 1 ~ 2/i(4) = 1 -- 10a:2 + , 

7 / 2 ( 1 ) = X, y>(3) = X - lx'\ 7 / 2 ( 5 ) = X - ^3%® + • • • . 

(c) If Pn(:r) is defined as yi{n) or 7 / 2 ( 71 ), according as n is even or odd, 
multiplical by a proper numerical factor to make Pn(l) = 1, for every n, 
show that 

I\(x) = 1, Pi{x) = X, P->(x) = ~ I, P‘zix) = |x3 - |x, 

Pi(x) = + I; P5(x) = -'’a^x^ - -^^x^ + ^i-x, • • • . 

These are called Lcgrndre polynomiah. 
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Abscissa, 6 
Absolute value, 7 
Agnesi, witch of, 44, 99 
Aids in plotting, 30 
Angle, bisectors of, 56, 133 
eccentric, 82 
polar, 14 

between two lines, 12 
between two planes, 132 
Archimedes, spiral of, 100 
Area of a triangle, 18 
Asymptotes, 32 
of a hyperbola, 78 
Asymptotic cone, 122 
Axes, coordinate, 5, 105 
rotation of, 16, 113 
semi-, 77 

translation of, 16, 112 
Axis, conjugate, 77 
imaginary, 77 
major, 77 
minor, 77 
polar, 14 
radical, 70 
real, 77 

of symmetry, 28 
transverse, 72, 77 

B 

Biparted hyperboloid, 122, 126 
Bisector, of angle, between two lines, 
56 

between two planes, 133 
C 

Cardioid, 99 
Cartesian coordinates, 5 


Cassinian ovals, 97 
Catenary, 102 
Center, of circle, 63 
of ellipse, 73 
of hyperbola, 73 
radical, 72 
of symmetry, 28 
Central conics, 73, 74 
Chord, common, of two circles, 70 
of contact, 67 
Circle, involute of, 100 
in polar coordinates, 67 
in rectangular coordinates, 63 
Circles, radical axis of two, 70 
radical center of three, 72 
systems of, 69 
Cissoid, 44, 98 
Conchoid of Nicomedes, 99 
Condition, that three lines pass 
through a point, 62 
that two lines be parallel, 1 1 
that two lines be perpendicular, 
11 

Cone, asymptotic, 122 
Conics, central, 73 
definition of, 72 
degenerate, 93 
through five points, 95 
in polar coordinates, 76, 86 
in rectangular coordinates, 75, 89 
Conjugate axis, 77 
Conjugate hyperbolas, 82 
Constants, 23 
Coordinate axes, 5, 105 
Coordinate planes, 105 
Coordinates, Cartesian, 5 
curvilinear, 118 
cylindrical, 110 
oblique, 5 
one dimensional, 3 
polar, 14 
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Coordinates, polar space, 111 
rectangular, 5, 105 
spherical, 111 
Curtate cycloid, 101 
Curvilinear coordinates, 118 
Cycloid, 100 
curtate, 101 
prolate, 101 
Cylinder, 115 . 

Cylindrical, coordinates, 110 
surface, 115 

D 

Degenerate conics, 93 
Descartes, 6 
folium of, 100 

Determinant, 19, 50, 62, 67, 134 
Directed distance, 3, 4, 8, 55, 57, 130 
Direction, angles, 106 
cosines, 106 
of a line, 10 ' 
numbers, 107 
ratios, 107 
Directrix, 72 ‘ 

Distance, directed, 3, 55, 130 
from a line to a point, 55, 57, 138 
from a plane to a point, 130 
between two points, 6, 7, 105 
Division, point of, 4, 8, 105 

E 

Eccentric angle, 82 
Eccentricity, 72 
Ellips&5*73 
limiting form of, 92 
Ellipsoid, 126 

Elliptic paraboloid, 117, 126 
Epicycloid, 101 

Equation, of a line, 46, 47, 49, 50, 52 
linear, 49 
of a locus, 39 
of a plane, 128, 129 
Equations, of a line, 134 
parametric, 36 

Equilateral hyperbola, 81, 83 


Exponential curves, 102 
Extent of a curve, 30 

F 

Family {see systems) 

Focal radii, 77 
Focus, of conic, 72 
of ellipse, 75 
of hyperbola, 75 
of parabola, 83 
Folium of Descartes, 100 
Four-cusped hypo cycloid, 102 

G 

Graph of an equation, 23, 115 

H 

Hyperbolas, 73 
conjugate, 82 
equilateral, 81, 83 
limiting form of, 92 
rectangular, 83 

Hyperbolic, paraboloid, 126, 127 
spiral, 100 

Hyperboloid, bipartecl, 122, 126 
of revolution, 121, 122 
unparted, 121, 122, 126 
Hypocycloid, 101 
four c lisped, 102 

I 

Imaginary axis, 77 
Inclination of a lino, 10 
Initial line, 14 

Intercept form of the equation of a 
line, 47 

Intercepts of a curv(‘, 31 
Involutes of a eirchu 100 

I. 

Latus red Ilf It, 82, 85 
Lerniiiseate, 44, 98 
Length, of a line* s(‘gineiit, 6, 7, 105 
of a tangent to a circle, 66 
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Limacon, 99 
Limit, 33 
Limiting form, 92 
Linear equation, 49 
Line, equation of, 46, 47, 49, 50, 52 
equations of, 134 
Lines, systems of, 58 
LituuSj 100 

Locus, equation of, 39 
Logarithmic, curves, 102 
spiral, 100 

M 

Major axis, 77 

Mid-point, coordinates of, 4, 9 
Minor axis, 77 

N 

Nicomedes, chonchoid of, 99 
Normal angle, 51 

Normal form of an equation, of a 
line, 52 

of a plane, 128, 129 
Normal intercepts, 51 

0 

Oblate spheroid, 121 
Oblique axes, 5 
Ordinate, 6 
Origin, 3, 5, 105 
Ovals of Cassini, 97 

P 

Parabola, 73, 83 
Parabolic spiral, 100 
Paraboloid, elliptic, 117, 126 
hyperbolic, 126, 127 
of n^volutioii, 122 
Parallel lines, 1 1 
Parariicher, 37, 58, 1 17 
Period, 103 

Perpendhailar liiH‘s, 1 1 
Fi(n'eiiig points, 1 16 


Planes, 128 
systems of, 130 
Point of division, 4, 8, 105 
Point-slope form of an equation 
of a line, 46 
Polar angle, 14 
Polar axis, 14 
Polar coordinates, 14 
Polar equation, of a circle, 67 
of a conic, 76, 86 
of a line, 50, 51 
Polar space coordinates, 111 
Pole, 14 

Probability curve, 102 
Projection, 105 
Prolate, cycloid, 101 
spheroid, 122 

Q 

Quadrants, 5 
Quadric surfaces, 124 

R 

Radical, axis, 70 
center, 72 
Radii, focal, 77 
Radius, of a circle, 63 
vector, 14 
Real axis, 77 

Rectangular, coordinates, 5, 105 
hyperbola, 83 

Relations between coordinates, 14, 

111, 112 

Revolution, surface of, 120 
Rotation of axes, 16, 113 

S 

Segment, directed, 3 
length of, 6, 7, 105 
Semiaxis, imaginary, 77 
major, 77 
minor, 77 
ival, 77 
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Slope of a line, 10 
Space coordinates, cylindrical, 110 
polar, 111 
rectangular, 105 
spherical, 111 
Spheroid, oblate, 121 
prolate, 122 
Spirals, 100 

Straight line, equation of, 46, 47, 
49, 50, 52 
Strophoid, 44, 99 
Surface, of revolution, 120 
quadric, 124 

Symmetric form of equations of a 
line, 134 
Symmetry, 27 
axis of, 28 
center of, 28 
test for, 28, 29 
Systems, of circles, 69 
of lines, 58 
of planes, 130 


T 

Tangent to a circle, length of, 66 
Test, for symmetry, 28, 29 
Trace, 116 

Translation of axes, 16, 112 
Transverse axis, 72, 77 
Triangle, area of, 18 
Trigonometric curves, 102 
Trochoid, 101 

U 

Unparted hyperboloid, 121, 122, 126 
V 

Value, absolute, 7 
Variable, 23 
Vertex, 73 

W 

Witch of Agnesi, 44, 99 



INDEX TO CALCULUS 
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Absolute conyergence, 433 
Acceleration, 179 
angular, 237 
components of, 239-240 
resultant, 240 
Algebraic functions, 147 
derivatives of, 168 
Alternating series, 434 
Anchor ring (torus), 309, 313 
Angle between two curves, 174 
between curve and radius vector, 
246 

Angular acceleration, 237 
Angular velocity, 237 
Approximate change, 176, 353 
Approximate integration, 333-342 
Approximation, by polynomials, 223 
to the roots of an equation by 
Newton^s method, 234 
Arbitrary constants, 249 
number of, 456, 488 
Area, of any surface, 406-409 
bounded by a curve, 294-299 
as a line integral, 419, 420 
of surface of revolution, 310-313 
Attraction, 317-319 
Average rate of change, 165 
Avt?rag(‘ value of a function (mean 

valiui), 291 

Average velocity, 166 
B 

Bernoulli iiuinlxu’s, 341 
B(‘rnoulli’s (‘(juation, 465 
ihnormal, 367 

C 

Cauchy’s (a|uation, 480 
formula, 221 


Cauchy^s integral test, 432 
Center, of curvature, 215 
of gravity, 320-323, 402, 413 
Change, approximate, 176, 353 
Characteristic equation, 475 
Circle of curvature, 215 
Circular functions, 194 
Circular motion, 237 
Clairaut's equation, 470 
Closed interval, 143 
Comparison test, 427 
Complementary function, 480 
Compound interest law, 153 
Concavity, 209-210 
Conditional convergence, 434 
Constants, 143 

arbitrary, number of, 456, 488 
of integration, 249 
Continuity, 160, 344 
Contour lines, 373 
Contour surfaces, 374 
Convergence of a series, 424 
absolute, 433 
conditional, 434 
interval of, 437 
tests for, 425-435 
Critical values, 202 
Curvature, 214, 246, 370 
center of, 215 
circle of, 215 
radius of, 214, 215, 370 
Curve, concavity of a, 209-210 
length of a, 300-303 
slope of a, 166 
Curv(‘»s, aiigh^ between, 174 
deriv(M,l, 209 
integral, 457 

D 

D’Alembert’s ratio test, 431 
Dam])(Hi harmonic motion, 486 
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Definite integral, 288 
Degree of a differential equation. 453 
DeMoivre’s theorem, 452 
Derivative, 165 
of a\ 186 
directional, 372 

of a function of a function, 170 

geometric significance of, 166 

of loga?^, 180 

normal, 373 

partial, 346 

as a quotient, 175 

as a rate, 165 

total, 352 

Derivatives, of algebraic functions, 
168 

of higher order, 178 
of hyperbolic functions, 192 
notation for, 165, 177, 179, 346 
of trigonometric functions, 187- 
190 

Derived curves, 209 
Difference quotient, 165-166 
Differential, 176 
exact, 387 
total, 351 

Differential equation, 453 
degree of, 453 
order of, 453 
ordinary, 454 
partial, 454 
solution of, 454 
Differentiation of a series, 439 
Directional derivative, 372 
Discontinuous function, 160 
Divergence of a series, 424 
Double integral, 392 
Duhainers theorem, 232 

E 

Envelope of a, family of curves, 376, 
471 

Equation, Bernoulli’s, 465 
characteristic, 475 
Clairaut’s, 470 
cxa(q, 458 

homogeneous, 461, 475 


Equation, linear, 464, 473 
Equations, parametric, 196 
Euler — Maclaurin formula, 341 
Euler’s theorem, 353 
Evolute of a curve, 216-217 
Exact differential, 387 
Exact equation, 458 
Exponential functions, 148 
differentiation of, 186 

F 

Factor, integrating, 459 
Forms, indeterminate, 228 
Formula, Euler— Maclaurin, 341 
Gauss’s, 338-341 
Maclaurin’s, 441 
prismoidal, 334 
Taylor’s, 222, 381, 447 
Formulas of integration, 251-253 
Fractions, partial, 271-277, 481 
proper, 271 

rational, integration of, 271-277 
Functions, 145, 344 
algebraic, 147 
circular, 194 
continuous, 160, 344 
derivative of, 165 
derived, 165 
exponential, 148 
graphs of, 146 
homogeneous, 348, 353 
hyperbolic, 192 
implicit, 194, 355 
inverse, 145 
logarithmic, 148 
transcendental, 148 
trigonometric, 148 
Fuiidam(‘ntal tfieoreiii of integral 
calculus, 287 

(1 

Gauss’s I'onmilii, 33S~-341 
G(ui(u-al solution, 45() 

Gradient, 373 

Graph of a fun(‘ii()n, 146 

Gravity, center of, 320-323, 402, 413 

Gudornmnnian, 193 
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H 

Harmonic motion, 191, 236, 486 
Harmonic series, 426 
Homogeneous differential equation, 
461, 475 

Homogeneous function, 348, 353 
Hyperbolic functions, 192 
Hyperharmonic series, 428 

I 

Implicit functions, 194, 355 
Improper integrals, 292 
Increments, 182 
Indefinite integrals, 248 
Indeterminate forms, 228 
Inertia, moment of, 326-328, 400, 
402, 413 

Infinite series, 424 
Infinitesimals, 231 
order of, 231, 352 
Inflection, point of, 210 
Integral, curve, 457 
definite, 288 
double, 392 
improper, 292 
indefinite, 248 
line, 417 
particular, 480 
test of, Cauchy's, 432 
triple, 410 
Integrand, 249 
Integrating factor, 459 
Integration, approximate, 333-342 
constant of, 249 
formulas for, 251-“253 
by parts, 267 

of rational fractions, 271--277 
in scales, 491 
of s(n*i(‘S, 440 

of trigonometric functions, 261- 
265 

Interval, 143 
closed, 143 
of convergcmc'c, 437 
Inverses functions, 145, 148, 189—190 
Involute, 219 


J 

Jacobian, 358 

L 

Legendre equation, 497 
polynomials, 497 
Length, of a curve, 300-303 
differential of, 214 
of the evolute of a curve, 217 
L'Hospital's rule, 230 
Limits, 149-156 
of integration, 288 
Line integrals, 417 
Linear differential equations, 464, 
473 

Liquid pressure, 330, 400 
Logarithmic differentiation, 185 
Logarithmic functions, 148 

M 

Maclaurin’s formula, 441 
Maclaurin’s series, 441 
Maximum and minimum values, 
200-201, 384 

Mean, theorem of the, 220, 380 
for integration, 291 
Mean value, of a function, 291 
Minimum values, 200-201, 384 
Moment of inertia, 326-328, 400, 
402, 413 

Motion, circular, 237 
curvilinear, 239-240 
dampcid harmonic, 486 
rectilinear, 235-237 
simple harmonic, 191, 236 

N 

Napierian base of logarithms, e, 
154, 184 

Neighborhood, 143 
deleted, 144 

Newton's method of approximation, 
234 

Normal, derivative', 373 
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Normal, lines to a plane curve, 173 
Normal lines to a surface, 361 
Normal plane to a cui've, 364 
Normal principal, 367 
Notation, for derivatives, 165, 177, 
179, 346 
function, 146 
for integrals, 249 

O 

Open interval, 143 
Operators, 474 
Order, of derivatives, 178 
of differential equations, 453 
of infinitesimals, 231, 352 
Ordinary differential equations, 454 
Osculating plane, 367 

P 

Pappus, theorems of, 325 
Parametric equations, 196 
Partial derivatives, 346 
Partial differential equations, 454 
Partial fractions, 271-277, 481 
Particular integral, 480 
Particular solutions of differential 
equations, 457 
Periodic function, 147 
Plane, normal, to a curve, 364 
osculating, 367 
rectifying, 368 
tajlgent to^.a surface, 361 
Points, of inflection, 210 
singular, 362, 366 
turning, 201 
Polynomial, 148 
approximation, 223 
Power series, 436’ 

JPow"ersfr47 ^ -• 

Pressitre;‘11quid, 330, 400 
Primitives, 455 
Principal normal, 367 
Principal value of inverse trigo- 
nometric functions, 189 
Prisnioidal formula, 334 
Proper fractions, 271 


R 

Radius, of curvature, 214, 215, 370 
of gyration, 327 
of torsion, 370 
Range, of a projectile, 205 
of a variable, 143 
Rates, 165, 242-244 
Ratio test, 431 
Rational function, 148 
Rational fractions, integration of, 
271-277 

Rectifying plane, 368 
Rectilinear motion, 235-237 
Region, 391 
Rolle’s theorem, 219 
Roots, approximation to, 234 

S 

Second derivative, 178 
Series, alternating, 434 
convergence of, 424 
differentiation of, 439 
divergence, 424 
harmonic, 426 
hyperharmonic, 428 
infinite, 424 
integration of, 440 
Maclaurin’s, 441 
power, 436 
sum of a, 424 
Taylor’s, 446 

Simple harmonic motion, 191, 236 
Simpson’s rule, 334 
Simultaneous linear equations, 487 
Singular point, of a curve, 366 
of a surface, 362 

Sing\ilar solution of a differential 
eciuation, 471 
Slope, of a chord, 166 

of a line tangent to a curve, 166 
Solution of a differeuitial equation, 
454, 456, 457, 471 
Space curves, 364 

Surfaces, area of, 310-313, 406-409 
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T 

Tangent line to a plane curve, 166 
to a space curve, 364 
Tangent plane to a surface, 361 
Taylor’s formula, 222, 381, 447 
Taylor’s series, 446 
Tests, for convergence, 425-435 
for exactness, 387 
Theorem, DeMoivre’s, 452 
Duhamel’s, 232 
Euler’s, 353 

fundamental, of integral calculus, 
287 

of the mean, 220, 380 
Bolle’s, 219 
Time rates, 242-244 
Tornon, 370 
Torus, 309, 313 
Total derivative, 352 
Total differential, 351 
Trajectory, orthogonal, 467 
Transcendental functions, differen- 
tiation of, 184, 186, 187-190 


Transcendental functions, 148 , 
Trapezoidal rule, 334 
Trigonometric functions, 148 
differentiation of, 187-190 
integration of, 261-265 
Triple integrals, 410 

XJ 

Undetermined coefficients, 482 

V 

Variable, 143, 145 
Velocity, angular, 237 
average, 166 
components of, 239 
direction of, 239 
instantaneous, 166 
Volumes, 304-308, 401, 413 

W 

Work done by a variable force, 
314-315 



